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Preface 


This book is a textbook for algebraic number theory. It grew out of lecture notes 
of master courses taught at the Radboud University over a period of more than 
four decades. It is self-contained in the sense that it uses only mathematics of 
a bachelor level, including some Galois theory, as for example treated in Galois 
Theory [35]. To some extent the language of categories is used, especially in later 
chapters. 


Part I contains topics in basic algebraic number theory as they may be presented 
in a beginning master course on algebraic number theory. The theory in Part II is 
more advanced. It contains in particular full proofs of the main theorems of class 
field theory using a ‘classical’ approach to class field theory, which is in a sense 
a natural continuation of the basic theory in Part I. The advantage for students 
is that no more prerequisites are needed. Each approach has its own advantages, 
so for specialists in algebraic number theory it is advisable to have knowledge of 
more than just one. For specialists of other areas of pure mathematics who want to 
use it, the exposition as given here might very well suffice. The last two chapters 
provide the connection to the more modern and more advanced idélic version of 
class field theory. 


It is not the purpose of this book to present up to date information on the state 
of the art. The section References is just what it says: it contains references made 
in the text and is not an exposition of the vast literature on the subject. 


Many students were so kind to report on typos. Merlijn Keune has read large parts 
of the manuscript and I profited a lot of his dozens of comments. Undoubtedly, 
several typos and errors remained undetected. Suggestions for improvements are 
welcome: keune@math.ru.nl. 


Nijmegen, February 2023 Frans Keune 
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Introduction 


Number theory is a part of mathematics and is as old as mathematics itself. Many 
number problems come down to solving algebraic equations in integers. Their solu- 
tions are algebraic numbers. This has led to the introduction of abstract algebraic 
structures such as groups, rings, fields and modules. Abstract algebra dates from 
the beginning of the nineteenth century and developed rapidly since then. As a 
result the focus in number theory shifted from algebraic numbers to (algebraic) 
number fields, finite extensions of the field of rational numbers. The study of 
algebraic structures arising in number theory is known as algebraic number theory. 


A deep and highly developed part of algebraic number theory is class field theory, a 
theory of the abelian extensions of number fields. Its origin lies in the various reci- 
procity laws discovered in the nineteenth century, the oldest being the well-known 
quadratic reciprocity law of Gauß, which is strongly related to quadratic number 
fields, quadratic extensions of the rationals. For the field of rational numbers as 
the base field the theorem of Kronecker and Weber is fundamental: every abelian 
number field is a subfield of a cyclotomic field. For an arbitrary number field as 
base field the situation is much more complicated. How to generalize already is 
a problem, proving the generalization is an even bigger problem. All of this was 
realized by Takagi and Artin in the first half of the twentieth century. Later, new 
insights have led to new and powerful approaches, especially via group cohomology. 


For the transfer of mathematical knowledge to students choices have to be made 
for the level of abstraction, especially in case of a subject with a long history. 
Unlike other sciences, mathematics is cumulative: what has been shown to be 
true remains true forever. Luckily however, the organization of mathematics does 
change. New insights lead to new concepts and more efficient, more elegant proofs. 
For a student this means that there is no need to digest the complete history of a 
theory. On the other hand, to master a highly developed theory, it is advisable for 
reasons of motivation to have it somehow based on its origins. At the same time 
one can profit from knowledge of modern concepts as they are nowadays standard 
in the mathematics curriculum of a university. This is the main idea behind the 
organization of this textbook. 


In developing a course choices have to be made at which stage to introduce new 
concepts. For algebraic number theory this applies especially to notions of localiza- 
tion, Dedekind domain, discriminant, different, completion, zeta function, group 
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Introduction 


cohomology and idéle. In this book a new concept is introduced at the moment it 
makes a real difference to have it available. Further features are: 


xii 


In chapter 2 is chosen for a definition of a Dedekind domain which is directly 
related to the unique factorization property of nonzero ideals. 


Quadratic number fields get special attention. In chapter 4 algorithms are 
given for their ideal class groups as well as for the fundamental unit in the 
real quadratic case. Based on these algorithms the formula for the 2-rank 
of the ideal class group is derived. This computation is quite technical. A 
second proof is in the exercises of chapter 12. Using class field theory the 
formula is easily derived: a third proof is in chapter 15, showing the power 
of class field theory. 


Localization of Dedekind domains is defined in chapter 6 using discrete val- 
uations of the field of fractions. It is used in the next chapter when studying 
the relative case of an extension of number fields: decomposition, inertia and 
ramification groups, Frobenius automorphisms. This all will be used for the 
theory of abelian number fields in chapter 9. For later use the theory is given 
in a more general algebraic setting: extensions of Dedekind domains, not just 
of rings of integers of number fields. 


Analytic methods are introduced in chapter 8, especially the theory of zeta 
and L-functions. They are used for class number formulas for abelian number 
fields in chapter 9. Analytic methods are used in later chapters on class field 
theory as well. 


Chapter 9 is devoted to abelian number fields. It contains a proof of the 
Kronecker-Weber Theorem: every abelian field is contained in a cyclotomic 
field. The proof uses ramification groups and discriminants. In chapter 15 
this theorem will be just an easy example in class field theory. Chapter 9 
contains the classification of abelian number fields by finite groups of Dirichlet 
characters. Class number formulas for abelian number fields are derived using 
Gauß sums of Dirichlet characters. 


The chapters 10, 11 and 12 prepare for class field theory. In chapter 10 the 
completion of valued fields is treated in a general setting and in chapter 11 
local fields are studied. Chapter 12 is about the Galois cohomology for cyclic 
groups. It contains computations needed in the proofs of the main theorems 
of class field theory in later chapters. Only a small self-contained part of 
group cohomology is needed for the proofs of the main theorems of class field 
theory. 


Global class field theory is treated in the chapters 13, 14 and 15. Dirichlet 
characters of number fields are defined as characters on the monoid of nonzero 
ideals of the ring of integers. By focussing on primitive Dirichlet characters, it 


is often possible to suppress the choice of a modulus of the field. It generalizes 
the use of Dirichlet characters of the field Q in chapter 9. 


e Local class field theory is derived as a consequence of global class field theory. 
Local fields are introduced in chapter 11, the local Artin map in chapter 15. 
Local class field theory is treated in chapter 16, where it is applied to Hilbert 
symbols. It is shown how classical reciprocity theorems follow from global 
class field theory via Hilbert’s Reciprocity Theorem. 


e In chapter 17 the behavior of ramification under restriction to a subextension 
is treated. The close connection between ramification groups and local Artin 
maps is described. It uses the different of an extension, which is defined for 
this purpose in this chapter. The Conductor-Discriminant Formula for an 
abelian extension is proved. It expresses the discriminant as the product of 
the conductors of the associated Dirichlet characters. 


e The Brauer-Kuroda formula is a relation between the Dedekind zeta functions 
of the intermediate fields of a Galois extension of number fields. The formula 
is derived in chapter 18 by direct computation using the Euler products 
expressing the Dedekind zeta functions. It is based on a study of the relations 
between the norms of subgroups in the group ring of a finite group. Though 
Artin L-functions of Galois extensions of number fields are introduced, here 
they are not used in the proof of the Brauer-Kuroda formula. 


e In the last chapter, chapter 20, the idélic Global Classification Theorem is 
derived from the ideal-theoretic version in chapter 15. It is used to clarify the 
connection between global and local reciprocity. The main tools used in the 
theory based on idèles are treated in chapter 19: some topological algebra 
and in particular profinite groups. Moreover, in this chapter results on finite 
number field extensions are extended to infinite algebraic extensions. 


Examples of excellent textbooks on algebraic number theory are Number Fields [28] 
by D.A. Marcus and Algebraic number theory [12] by A. Frohlich and M.J. Taylor. 
In [28] localization and completion are avoided, whereas in [12] these concepts form 
a fundamental part of the theory. Both [28] and [12] contain a treatment of zeta 
functions and L-functions. The last chapters of these books contain an introduction 
to respectively class field theory (in [28]) and an exposition of Artin Z-functions (in 
[12]). Algebraic Theory of Numbers [33], a translation from the French [32], by P. 
Samuel is a well written concise introductionary text on algebraic number theory 
and includes the necessary Galois theory. Another good textbook is Number Theory 
[3] by Z.I. Borevich and I.R. Shafarevich, translated from the originally Russian 
text. It contains a lot of interesting information on the subject. 


There are various approaches to global class field theory, the theory of abelian 
extensions of a number field. The modern way is by using idèles. This concept 
was introduced by Chevalley and is especially useful for the passage from local to 
global class field theory. The ‘classical’ approach of Tagaki and Artin is through 
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rings of integers in number fields and their ideals. It is classical in the sense that 
it came first. This is the approach taken for the textbook Algebraic Number Fields 
by Janusz [20] as well as for this book. Essentially, the route to class field theory 
taken in this book is also followed in the Parts One and Two of Lang’s Algebraic 
Number Theory [25]. However, Lang’s exposition is quite different: new concepts 
are introduced far earlier, the style is more compact, less self-contained and it does 
not contain exercises other than leaving proofs to the reader as an exercise. Lang’s 
book goes deeper into the subject: it has a Part Three on analytic methods. In 
[20] the modern approach to class field theory is not explained. Textbooks on class 
field theory usually start with a short overview of some standard algebraic number 
theory. Neukirch’s Algebraic Number Theory [31] is organized this way. It gives 
an excellent axiomatic treatment of class field theory and in the last chapters the 
classical version of class field theory is deduced from the idéle-theoretic version. 
For a clear introduction in the subject read A Brief Guide to Algebraic Number 
Theory [36] by H.P.F. Swinnerton-Dyer. 


Idéles are useful for theoretical purposes, for computation in concrete cases it is 
usually more convenient to use the classical notions. Moreover, knowledge of the 
classical approach is helpful for obtaining a better understanding of modern de- 
velopments. This was also Hasse’s idea behind the publication [17] in 1967 of his 
1932/33 lecture notes on class field theory. 


Books suitable for further reading which go much deeper into the subject than this 
textbook: 


Algebraic Number Theory [31] by Neukirch, already mentioned above. 


Algebraic Number Theory [7] by Cassels and Frohlich (eds.), proceedings of an 
instructional conference in 1965 in Brighton. It contains many expositions of new 
developments in algebraic number theory. Contributions by Serre and Tate, among 
others. 


Introduction to Cyclotomic Fields [37] by Washington, the book for the theory of 
abelian number fields. 


Class Field Theory [14] by Gras. No proofs of the main theorems of class field 
theory, but a lot on the consequences of these theorems. 


Introduction to Modern Number Theory [27| by Manin and Panchishkin. From 
the preface: ‘We present many precise definitions, but practically no complete 
proofs.’ It is their interpretation of the word ‘introduction’. It is good for getting 
an impression of the state of the art. 


This book focusses on the abstract theory and not on the algorithmic aspects and 
applications in cryptography. For algorithms consult A Course in Computational 
Algebraic Number Theory [8] by Cohen. The reader is advised to use the free open- 
source mathematics software system SageMath, https://www.sagemath.org, in 
which implementations of many algorithms in number theory are available. 


xiv 


Logical dependence of chapters 


1 
2 
3 
Part I as ir 
ES 
ie ; 
10 
seit bed 
13 
12 
a 
Part II 
15 
19 
16 
ae 
17 
T 


The dependence does not apply to the examples given in the chapters. 


Part | 


Basic Algebraic Number 
Theory 


1 Integers in a Number Field 


Finite extensions of the field Q are called number fields and in each number field 
there is a subring, the ring of integers of the number field. The idea is to do 
arithmetic in a number field analogously to what we are used to in case of Q and its 
subring Z. In this chapter number fields and their rings of integers are considered in 
general, especially the additive group of the ring of integers is studied and ways to 
compute this subgroup of the additive group of the number field are given. Ideally, 
the ring of integers is a principal ideal domain, but it turns out that this is not the 
case in general. However, rings of integers are Dedekind domains, rings in which 
there is not necessarily a unique factorization of elements, but instead a unique 
factorization of ideals. Dedekind domains are treated in general in chapter 2 and 
in chapter 3 it is shown that rings of integers of number fields are indeed Dedekind 
domains. Euclidean domains, integral domains with a norm that makes division 
with remainder possible, are principal ideal domains. In the last section of this 
chapter examples of quadratic number fields are given for which the ring of integers 
is a euclidean domain. 


1.1 Number fields 


1.1 Definition. A field K of characteristic 0 of finite degree over its prime field Q 
is called a number field. If [K : Q] = n, the number field is said to be of degree n. 


Since C is algebraically closed, such fields are embeddable in C. In fact, number 
fields are often given as subfields of C. Note that embedding in C may result 
into different subfields: e.g. the field Q[X]/(X? — 2) is isomorphic to two different 
subfields of C. 


The field Q is the only number field of degree 1. There are infinitely many number 
fields of degree 2. They are parameterized by the squarefree integers m Æ 1: such 
an m corresponds to the field Q(,/m). (This is exercise 1 of this chapter.) 


1.2 Definition. A number field of degree 2 is called a quadratic number field. If it 
is embeddable in R, it is called a real quadratic number field, otherwise it is called 
an imaginary quadratic number field. 


1 Integers in a Number Field 


So the real quadratic number fields are the fields Q(./m) with m squarefree > 1 
and the imaginary ones those with m squarefree < 0. Note that a real quadratic 
number field has two embeddings in R. An imaginary quadratic number field has 
two embeddings in C and no embeddings in R. In the last case we rather speak 
of a pair of embeddings since the embeddings are closely related: they interchange 
under composition by complex conjugation. 


The field Q is a subfield of R and the ring Z is a lattice in both in the sense of the 
following definition. 


1.3 Definition. Let V be an n-dimensional Q-vector space. A subgroup A of the 
additive group of V is called a lattice in V if there is a basis (v1,...,Un) of V such 
that A = Zv, +---+Zvy. Similarly for R-vector spaces. A subring R of a number 
field K is called a number ring of K if R is also a lattice in the Q-vector space K. 


Note that lattices in n-dimensional Q- or R-vector spaces are free abelian groups 
of rank n. Conversely, a free abelian group A of rank n can be embedded in an 
n-dimensional Q-vector space by extension of scalars: A > Q®z A, am 1@a. In 
the same manner A can be embedded as a lattice in a real vector space. 


1.4 Examples. 
a) The ring Z is a number ring of Q; it is the only one. 


b) The ring Zļ[i] is a number ring of the imaginary quadratic number field Q(i). 
We will see that it is maximal in the sense that all number rings of Q(i) are 
contained in Z/i]. A simple example is Z[2i] (= Z + Z2i), which is contained 
in Z[i] with index 2. 


c) The ring Z[¢3] is a number ring of the imaginary quadratic number field 


Q(V-3). 


d) Let 7 = 14V5 the ‘golden ratio’. The ring Z[7] is a number ring of the real 
quadratic field Q(/5). 


Clearly, a number ring R of a number field K is an integral domain and its field 
of fractions is the field K. We can embed a number field K of degree n into the 
commutative R-algebra R ®g K of R-dimension n by extension of scalars: 


U:K >R@QK, avl1l@a. 


Under this embedding a Q-basis (a1,...,@,) of K is mapped to the R-basis 
(1@ay1,...,1@a,) of R @g K. In particular, a number ring of K maps onto 
a lattice in the real vector space R @g K. 


For the determination of the structure of the real algebra R ®g K we consider the 
n embeddings of K in C. Let r be the number of embeddings in R (called real 


embeddings); possibly r = 0. Then there are s = “5* pairs of nonreal embeddings 


1.1 Number fields 


in C (called complex embeddings). Let o1,...,0-: K — R be the real embed- 
dings and 71,7],...,7s,7; the complex embeddings. Then we have the following 
embedding in the R-algebra R” x C5: 


tu: K>R"xC*®, a. (o1(a),...,0-(@),1(a@),.--,T7s(@)). 


This embedding ¢ we will frequently use. It depends on some choices: the or- 
der of the embeddings and the choice of a complex embedding for each pair of 
complex embeddings. It agrees with the embedding c’ given earlier in the fol- 
lowing sense: the R-algebra homomorphism y: R @®g K — R" x C5, given by 
à 8a (Aoi(a),...,ATs(@)), makes the following triangle commutative 


R &Qg K 


R” x C5 


and is actually an isomorphism: take a primitive element V of the field extension 
K : Q, that is K = Q(V) and let f € Q|X] be its minimal polynomial over Q. 
Then 01(0),...,¢,(0) are the r real zeros of f and 71(¥),71(¥),...,75(0), Ts(0) 
the s pairs of complex zeros of f. Then over R the factorization of f is 


f= fie frg gs, 
where f; = X —o;(¥) for i = 1,...,r and gj = X? — (7;(0) +7; (0))X + (0r (0) 
for 7 = 1,...,s. The map y is the composition of the following isomorphisms of 


R-algebras: 
R 8q K Š R 8g Q[X]/(f) > RIX]/(f) 


 R[X]/(fi) x +++ x REX]/(fr) x REX]/(g1) x + x REX]/(gs) 
X R x Cs, 


where for the third isomorphism the Chinese Remainder Theorem is applied and 
the isomorphisms R|X]/(f:) > R and R[X]/(g;) —> C are induced by X ++ g;(ð) 
and X ++ 7;(¥) respectively. 


1.5 Examples. 


a) An imaginary quadratic number field has one pair of complex embeddings. 
The number rings Zf[i] and Z[¢3] are lattices in the R-vector space C. 


b) A real quadratic number field has two real embeddings. For instance the 
two embeddings of Q(V5) in R map V5 to V5 and —V5 respectively. The 
number ring Z[y] maps onto a lattice in R?. 
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Figure 1.1: The lattices Z[i] and Z[¢3] in C 


Figure 1.2: The lattice .(Z[y]) in R? 


1.2 Algebraic integers 


In this section the notion of integer in a number field is defined and it is shown that 
the integers in a number field form a subring, the ring of integers of the number 
field. For later use it is advantageous to introduce integrality in a somewhat more 
abstract setting. 


1.6 Definitions and notation. Let K be a field and R a subring of K. Ana € K 
is called integral over R if there exists a monic polynomial f € R[X] such that 
f(a) = 0. The set of all a in K which are integral over R is called the integral 
closure of Rin K. An integral domain is called integrally closed if it coincides with 
the integral closure of the domain in its field of fractions. An a € C is called an 
algebraic integer (or just an integer) if a is integral over Z. The subset of C of all 


1.2 Algebraic integers 


algebraic integers is denoted by O. It is the integral closure of Z in C. 


Integral closures are defined as subsets. It still has to be shown that they are in 
fact subrings. To start with let’s compute the integers in Q and the integers in a 
quadratic number field. 


1.7 Proposition. Let a be an algebraic number and f € Q|X] its minimal polyno- 


mial over Q. Then 


a is an algebraic integer — > f € ZX]. 


PROOF. Clearly, it suffices to show that f € Z[X] if a is an integer. Let a be 
a zero of a monic g € Z[|X]. Then f | g in Q[X] and so by the Gaug Lemma 


f € ZX]. 
In the proof we used: 


Gauß Lemma. Let f € Z[X] and f = gh, where g,h € Q[X], then there exists an 
r € Q* such that rg, th € Z[X]. 


So if f is monic, then rg and +h are monic as well. 


1.8 Corollary. ON Q = Z. 


So the only integers in Q are the ordinary integers. Because of this, sometimes they 
are called rational integers for being more specific. 


1.9 Theorem (Integers of a quadratic number field). Let m € Z be squarefree 
and #1. The integers in Q(.,/m) are the numbers 


atb/m with a,b€Z 


if m = 2,3 (mod 4) and in case m = 1 (mod 4) the integers are the numbers 


b 
—— with a,b € Z and a = b (mod 2). 


PROOF. Leta=r+s/m with r € Q and s € Q*. Then the minimal polynomial 
of a over Q is X? — 2rX + (r? — ms”). By Proposition 1.7 we have 

a is integral <> 2r € Z and r? — ms’ € Z, 
which in fact also holds when s = 0. If q@ is integral, then r = 5 with a € Z. Then 
a? —4ms? € 4Z and so 4ms? € Z. Since m is squarefree, it follows that s = ? with 
b € Z. Hence a = atbym with a,b € Z. Numbers atbym with a,b € Z are integral 
exactly when 4 | a? — mb?. For m = 2,3 (mod 4) this is equivalent to a and b being 


both even. For m = 1 (mod 4) we have a? — mb? = (a — b) (a + b) (mod 4), and the 
condition becomes a = b (mod 2). 
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1.10 Notation. For squarefree integers m Æ 1 put 


ym if m = 2,3 (mod 4), 
Wm = 
s+ 5¥m_ ifm=1 (mod4). 


1.11 Corollary. In the notation of Theorem 1.9: the integers in Q(,/m) form the 
subring Z|wm]. 


The rings Z[i], Z[¢3] and Z[y] of Example 1.4 are the special cases m = —1, m = —3 
and m = 5 respectively. 


There are alternatives for the definition of integrality. They can be helpful when 
establishing integrality in certain cases. 


1.12 Proposition. Let R be a subring of a field K. Fora € K the following are 
equivalent: 


a) a is integral over R, 
b) the subring Ria] is finitely generated as an R-module, 


c) there exists a subring A of K which is finitely generated as R-module such 
that a € A, 


d) there exists a finitely generated R-submodule B #0 of K such that aB C B. 


PROOF. 


a)=b): If a is a zero of a monic f € R[X] of degree n, then the subring Ria] of K is 


n-1 


generated by l,a,...,@ as an R-module. 


>c): Take A = Ria]. 
>d): Take B = A. 
=a): Suppose ĝ1,..., 8n generate B as an R-module. Then, since af; € B, we 
have a8; = ri bı +--+ +Tinbn with ril, --.,fin € R, or in matrix notation 
py By 
Bn Bn 


This means that œ is an eigenvalue of the matrix M. Therefore, it is a zero 
of the characteristic polynomial of M, which is a monic polynomial over R 
since all rj; € R. 


1.13 Corollary. Let R be a subring of a field K. Then the integral closure R' of R 
in K is an integrally closed subring of K. In particular O is an integrally closed 
subring of C and for a number field K the integers in K form an integrally closed 
subring of K. 


1.3 Norm, trace and characteristic polynomial 


Proor. Clearly 1,—1 € R’, so for showing that R’ is a subring of K it suffices 
to prove that R’ is closed under addition and multiplication. Suppose a, 8 € R’, 
say f(a) = 0 and g(8) = 0 with f,g € R[X] monic of degree m and n respectively. 
Then the subring Ra, 8] of K is an R-submodule generated by the mn elements 
o° 8) with i = 0,...,m—1 and j =0,...,n—1. Since a+ 8,08 € Ria, 8] it 
follows from Proposition 1.12 that a+ 8,a3 € R’. The field K contains the field of 
fractions of R’; therefore, the ring R’ is integrally closed. The set O is the integral 
closure of Z in C and for a number field K the subset OM K is the integral closure 
of Zin K. 


1.14 Definition. The subring OM K of a number field K is called the ring of 
integers of K. It is denoted by Ox. 


Theorem 1.9 described the ring of integers in a quadratic number field K. It is a 
number ring of K. In Section 1.6 we will see that this holds for the ring of integers 
of any number field. 


1.3 Norm, trace and characteristic polynomial 


For finite field extensions we have the notions of norm and trace. General properties 
of norms and traces are proved in this section. 


1.15 Definitions and notations. Let L : K be a finite field extension, say 
[L : K] =n. For each a € L we have a K-linear transformation 


Ma: L> L, Em aé. 


Let Am, (X) € K[X] be the characteristic polynomial of Ma, that is Am, (X) = 
det(X - 1 — Ma), and let Tr(Ma) € K be the trace of Ma. We define 


a) the characteristic polynomial AŁ* (X) of a over K: 


AZ * (X) = Am, (X), 


b) the trace Tr% (a) of a over K: 


Tr (a) = Tr(Ma), 


c) the norm NŁ (a) of a over K: 


Nk (a) = det(Ma). 


Thus Tr% and NE are maps L > K. 
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1.16 Example. Let m € Z be squarefree 4 1. The characteristic polynomial of 
a=r-+s/m€ K =Q(/m), where r,s € Q, is 


ARO (X) = X? — Trå (a)X + NG (a) = X? - WX +r? — sèm. 


This polynomial was used in the proof of Theorem 1.9 for the computation of the 
ring Ox. 


Note that for [L : K] =n: 
ALK (x) = x" — Tre (a)X"-! +--+ (-1)"NE(a) € KIX]. 


Clearly, in the quadratic case the characteristic polynomial is completely deter- 
mined by the trace and the norm. 


1.17 Proposition. Let L: K be a field extension of degree n. Then for alla, 8 € L 
andce K: 


a) Tre (a+ b) = Tre (a) + Tre (8), 


b) Tr% (ca) = cTr&(a), 


d) Nk (ab) = N% (a)NE(8), 
L=. 


PROOF. These rules follow directly from the following identities for linear trans- 
formations: Ma+g = Ma + Mg, Mea = CMa, Me = c: 1 and Mag = Ma Mg. 


) 
) 
c) Trk(c) =ne, 
) 
) N 


e 


So in particular we have a K-linear function Trý: L —> K and a group homomor- 
phism NZ: L* > K*. 


The notions of trace and norm are defined for arbitrary finite field extensions. For 
separable finite extensions we derive formulas for them in terms of the conjugates 
of an element, i.e. in terms of the roots of its minimal polynomial. 


1.18 Theorem. Let L : K be a finite separable field extension of degree n. Let 
C1,- ..,On be the embeddings of L in a normal closure L of L : K fixing the elements 
of K. Leta € L, |K(a): K] = d and f the minimal polynomial of a over K. 
Then we have: 
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PROOF. Let M} be the restriction of Ma to K (a) and let f(X) = X¢+a,X¢ 1+ 
-++-+ aq be the minimal polynomial of a over K. The matrix of M/, with respect 


to the basis 1,a,...,a¢~1 is the companion matrix of f: 
0 0... 0 —ad 
1 0 ... O —aq-ı 
[M1] = Qo To is 0 —aAq-—2 
On Or Ees 1 —ay 


The polynomial f is the characteristic polynomial of its companion matrix: 


X 0 body's 0 ad 
-1 X ... 0 Qd—1 
det(X -1 — M}) = 0 ZT a 0 aAd—2 

0 0 —1 X +a 
1 X Xe eT |X o0 0 ad 
0 1 0 0 -1 X 0 ad—1 

eS A 0 —1 0 ad—2 
0 0 1 0 ; 
0 0 1 0 0 -1 X+a 
0 0 0 f(X) 
—1 X see 0 Qd—1 

—|0 -1 ... 0 Gd—2 | — f(X). 
0 0 wists —1 X +a 


Let 61,...,Bnja be a K(a)-basis of L. Then 


(b1, apy che 5 Bis seed Oa fa ABn/ds ra sot * Beta) 


is a K-basis of L. The matrix of Ma with respect to this basis is in block form 


[M] 0 pgi 0 

0 [M] 0 

[Ma] = : : a ; 
0 A 


and so the characteristic polynomial of a € L over K is 


ALK (X) = Am, (X) = (det(X-1— MD)" = F = JJ - ola)). 


i=l 
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The coefficients of X”~! and X° yield the expressions for the trace and the norm. 


Note that we have (in the notations used above): Nķ(a) = (NE (q))"/4 = 
(-1)"02/? and Trý (a) = 2Trk™ (a) = —2a1. 


For a tower of field extensions the norm and the trace are transitive, that is they 
satisfy the rules described in the following proposition. Here we prove this for 
separable extensions only. 


1.19 Proposition. Let Ky : Kı and Kı : Ko be finite separable field extensions. 
Then for alla € Ko: 


NÉ (a) = NKE (NÉ (a)) and Try? (a) = Trg! (Trp? (a)). 


PROOF. Let L be the normal closure of Kə : Ko. There are exactly m = [Ky : Ko] 
embeddings o1,...0m of Ky in L fixing Ko elementwise and exactly n = [K2 : Kı] 
embeddings 71,...,T7 of Kə in L fixing Kı elementwise. Let o1,...,0m,T1,---5Tn 
be prolongations to automorphisms of L of the equally named embeddings. The 
restrictions of the o;7; to Kz are just the mn embeddings of Kə in L fixing Ko 
elementwise. The formulas are by now easy consequences of Theorem 1.18. 


1.4 The norm on a number field 


Let K be a number field and a € K with minimal polynomial f over Q. Since AX‘ 
is a power of f we have that a € Ox if and only if AŽ € Z[X]. In particular, it 
is clear that NÄ (a), Trg (a) € Z if a € Ox. In section 1.6 we will show that Og 
is a number ring in K using the Q-linear function Tt : K + Q. In this section 
the homomorphism No : K* — Q* is considered, especially in relation to O%,, the 
group of units. In section 5.4 the Dirichlet Unit Theorem will be proved, a theorem 
which fully describes the structure of this group. 


We have embedded a number field K into the real algebra R” x C5, r being the 
number of real embeddings of K and s the number of pairs of complex embed- 
dings. The norm on K can be extended in a natural way to a multiplicative map 
N: R” x COR. 


1.20 Definition. The norm N on the R-algebra R” x C° is defined as follows 


. r s —_ — 
N: R” xC? OR, (£1,..., Er; Z1,- -3 25) © U1 Up 2121+ ZsFs- 
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aF. AN 
-3 3 
~2 (0, 1) 2 
=) 1 
7 (0,0) my | 
1 -1 
2 2 
3 -3 
4 —4 
~ // 
N:C-R N: RR =R 


Figure 1.3: The norm on C and on R? 


The diagram 


— R" x cs 


K 
se| N 
C 
Q R 


> 


clearly commutes: let o1,...,0, be the real embeddings and let 7,,...,7, represent 
the pairs of complex embeddings of K, then for all a € K 
Ni(a) = N(oi(a),...,07r(@), 71(@),.--,7s(@)) 


= 01(a)-+-0,(a)r1(a)71 (a) ++ Ts(a)Ts(a) = NG (0). 


1.21 Example. We have embedded imaginary and real quadratic number fields 
in C and R? respectively. Elements with a given norm in these R-algebras form 
circles and hyperbolas respectively, see Figure 1.3. 


Note that the restriction N: (R*)” x (C*)* — R* is a group homomorphism. For 
the computation of units of a ring of integers the following is useful. 


1.22 Proposition. Let K be a number field. Then fora € Ox we have 


a€ Ok —> Nọ (a) = +1. 
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¢3 C6 


e gi 
Zļi]* Z\¢3]* Z| /—2)* 


Figure 1.4: The units of Z[i], Z[¢3] and Z[/—2] 


PROOF. 


=>: Since a, + € Ox, we have NG (a),N§ (4) € Z and NG (a)NG (4) = 1. 


a 


<: The characteristic polynomial of a over Q is of the form Xg(X) +1, where 
g(X) € ZX]. It follows that ag(a@) = +1. 


1.23 Example. For K an imaginary quadratic number field we have O% = {+1} 
if K A Q(t), Q(V—3), whereas Z[7]* = (i) and Z[¢3] = (G6), see Figure 1.4. 


1.24 Example. Let K be a real quadratic field, say K = Q(./m) with m € Z, 
m > 1 and squarefree. Suppose we have an € € O} with e > 1. Let ø be the 
nontrivial automorphism of K. Then of the four units £, —e, o(€) and —o(e) the 
unit £ is the greatest. Hence € = a+b,/m with a,b > 0 and a,b E€ Z- 5 (or a,bEZ 
if m = 2,3 (mod4)). For such a unit € the set of all c+ dym < £ with c,d > 0 
and c,d €Z. Z is finite; therefore, in the interval (1, £) there are only finitely many 
units. It follows that, if there is a unit > 1, there also is a least one. If e€ is the least 
unit > 1 of Ox, then O% = (—1,¢). Later, in chapter 4 and again in chapter 5, 
we will see that units 4 +1 do exist. The least one > 1 is called the fundamental 
unit of the real quadratic field K. The number 1 + V2 is the fundamental unit of 
Q(V2) and y is the fundamental unit of Q(v5). See Figure 1.5. 


1.5 The discriminant 


For a finite field extension L : K the trace map Tri: L > K is a K-linear function 
on L. It is used to define a K-bilinear form on L: 


1.25 Lemma. Let L: K be a finite field extension. Then the map 


LxL—>K, (a,ß)= Trk(a8) 


is a symmetric K -bilinear form on L. 
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14+ V2 


-1+ v2 


Figure 1.5: The groups Z|v2]* and Z[y]* 


A bilinear form on a finite dimensional vector space has a matrix with respect to a 
basis of the vector space. In this case its determinant is called the discriminant: 


1.26 Definition. Let L : K a field extension of degree n and let (a1,...,Q@n,) bea 


K-basis of L. The element 


discg (a1,--.,Qn) = det (Trý (aia;)) 


of K is called the discriminant of the K-basis (&1,...,@n) of L. Usually it is clear 


which field is the base field and then we often write disc instead of discg. 


Discriminants of different bases differ by a factor which is a square: 


1.27 Proposition. Let L : K be a field extension of degree n and let (ay,... 


and (Bı, ..., Bn) be K-bases of L. Then 
disc(b1, -. - , Bn) = det(T)? disc(ay,...,Qn), 


where T is the transition matrix from (61, ..., Bn) to (a1,...,Qn)- 


PROOF. This follows from 


(Tri¢(BiB;)) = T* (Trk (aia;))T. 


Qn) 


If 8; = D7, aijaj for i = 1,...,n, then T = (aji). It is called the transition matrix 
from the -basis to the a-basis since it satisfies T[z]e = [z]a, where [z] € K” 
stands for the column of -coordinates of x € L. Multiplication by T transforms 


the -coordinates to the a-coordinates. 


For separable extensions there is another description of the discriminant: 
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1.28 Proposition. Let L : K be a separable field extension of degree n and let 
01,---,0n be the n embeddings of L in a normal closure of L : K which leave the 
elements of K fixed. Then for K-bases (a1,...,Q@n) of L we have 


disc(a1,...,Q@n) = det(a;(a;))?. 


ProoF. By Theorem 1.18 we have 


(0; (ai))(oi(aj)) = (Trk (aia;)) 


and from this the proposition follows. 


Powers of a primitive element of a finite field extension L : K form a K-basis of 
L. The discriminant of such a basis is equal to the discriminant of the minimal 
polynomial: 


1.29 Proposition. Let K(v): K be a separable field extension of degree n and let 
f be the minimal polynomial of Ò over K. Then 


disc(1,0,0?,...,0"7!) = disc(f) = (—1)2”- UNE (f0). 


PROOF. Let o1,...,0 be the embeddings of K (V) ina normal closure of K (9) : K 
which leave the elements of K fixed. (This normal closure is a splitting field of f 
over K.) By Proposition 1.28 we have 


disc(1, Ò, v’, eea 0") = det(a;(v)2~")? 
= | [ (oi) — o;(0))? (Vandermonde) 


= (-1)2"Y TT (a;(8) — o0) 
i#j 
By definition dise(f) = ]],, ;(ai(¥) — o;(¥))?. We also have 
NKO O) = TJ a(t’) = TY (a8) = [] (oi) — 05 (0). 
i=1 i=1 ij 


1.30 Corollary. Let L : K be a separable field extension of degree n and let 
(Q1,..-,Qn) be a K-basis of L. Then disc(a1,..., an) #0. 


PROOF. Since the extension is separable, it has a primitive element J. By 
Proposition 1.29 we have disc(1,¥7,...,9"~+) Æ 0 and by Proposition 1.27 also 
disc(ay,...,Qn) Æ 0. 
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This corollary states that for a separable finite field extension L : K the K-bilinear 
form (a, 3) + Tr (aß) is nondegenerate. This is equivalent to L > L™!, aw 
Trý (a—) being an isomorphism of K-vector spaces, where the notation L™®! stands 
for the dual vector space of the K-vector space L. In case of characteristic 0 we could 
have proved the nondegeneracy also by showing directly that the map a +> TrZ(a—) 
is injective: if a Æ 0, then Trý (a- +)= Trk(1) =n £0. 


1.31 Definition. Let L : K be a finite separable field extension of degree n. Then 
the K-bilinear form L x L > K, (a,8) + Tr% (aß) is nondegenerate and so for 
each K-basis (a1,...,Qn) of L there exists a unique K-basis (31,...,8n) of L such 
that 


The basis ((1,..., Bn) is called the dual basis of (a1,...,@n) (with respect to the 
given bilinear form on L). 


The discriminant of the dual of a basis is simply the inverse of the discriminant of 
that basis: 


1.32 Proposition. Let L : K be a finite separable field extension of degree n and 
(B1,---, 8n) the dual of a K-basis (a1,...,Qn). Then 


disc(61,..., Bn) = disc(ay,...,Qn)~*. 


PROOF. For a = 216, +-:-+4nB8n E L with z1,..., £n E K we have for i = 
Lys sey 
Tr (aa;) = a1 Tre (0481) 1 Arat tn Tr(a; Bn) = Ti. 
So 
a = Tr (aa1) 81 + + Trk (adn) Bn 
and in particular for i = 1,...,n 
Z L L 
ai = Trg (ai01) 61 +--+ + Trk (aian) bn- 


So the matrix (Trý (a;ja;)) is the transition matrix from the a-basis to the 8-basis. 
Hence by Proposition 1.27 


disc(a1,..., @n) = disc(ay,...,Qn)* disc(B1,..., Bn). 


The following proposition is helpful when calculating discriminants. 


1.33 Proposition. Let M : L and L : K be finite separable field extensions, 
(Q1,..-,Qn) a K-basis of L and (61,..., Bm) an L-basis of M. Then 


discx (01/1,...,nBm) = discx(a1,...,An)™ - NE (disc, (81,..., Bm))- 
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PROOF. Let o1,...,0n be the embeddings of L in a normal closure MofM:K 
which leave the elements of K fixed and 71,...,Tm the embeddings of M in M 
which leave the elements of L fixed. Extend the c; and 7; to automorphisms in 
Gal(M : K). Then the o;7; are the mn embeddings of M in M which leave the 
elements of K fixed. Put B = TOi E Em and A = (a; (a5) )1<ij<n: Then 
discr(1,...,; 8m) = det(B)* and discx(a1,...,Qn) = det(A)?. The a;8; form a 
K-basis of M and the discriminant of this basis is the square of the determinant 
of 


o1(B) 0 0 o1(a1)Im o1(A2)Im o1(Qn)Im 
0 a2(B) 0 o2(a1)Im 02(a2)Im 02(An)Im 
Oi Oe Set, eee ee ei eons: Se euGars 


The entries in these matrices are m x m-matrices. 


1.6 The additive group of the ring of integers of a 
number field 


In this section the discriminant will be used to show that the ring of integers in a 
number field is actually a lattice in the number field. This leads to the notion of 
discriminant of a number field. 


1.34 Lemma. Let R be an integral domain with field of fractions K and let K' : K 
be a finite field extension. Then K' has a K-basis consisting of elements which are 
integral over R. 


PROOF. Let a € K”™ and let f(X) = X4+a,X%1+--++ aq be the minimal 
polynomial of a over K. Let r € R be a common multiple of the denominators of 
@1,...,@q, that is ra; E€ R for i =1,...,d. Then 


v4 f(X) = (rX)? + rai(rX)™! + +r lagarX + raa. 
The element ra is integral over R since it is a zero of 
Xe paix +. rolag 1X +rlagE RX]. 
So given a K-basis (a1,...,@,) of K’, choose r1,...,7%, E€ R such that r;a; is 


integral over R. Then (r1a1,...,7nQ@n) is a K-basis of K’ as well and its elements 
are integral over R. 


1.35 Corollary. Let K be a number field of degree n. Then K has a Q-basis 
(Q1,.--,Q@n) such that ay,...,@ E€ Ox. 
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1.36 Proposition. Let R be an integrally closed domain with field of fractions K, 
K': K a finite separable field extension of degree n, R’ the integral closure of R in 
K' and (a4,...,Q@n,) a K-basis of K' such that a1,...,@, E R'. Let (61,..., Bn) 
be the dual basis of (a1,...,Qn) with respect to the nondegenerate K -bilinear form 


(a, b) => TÝ (aß). Then 
Ra, +--+ Ra, C R' C RB, +-+- + RB, C F(Ra, +-+- + Ran), 
where d = disc(a1,...,Qn). 


PROOF. Leta € R’. Then a = Tre (a1a@)6) + +--+ Tre (ana) Bn: Since R is 
integrally closed, aja € R’ and Tre (a;a) € K, it follows that TÉ (aia) € R and 
so œ E€ RB, +---+ Rbn.- 


For M = (T£ (a;a;)) we have 


Multiplication by the adjoint of M yields 
Qy By 
adj(M) | : | = deta) | : 
An Bn 
Since adj(M) has entries in R and det(M) = disc(aj,...,an) =d, we have 
Bi € 4(Ray +--+ + Ran) for i=1,...,n. 


In general the ring R’ in the above proposition is not a free R-module of rank n. 
But if R is a principal ideal domain, it is. For this we need the following lemma. 


1.37 Lemma. Let R be a principal ideal domain, A a free R-module of rank n and 
B an R-submodule of A. Then B is a free R-module of rank < n. 


Proof. We will use induction on n. For n = 0 it is trivially true and for n = 1 
it is a reformulation of R being a principal ideal domain. Let n > 1 and aj,..., an 
be an R-basis of A. Consider the projection 


mT: ADR, riai t+: +7Tndn > Tn. 
We have a short exact sequence of R-modules 
0> Ker(7)N B > B > 7(B) > 0 


with 7(B) free of rank < 1 (case n = 1) and Ker(z) N B an R-submodule of a free 
R-module of rank n — 1. The sequence splits and from this the lemma follows. 
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1.38 Corollary. (Notation of Proposition 1.36). If R is a principal ideal domain, 
then there exists a K-basis (a1,...,Qn) of K' such that R! = Ray +--+ Ran. 


ProoF. If Ris a principal ideal domain, an R-submodule of a free R-module of 
rank n is a free R-module of rank < n. Because the ring R’ is sandwiched between 
free R-modules of rank n, it is itself a free R-module of rank n. 


For the case R = Z we have in particular: 


1.39 Corollary. Let K be a number field. Then the ring Ox is a number ring of 
K. 


1.40 Lemma. Let A be a free abelian group of rank n and B a subgroup of A of 
the same rank, (aj,...,Qn) a basis of A and (B1,..., Bn) a basis of B. Then for 
the index of B in A we have 


(A: B) = |det(T)), 


where T is the transition matrix from (b1,..., Bn) to (Q1,..-,Qn)- 


PROOF. The matrix T has entries in Z and det(T) 4 0. Since Z is a Euclidean 
domain, the matrix T can be transformed by elementary operations to a diagonal 
matrix without changing the determinant. So we can assume that T is a diagonal 
matrix and for such a matrix the lemma clearly holds. 


1.41 Proposition. Let (a1,..., an) and (f1,...,8n) be Q-bases of a number field 
K. Let the lattices A and T in K, generated by these Q-bases respectively, satisfy 
TCA. Then 


disc(61,..., Bn) = (A:T)? - disc(ay,..., æn). 


ProoF. This follows from Proposition 1.27 and Lemma 1.40. 


1.42 Definition. Let K be a number field. A Q-basis (a1,...,@n) of K which 
satisfies Za, +---+ Za, = Ox is called an integral basis of K. The discriminant 
of K is defined as the discriminant of an integral basis of K. By Proposition 1.41 
it is independent of the choice of the integral basis. Notation: disc( K). Note that 
disce(K) € QN O =Z. 


Note that an integral basis of a number field K is not just a basis consisting of 
integers of K, but is a Z-basis of Ox. 


Specializing the Q-basis (a1,...,@,,) of Proposition 1.41 to the case of an integral 
basis yields: 


1.43 Theorem. Let ((1,..., Bn) be a Q-basis of a number field K with B1,..., Bn € 
Ox and let T be the lattice generated by this basis. Then 


disc(f1,..., Bn) = (Ox : T}? - disc(K). 
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In particular, if K = Q(V) with 0 € Ox, then 


disc(f) = (Ox : ZW]? - disc(K), 


where f is the minimal polynomial of 0 over Q. 


1.44 Example. Theorem 1.9 describes integral bases for quadratic number fields. 
Let m be a squarefree integer # 1. For m = 2,3 (mod 4) we have disc(Q(./m)) = 
4m, whereas disc(Q(./m)) = m for m = 1 (mod 4). 


The discriminant of a number field is an integer. The following two propositions 
give further restrictions. 


1.45 Proposition (Stickelberger). Let K be a number field. Then disc(K) = 
0 (mod 4) or dise(K) = 1 (mod 4). 


PROOF. Let K be of degree n and let o1,...,0, be the embeddings of K in 
the normal closure L of K : Q. Let (a1,...,@,,) be an integral basis of K. By 
Proposition 1.28 the discriminant of K is the square of det(o;(a;)). We have 


det(ai(ay)) = X sgn(r) [onol = So [Toma (as)-—2 orol), 
T i=l T i=1 m odd i=1 
where the sums }>_ are over all permutations 7 of {1,...,n}. Put 
P= 5 [ony (aa) and Q= 5 [ [om (ai)- 
nT i=1 m odd i=1 


If o € Gal(L : Q), then o; + oo; permutes the embeddings oj,...,¢, and so 
o(P) = P. By the Main Theorem of Galois Theory it follows that P € Q. Since 
P is integral we have P € Z. Moreover, 


disc(K) = (P — 2Q)? = P? + 4(Q? — PQ). 


This implies that Q? — PQ € Q and even Q? — PQ € Z, since Q? — PQ € O. Hence 
disc(K) = P? (mod 4). 


1.46 Proposition. Let K be a number field and let s be the number of pairs of 
complex embeddings of K. Then sgn(disc()) = (—1)*. 


ProoF. In the notation used in the proof of the previous proposition: if ø is com- 
plex conjugation, then the permutation a; + oo; of the embeddings is a product of 
s disjoint transpositions. Therefore, det(oo;(a,;)) = (—1)* det(a;(a;)). If s is even, 
then det(o;(a;)) is real, and if s is odd, then det(a;(a;)) is purely imaginary. 


For a given number field K it is usually not difficult to find a Q-basis consisting of 
integers. By Theorem 1.43 the problem of finding an integral basis is then reduced 
to checking integrality of a finite number of elements of K: 
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1.47 Lemma. Let K be a number field of degree n and let (a1,...,Qn) be a Q-basis 


of K consisting of integers. If m € N* and ki,...,kn € Z satisfy 


kya, ape? + knan 
m 


Ox and gcd(m,ki,...,kn) =1, 


then m? | disc(ay,..., Qn). 


Proor. If k; 40, then 


kyay pritt knan 


disc(a1,..., Qi—1, ,Qi+l;---3On) 
m 
1 2 
=; disc(a1, . . . , Qi—1, KiQi, Mi41,---;An) = a5 disc(ay 
m m 
Hence m? | k? disc(a1,...,Q@n,) for i = 1,...,m. Since ged(m,ky,... 
follows that m? | disc(ay,...,@n). 


pecyn). 


kn) = 1 it 


The cyclotomic fields Q(¢,,) form an important class of number fields. The field 
Q(¢m) is of degree y(m), the Euler totient of m. The minimal polynomial of Cm over 
Q is the cyclotomic polynomial ®#m(X), the polynomial with the y(m) primitive 
m-th roots of unity as zeros. We will show that Z[¢,,] is the ring of integers of 


Q(m). 


1.48 Lemma. Let m € N*. For the Q-basis (1, Cm, C2,- aA of Q(Em) we 


have 
dise(1, Cm, G2- - -, GTI) | me ™, 


PROOF. We have X™-—1 = ®,,(X)-h(X) with h(X) € Z[X] a monic polynomial. 


Take the derivative: 
MX”! = m(X) -K (X) + 1, (X)- A(X). 


Evaluate at Gm: 
no = D (Gm) h(Sm) 
and so 


Cmh(Sm) : © (Ga) =m. 


Take norms: ee Bes 
N (Gm) “NG” (Gin Gn) =P), 


From A(X) € Z[X] it follows that h(¢,,) is an integer of Q(¢,,) and so 


NGO (A(Gm)) € Z. 


Now the lemma follows from Proposition 1.29. 


First we consider cyclotomic fields Q(¢,,) where m is a prime power. 
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1.49 Proposition. Let p be a prime number and r € N*. Then Z[Cpr| is the ring 
of integers of the cyclotomic field Q(Gr). 


PROOF. Write Cpr = Ç and y(p") = n. By Lemma 1.48 p is the only prime 
divisor of disc(1,¢,...,¢"7~+). Since Z[¢] = Z[1 — ¢], we have by Proposition 1.41 
disc(1,¢,...,¢"—1) = disc(1,1—¢,...,(1-—¢)""1). By Lemma 1.47 it suffices to 
show that there are no ao,...,@n—1 E€ Z such that gcd(p, ao,...,@n—1) = 1 and 


ao +a (1—0) +++ +an-1(1— G) 
P 


O. 


Suppose such ao, ...,a@n—1 do exist. Let i be the least index for which p { a;. Then 
the element l 
a(l- + + annl- O 
Pp 


Q = 
is integral. Since ®,r(1) = p we have 


II @-¢) =». 


0<k<p” 
ptk 


from which it follows that aay is integral: 


Pp Z n—i—1 p = n—i—1 T= ~ 
aganto agt E Te 
płk 


Multiply a by this element: 


p _ mi 
0-07 * Tg 


+ (element of Z[¢]). 


It follows that 1 is integral. Therefore, 


al aj j=% 
N A aE 
@ \W-¢ par 


which contradicts p { a;. 


For the general case we will use the following theorem. 


1.50 Theorem. Let Kı and Kə be number fields, Kı of degree nı and Kə of degree 
ng. Let dı = disc( K1), d2 = disc( K2) and d = gcd(dı, dz). If, moreover, Kı Kə is 
of degree ning, then 

d- OK Kə Cc Og Ok. 
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PROOF. Let (a,...,@n,) be an integral basis of Kı. Then the condition on 
Kı Kə implies that (a1,...,@n,) is also a K2-basis of Kı Kə consisting of integral 
elements. We have Ox,a,+-::+OK,Qn, C Ox, K,- Let A1,...,An, be the Q-basis 
of Ky satisfying Tey (aiàj) = dij. There are nı embeddings of Kı Kə in C leaving 
elements of Kə fixed. Their restrictions to Ky are just the nı embeddings of Kı in 
C. So we have 


Trg? (adj) = 01(aiAy) +--+ + On, (Aj) = Trg? (Aids) = Siz. 
By Proposition 1.36 we have 


On, Or, = OK,a1 +: +OK Qn: C OK, Kə © qT (Ona + +OK Qn) 


nl 
= 1Ok, Or: 


So d1-Ox,K, C Ox,Ox, and similarly dz-Ox,K, C Ox,Ox,. Since gcd(d1, d2) = 
d, there are a1,a2 € Z such that d = a,d, + az2də and this implies 


d i OK Kə = dı . OK, Kə + d2 . OK, Kə C OAOA 


1.51 Theorem. For each m € N* the ring Z|Cm] is the ring of integers of Q(¢m). 


PRrooF. By induction on the number of prime divisors of m. The case of one 
prime divisor is Proposition 1.49. If m has more than one prime divisor, write 
m = mim with ged(m,,m2) = 1 and m1, mz > 1. By assumption we have 


Olema) = ZGm4| and Oma) = ZG: 


Note that Q(Cm)Q(Cms) = Q(Ginis Gma) = Q(Cm) and similarly Z\Cm1|Z[Cmz] = 
Z|Gm]. Also note that 


lém) : Q] = (m) = pmi Jpm) = [Q(Gm,) : QM Qm) : Q]. 
From Theorem 1.50 and Lemma 1.47 follows that Ogy¢,,) = Z[Gm|]- 


1.52 Corollary. Let m € N* with m > 2 and Ùm = m + Ġn!. Then Z[0m] is the 
ring of integers of the number field Q(U0m). 


PROOF. Putn= gn) Then [Q(Um) : Q] = n and it is easily shown that 


Q(Im) = Q+ Wm + QU, +--+. Qe! 
=Q4+Q- (Gn tG)+Q:(A+G2) + TE E Ger) 


and similarly 


Z[9m] = Z + Zm +Z, +--+ Zont 
=Z4Z. (mtn) tZ (E tG) AZ (E14 Ge). 
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The ring of integers of Q(¥m) is Z[Gn] AN Q(Vm). Let a € Z[Gn] N Q(Um), say 
a = ao + a1 (Cm + Ont) H + anl + GY) 
with ao, @1,.-.,@n-1 E Q. Then 


Gata = An-1 + Qn—26m +++++ ay, ag + ate t ar Hic, pret oe (a Seta 


and since Ç% 1a € Z[Gm] it follows that ao,...,@n—1 € Z, that is a € Z[Vp]. 


The ring of integers of a number field K is an example of a number ring of K. It 
is maximal among the number rings of K, since by Proposition 1.12 the elements 
of a number ring are integral. We have seen examples of number rings which are 
principal ideal domains. These examples were rings of integers of number fields. It 
is easy to see that this is necessarily so. Let a number ring R of K be a principal 
ideal domain and let a € Ox. We will show that a € R. The field K is the field 
of fractions of R, so there are 6,7 € R such that a = Ê. Since Risa principal 
ideal domain we can assume that gcd(6,y) = 1. Since a is integral, it is a zero 
of a monic polynomial f € Z[X], say f(X) = X” + a,X""14--++ ay. Then 
b” + abaty +--+ + any" = 0 and this implies that y | 8". So an irreducible 
divisor of y is also a divisor of 8. But gcd(G,7) = 1. This means that y has no 
irreducible divisors, that is y is a unit of R. It follows that a = By~! € R. 


1.53 Example. The simplest example of a ring of integers which is not a principal 
ideal domain is Z[/—5], the ring of integers of the imaginary quadratic number field 
Q(/V—5). In this ring we have: 6 = 2-3 = (1+ /—5)(1— V5). The elements 2, 3, 
1+./—5 and 1—/—5 are irreducible: their norms are 4, 9, 6 and 6 respectively and 
in Z[/—5] there are no elements of norm 2 or 3. So 6 has two different factorizations 
as a product of irreducible elements. Hence Z[,/—5] is not a principal ideal domain. 


For future reference we compute the discriminants of Q(Gm) and Q(¢m + Gn!) for 
m a prime power. 


1.54 Proposition. Let p be a prime number, r € N* and p” > 2. Then 


p= 


disc(Q(Gpr)) = tp?” #r="=), 


The discriminant is negative when p = 3 (mod 4) or p” = 4 and positive otherwise. 


PROooF. The cyclotomic polynomial ®pr (X) is the minimal polynomial of Qpr over 
Q. Since 


X” 1 
p(X) = Xe L’ 
we have 
r—1 r a r—1 
i (XP? —1)- p" XP -1 — (X? —1)- prt xP -1 
(X) = 


(xe = 
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and so 1 
hte Na 
D. (Cpr) = oT 


jan 
ir 
mn 
Q 
— 
© 
— 
D 
3 
nna 
eS 
lI 


là 
Cp =1 
(—1) an(n=1) pp" *(pr—r—1) ; 


(-1) eae en ( 


-pina P" 
= (1 pled 


The number $n(n — 1) is odd if and only if p = 3 (mod 4) or p” = 4. 
1.55 Proposition. Let p be a prime number, r E€ N*, p” > 4 and Dpr = Gyr + Cre 
Then 


p-1 1 


(—1)?F p32" (pr=r-1)-1) if p is odd, 
d Vor = p= 
isc(Q( P )) p ?(r—1)—1 ifp=2. 


PROOF. Put L= Q(¢pr) and K = Q(Vpr). By Theorem 1.51 and Corollary 1.52 
Or = Zip] and Ox = Z[ðpr]. So Or = Zip] = Z[Vpr|[Cpr] = Ox [Cpr] and by 
Proposition 1.33 

disc(L) = disc( K)? - NG (disex (1, Gpr)). 


The minimal polynomial of pr over K is X? — JprX +1. So 
discx (1, pr) = —N&(26pr -= vpr) = -NE (Cpr = Cr) 
and 


Né(c2,-1)=p_ if pis odd 
K di 1. Cor =Ni e= -1 z Q\sp 7 
INg ( iscx (1, Cpr ))| o(p Cp ) A 4 ifp=2 


By Proposition 1.54 


"l(pr-r-1)-1 if p ig odd 
` 3a pP ll p 1S odd, 
disc( K) = ee if p = 2. 


The sign of disc(’) follows from Proposition 1.46. 


1.7 Norm-Euclidean quadratic number fields 


One way to prove that a ring is a principal ideal domain is by showing it is a 
Euclidean domain. In this section we consider only quadratic number fields. Let 


m be squarefree Æ 1. The restriction of the norm N = No Q(./m) + Q to 
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JES Aas 


Figure 1.6: Points in C (inside a rectangle or a triangle) with distance < 1 from 
Z|wm] for m = —2, m = —5, m = —11 and m = —15 


the ring of integers Z|w,,] takes values in Z. For which m is the map a + |N(a)| 
a Euclidean norm on Z|wm]? If it is, the number field Q(./m) is called norm- 
Euclidean. We will see that for many m it is not. 


We distinguish the imaginary and the real case. 


Imaginary quadratic number fields 


Let a, 6 € Z|wm] with 6 4 0. Instead of a = Kp + p, where «K, p E€ Z|wm], we can 
write = k + 4. The norm is Euclidean if elements % are the sum of an integral 
element and an element of norm < 1. The question becomes: for which m can C 


be covered by open discs with radius 1 and center in Z[w,,]? 


Suppose m = 2,3 (mod 4). The distance of a complex number to Z|wm] is at most 


=m+1 
4 


V—m. So the norm is a Euclidean norm if and only if smth <1, that ism > —3. 
There are only two cases: m = —1 and m = —2. 


, the radius of the circumscribed circle of a rectangle with sides 1 and 


Suppose m = 1 (mod4). The distance of a complex number to Z[w] is at most 


Want the radius of the circumscribed circle of a triangle with sides 1, suet 
and j=. So the norm is a Euclidean norm if and only if m > —7 — 4V3, that 
is m > —11. There are three cases: m = —3, m = —7 and m = —11. 


Thus we have found five norm-Euclidean imaginary quadratic number fields. These 
are in fact all imaginary quadratic number fields having a Euclidean ring of integers: 


1.56 Theorem. For squarefree m < 0 we have: 


Z[wm] is a Euclidean domain — > m = —1, —2, —3,—7 or — 11. 
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Proof. We still have to prove the implication =. Suppose that for some m 4 
1, —2, —3, —7, —11 that there is a Euclidean norm ~: Z[wm] \ {0} > N. We will 
derive a contradiction. Take in the set 


{8 € Zlwm] | 8 #0 and 8 ¢ Zlwm]* } 


an element 3 with y(8) minimal, i.e. 8 Æ 0,1,—1 with y(8) minimal. Note that 
Zlwm]* = {1,—1}, since m # —1,—3. The residue class ring Zļwm]/(8) consists of 
2 or 3 elements: 


Let a € Z|wm]. Then there are «K, p € Zļwm] with 


Wlo) < ¥(8) ifp#0. 


So p = 0 or p € Z|wm]*, that is p € {0,1,—1}, and this means that a € (8) 
ora € 1+ (8) or a € —1 + (8). Because 8 ¢ Z[wm]*, the ring has 2 or 3 
elements. 


It follows that N(8) = 2 or N(8) = 3. However, as is easily verified, for m 4 
1, —2, —3,—7,—11 such a 6 does not exist. Contradiction. 


a 


Five of the imaginary quadratic number fields have a Euclidean ring of integers. 
These rings are principal ideal domains. But there are more: later we will see that 
also Z[w_19], Z[w_43], Z[w_¢7] and Z[w-163] are principal ideal domains. 


Real quadratic number fields 


Let m € Z be squarefree and > 1. The norm N = Ney Q(./m) > Q now 
also takes negative values, e.g. N/m) = —m. Restriction to Z|wm] yields a map 
N: Z[wm] —> Z. The question is: for which m is the map Z[wm] + N, a+ |N(a)| 
a Euclidean norm on Z[w,,]? For which m are there for each a, 8 € Z|wm] with 
b #0 numbers «K, p E€ Z[wm] such that 


a=KB+p and |N(p)| <|N(B)I? 


Via the embedding in R xR the ring Z[w,,] maps onto a lattice in RxR. The points 
y of R xR with |N(y)| < 1 lie ‘inside’ the hyperbolas with equations xy = +1. For 
which m is the plane covered by all translations of this domain over the vectors of 
the lattice? The following square, which is contained in this domain is easier to 
handle 


{ (ay) | lal +lyl <2}, 


see Figure 1.7. Using this square instead already yields a number of Euclidean 
domains. Translation of the square over (1, 1) does overlap with the original square. 
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Exercises 


(1,1) 


Figure 1.7: The domains |xy| < 1 and |z| + |y| < 2 inside R x R 


also have to overlap under translation over (ym, —\/m) for m = 2,3 (mod 4), 


respectively over (ty S) for m = 1 (mod 4). The first is the case if m < 4 


2 


and the second if m < 16. See Figure 1.8. So we have: 


1.57 Theorem. The map Z|wm] > N, a |N(a)| is a Euclidean norm on Zlwm 


form 


2, m= 3, m =5 and m = 13. 


Here is a complete list of values of m for which Zlwm] > N, a > |N(a)| is a 
Euclidean norm: —11, —7, —3, —2, —1, 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 
41, 57, 73. 


There are four negative m for which Z[wm] is a non-Euclidean principal ideal do- 
main. For positive m there are possibly infinitely many principal ideal domains; for 
1 < m < 100 the values of m for which Q(,/m) is not norm-Euclidean and Z[wm] 
is a principal ideal domain are: 14, 22, 23, 31, 38, 43, 46, 47, 53, 59, 61, 62, 67, 69, 
71, 77, 83, 86, 89, 93 and 97. 


EXERCISES 


1. 


2; 


Show that there is a one-to-one correspondence between quadratic number fields 
and squarefree integers # 1, where such an integer m corresponds to the field 


Q(vm). 
Show that Z[/—6], Z[/—13], Z+] and Z[VI0] are no principal ideal domains. 
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Figure 1.8: Overlap of squares in R x R under translation over respectively (1,1), 
(V3, —V3), (v6, —v6), (MY18, 153) and (MY17, 1-17) 


3. Let K = Q(,/m) with m a squarefree integer > 1. Let’s assume that Ok # {1, —1}. 
Then, as explained in Example 1.24, K contains a fundamental unit. 


(i) Suppose m = 2,3 (mod4). Let ™,v2 € Ok such that 2,4, > 1. Then 
vı = £1 +Y yM, v2 = £2 + yom and M42 = z3 + y3\/m with zi, yi E€ N* for 

i = 1,2,3. Show that y3 > y1, y2. 
(ii) For m = 2,3 (mod 4) there exists a least y € N* such that my? 1 is a square, 
say x°, in N*. Show that z + y,/m is the fundamental unit of K. 
(iii) Suppose m = 1 (mod4) and m Æ 5. Let vı, v2 E€ Ok such that n2,vı > 1. 
Then vı = ir + syiv/m, Vo = iro + iy2ym and viv = $03 + sy3/m with 
zi, yi E N* for i = 1,2,3. Show that y3 > yi, y2- 


(iv) For m = 1 (mod 4) there exists a least y € N* such that my? 4 is a square 
in N*, say x°. Show that ix + dy/m is the fundamental unit of K ifm #5. 


(v) Compute the fundamental units for m = 11, 13,14, 15,17. (This way of com- 
puting fundamental units is slow. For m = 19 the least y is 39 and for m = 94 
it is 221064. A fast algorithm based on continued fractions is described in 
section 4.8.) 


4. Show that for extensions L: Kk of finite fields the group homomorphism 
NE: L* > K* is surjective. 
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5. Let p be an odd prime. Show that Q(¢,) contains a unique quadratic number field. 
Which one? 

6. (i) Let a € R satisfy a? = a+ 1. Show that Z[a] is the ring of integers of Q(a). 

(ii) Let a € R satisfy a? = a +2. Show that Z[a] is the ring of integers of Q(a). 


7. Determine an integral basis of Q(v —2 + v2). 


8. Let m € Z be not a cube in Z. We determine an integral basis of the pure cubic 
number field K = Q(</m). 
(i) Show that there are h, k € Z such that K = Q(Whk?), gcd(h,k) = 1, h and k 
squarefree, hk #1, h = 0,1 (mod 3) and k = 1 (mod3). 
Put a = Vhk? and 8 = Wh?k. 
(ii) Let y = a + ba + cp, where a,b,c € Q. Verify: 


A, = X? — 3a X? + 3(a? — hkbc) X — (a? — 3hkabc + hk?b® + h?ke?®). 


(iii) Let p be a prime divisor of h or k. Let y = a + ba + c8 with a,b,c € Z. Show 
that 5 ¢ O if gcd(p,a,b,c) = 1. 

(iv) Suppose h = k = 1 (mod3). Let y be as in (iii). Show that if 4 € O, then 
a? = be (mod3) and a +b + c = 0 (mod3). Show that this implies that 
a = b = c (mod 3). 

(v) Suppose h = k = 1 (mod 3) and let y = 1 +a + 8. Show that 


z O <=} 1—3hk+hk? +h?k = 0 (mod 27) 4> h = k (mod 9). 


(vi) Conclude that (1,a, 8) is an integral basis of K if h # k (mod9) and that 
(l,a, Itat) is an integral basis if h = k (mod 9). 
(vii) Determine integral bases of Q(%/m) for m = 2, 3, 5, 6, 7, 12, 17, 18, 19, 20, 44. 


9. Let m,n € Z be different and squarefree # 1. We determine an integral basis of 
the biquadratic field K = Q(,/m, yn). Put k = ie 


g 
(i) Prove that 20K C Z + Zwm + Zwn + Zwk. (Notation: see comment after 
Theorem 1.9. Hint: use the traces from K to quadratic subfields.) 


(ii) Let a € K. Prove that a € Ox if and only if Nýey (a), Trym (a) cO. 
(iii) Show that there are essentially the following three cases: 
(I) m = 3 (mod 4) and n, k = 2 (mod 4); 
(II) m = 1 (mod 4) and n = k #1 (mod 4); 
(II) m =n = k= 1 (mod4). 
(iv) Show that an integral basis of K is for the above three cases as follows: 
(1) (1, vm, vn, 3); 
+/m mtVk 
aD (1, 49", vn, A); 


(III) a, ity m Ita n ite m, Lts kj, 
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(v) Prove that disc(K) = disc(Q(./m)) - dise(Q(./n)) - disc(Q(W&)). 
(vi) Show that (Ox : Z + Zwm + Zwn + Zw,) = 2. 


Diophantine equations of type y? = x? + k, where k € Z and k Æ 0, are called 
Mordell equations. In this exercise we solve the equation for k = —1. Let x,y € Z 
satisfy y? + 1 = z’. 

(i) Show that x is odd and that y is even. 

(ii) Prove that y +7 is a cube in Z[i]. 

(iii) Solve the Diophantine equation. 


The Mordell equation for k = —4. Let x,y € Z satisfy y? + 4 = z’. 


(i) Show that y + 2i is a cube in Z[i]. 

(ii) Solve the equation. 
Sometimes a Mordell equation can be solved using ordinary integers, for example 
for k = 7. Let x,y € Z satisfy y? = 2° +7. 

(i) Show that x is odd and that y is even. 

(ii) Prove that x? + 8 has a prime divisor = 3 (mod 4). 

(iii) Derive a contradiction. 


Let K and L be number fields such that [KL : Q] = [K : QJ[L : Q] and moreover 
gcd(disc(K), disc(L)) = 1. Prove that 


disc(KL) = disc(K)™% dise( L) ®, 


Let m,n € N* be relatively prime. Show that 


disc(Q(Cmn)) = disc(Q(Gm))* disc(Q(Gn))””. 


2 Dedekind Domains 


Principal ideal domains are unique factorization domains: in a principal ideal do- 
main there is unique factorization of nonzero elements as products of irreducible 
elements. Some rings of integers of number fields are principal ideal domains, but 
many are not. E.g. the ring of integers of Q(./—5) is not a principal ideal domain, 
see Example 1.53. The notion of Dedekind domain is more general than that of 
principal ideal domain. In Dedekind domains there is a unique factorization not of 
elements, but of nonzero ideals, namely as a product of prime ideals. In chapter 3 
it will be shown that rings of integers of number fields are Dedekind domains. In 
this chapter Dedekind domains are treated in general. In section 2.4 it is shown 
that the isomorphism classes of nonzero ideals of a Dedekind domain form a group, 
the ideal class group. This group is trivial if and only if the Dedekind domain is a 
principal ideal domain. 


2.1 Definition 


The notion of product of ideals is essential for our approach to Dedekind domains. 


2.1 Definition. Let a and b be ideals of a commutative ring R. Their product is 
the ideal 
ab = (ab | a € a and b € b), 


the ideal of R generated by all products ab with a € a and b € b. 


The ideals of a commutative ring R form under multiplication an abelian monoid, 
in particular the multiplication is associative: 


(ab)c = a(bc) (= abc = (abc | a € a, b E€ b and c € ¢)). 


The unity element is the ring R itself. For principal ideals we have (a)(b) = (ab). 


The sum a+ b of the ideals a and b consists of all a +b with a € a and b € b. The 
union of systems of generators of the ideals a and b is a system of generators of 
a+b. Under addition the ideals form an abelian monoid as well. The ideal (0) is 
the zero element. The multiplication is distributive over the addition: 


a(b + c) = ab + ac. 
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2.2 Definition. Let a and b be ideals of an integral domain R. Then the ideal a is 
said to divide the ideal b (notation: a | b) if there exists an ideal ¢ of R such that 
ac = b. 


Note that for principal ideals we have: 
(a) | (b) => alb = bce (a) |= (a) D (b). 


2.3 Definition. An integral domain R is called a Dedekind domain if R is not a 
field and for all ideals a,b of R we have 


alb = aDb. 


Note that “=” holds in general. If a is a principal ideal, then the converse is true 
as well: assume a = (a) with a 0 (otherwise it is trivially true) and a D 6; then 
6 consists of multiples of a and the ideal 


s6b={2|beEb} 


satisfies 
a- +b =b. 


The collection of nonzero ideals of a Dedekind domain is a monoid with cancella- 
tion: 

2.4 Proposition (Cancellation). Let R be a Dedekind domain. Let a, c and c be 
ideals of R, where a #0. Then 


acC ac’ = cC 


and consequently 
LHe = ces. 


PROOF. Since a ¥ (0), there is an a € a with a # 0. Because R is a Dedekind 
domain, there is an ideal a’ such that (a) = aa’. We have (a)c = aa’c C d'ac = 
(a)c’. Since R is an integral domain, it follows that c C c. 


In section 2.5 a characterization of Dedekind domains is given, which is based 
on three properties of Dedekind domains, the Propositions 2.6, 2.8 and 2.9. In 
Proposition 2.6 the following alternative for the definition of prime ideal will be 
used. 


2.5 Lemma. Let R be a commutative ring. Let a and b be ideals of R and let p be 
a prime ideal of R. Then 


poab = pDa or pore. 
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PROOF. Suppose p > ab. Ifp JZ a, then there exists ana € a\p. Then ab € ab C p 
for all b € b. So b € p for all b € b, since p is prime. Hence p D b. 


2.6 Proposition. Prime ideals 4 (0) of a Dedekind domain are maximal ideals. 


PROOF. Let R be a Dedekind domain and p # (0) a prime ideal of R. Let a be 
an ideal of R with p C a. Because R is a Dedekind domain, there is an ideal b of 
R such that ab = p. By Lemma 2.5 we have p D a or p D b. In the first case we 
have p = a. In the second p = b and by Proposition 2.4 we have a = R. So p is 
maximal. 


2.7 Notation. For R a commutative ring, we denote the set of maximal ideals of 
R by Max(R), and the collection of prime ideals of R by Spec(R). 


On Spec(R) the so-called Zariski topology can be defined: the closed sets are the 
intersections of the sets 


V(r) = {p € Spec(R) |r € p}, 


where r € R. The set of prime ideals of R equipped with the Zariski topol- 
ogy is called the spectrum of R. For R a Dedekind domain we have Max(R) = 
Spec(R) \ {(0)} (Proposition 2.6). The Krull dimension of a commutative ring R 
is by definition the maximal length n of a chain 


Po CPi C'e C Pn 


of prime ideals of R. By Proposition 2.6 the Krull dimension of a Dedekind domain 
equals 1. Note that we excluded fields in the definition. Fields have Krull dimension 
0. If there is an infinite chain of prime ideals, the Krull dimension is said to be 
infinite. 


Ideals of a Dedekind domain are finitely generated: Dedekind domains are Noethe- 
rian. Equivalently, infinite ascending chains of ideals stabilize, or nonempty collec- 
tions of ideals have a maximal element (an ideal in the collection not contained in 
any other ideal of the collection). The proof of these generalities is in many algebra 
textbooks. Here the proof of these equivalences is left as an exercise (exercise 2). 


2.8 Proposition. Dedekind domains are Noetherian. 


PROOF. Let a; C ag C ag C--- be a chain of ideals of a Dedekind domain R. 
Then b = |]; a; is an ideal of R. We can assume that that b # 0. Since R is a 
Dedekind domain, there are a b € b \ {0} and an ideal b’ of R such that bb’ = (b). 
Then (b) = |J; a:b’. There is an N € N* such that anb’ = (b). Then anb’ = (b) for 
all n > N and so by cancellation an = ay for all n > N. 


The far most important property of Dedekind domains is the unique factorization 
of ideals: Theorem 2.11 in the next section. The definition of Dedekind domain 
(Definition 2.3) as presented here is quite close to this factorization property. In 
chapter 3 we will prove that the ring of integers of a number field is a Dedekind 
domain. This will not be done directly from the definition, but by proving the 


35 


2 Dedekind Domains 


three properties which will characterize Dedekind domains. The third of these is 
the following. 


2.9 Proposition. Dedekind domains are integrally closed. 


PROOF. Let R be a Dedekind domain with field of fractions K and let a € K 
be a zero of a monic f € R[X]. We will prove that a € R. Put f(X) = X” + 
bX") + b2 X"? +--+ bp and a = % with ay,a2 E€ R. Then 


a 


ay + bat tay + boat 7 a2 +- +bnaz = az f(a) =0 


and so 
n n-1 n—-1l on 
ay € (ay a2,...,a1a5 a5) 
=i n=? =3 n-i 
Put a = (a? ,a] “ag,...,a1a5 “,a3  ). Then 
a n -n-1 2- n—2 n-1 n—1 2 n—2 n-1l ony) _ 
aja = (ay ,ayag,..., ajay ~,a1a5 +) C (a? “ae,..., aja, “Q103 a) = aga. 


Since R is a Dedekind domain it follows that (a1) C (a2), that is 2 € R. 


2.2 Factorization of ideals 


In a principal ideal domain we have unique factorization of nonzero elements. For 
a Dedekind domain we have unique factorization of nonzero ideals. 


2.10 Notation. Let R be an integral domain. The set of nonzero ideals of R is 
denoted by I*(R). Under the product of ideals it is an abelian monoid. 


2.11 Theorem. Let R be a Dedekind domain anda € 1*(R). Then there are prime 
ideals P1,..., Pn such that a = pi---pn. This factorization is unique up to order. 
(We allow that n = 0: an empty product equals R.) 


PROOF. First we prove that every ideal a ¥ (0) is a product of prime ideals. If 
a Æ R, then there is a maximal ideal pı 2 a. Then, since R is a Dedekind domain, 
a = pıtı, where a; is a nonzero ideal. If ay Æ R, then continue with a: there 
is a maximal ideal p2 D a, such that a, = pode, etc. Since R is Noetherian, we 
thus obtain a strictly ascending chain a = ap C a) C dg C -++ Ca, = R such that 
aj;-1 = pja; with pj a prime ideal for j = 1,...,n. Thena=pj,---pp. 


For the uniqueness of the factorization we use Lemma 2.5. Suppose that p,--- Pn = 
qi-*'Gm (pi,q; being prime ideals # (0) of R). Then pı | qi--:qm and so 
qi-''Gm © pı. So there is a q; C p;. We may assume: qı C pı. Since Risa 
Dedekind domain, the nonzero prime ideal qı is maximal, so qı = pı. By cancel- 
lation: p2--- Pp = q2°-:dm. Proceed by induction. 
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2.12 Example. In Example 1.53 we saw that in the ring Z[,/—5] there is no unique 
factorization of elements: the element 6 can be factored as a product of irreducible 
elements in two ways: 6 = 2-3 = (1+ /—5)(1— V—5). In Z[/—5] we have ideals 


po = (2,1+V—5), p3=(3,1+V—5) and p} = (3,1- v5). 


It is easily verified that the lattices Z2 + Z(1 + /—5), Z3 + Z(1 + v—5) and 
Z3 + Z(1 —./—5) are actually ideals of Z[\/—5]. From this it follows that they are 
the ideals p2, pa and ps respectively. Because their indices in Z[,/—5] are 2 or 3, 
these ideals are maximal ideals. It is easily verified that 


(2)=p3, (3) =papy, (1+ V—5)=pops and (1 — V—5) = pops. 
So the irreducible elements do not generate prime ideals. The two factorizations 
of the element 6 both lead to the same factorization of the ideal (6): 
(6) = popsps. 


In the next chapter we show that rings of integers of number fields are Dedekind 
domains. In particular Z[,/—5] is a Dedekind domain. For this example many 
verifications were needed. Later, having many structure theorems for rings of 
integers at our disposal, almost all of these computations become unnecessary. 


2.13 Definition and notation. Let p be a prime ideal ¥ (0) of a Dedekind domain 
R and let a be an ideal 4 (0) of R. The number of factors p in the factorization 
of a as a product of prime ideals is called the p-valuation of a and is denoted by 
Up(a). So vp(a) € N and this number is given by 


pv (a) |a and pr (9+1 fa. 
Let’s agree that p? = R.) Thus we have a monoid homomorphism 
g p 
vp: IT(R) 9 N, a= v(a) 


from the multiplicative monoid I+ (R) to the additive monoid N. 


For a € R \ {0} we have aR € It (R) and we define 


vp(a) = vp (aR). 
Note that 


For each ideal a Æ (0) we have 
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where the product is over all p € Max(R). This formula makes sense: vp(a) 4 0 
only for finitely many p and we can interpret the formula as the product over all p 
with vp(a) Æ 0. 


The unique factorization property implies that the map 
(vp)p: F(R) —> Pp N, am (vp(a))p (2.1) 
pEMax(R) 
is an isomorphism of abelian monoids: the product of a, b € I+ (R) is given by 
Up(ab) = vp(a) + vp(b) for all p € Max(R). 


To put it differently: for a Dedekind domain R the monoid I* (R) is a free abelian 
monoid on the set Max(R). The set I*(R) is ordered by the relation D, which for 
Dedekind domains is the same as |. Under the isomorphism (2.1) a | b translates 
into 


Up(a) < vp(b) for all p € Max(R). 


In the next proposition we consider two other operations: addition ((a, b) => a+ b) 
and intersection ((a, b) > a N b). 


2.14 Proposition. Let p be a maximal ideal of a Dedekind domain R and let a, b € 
I*(R). Then: 


Up(a + b) = min(vp(a),vp(6)) and vp(anN b) = max(vp(a), vp(b)). 


PROOF. Note that a + b is the supremum of a and b in the ordering of I*(R), 
whereas aN b is the infimum. 


In I*(R) we clearly have the notion of greatest common divisor and least common 
multiple and the proposition tells us that gcd(a, b) = a+ b and lcm(a, b) = a N b. 
For elements a,b in a principal ideal domain we have: 


The gcd and lcm of elements are defined up to units of the domain. 


2.15 Definition. Nonzero ideals a and b of a Dedekind domain R are called rela- 
tively prime if they are comaximal, that is if a + b = R. 


So ideals a and b of a Dedekind domain R are comaximal if and only if no p € 
Max(R) is a common divisor of a and b. In general, comaximality of ideals of a 
commutative ring has an important implication for the residue class rings: 
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2.16 Chinese Remainder Theorem. Let R be a commutative ring and let a and b 
be comaximal ideals of R. Then the ring homomorphism R —> Rx R, x > (a,2) 
induces an isomorphism 


R/ab —> R/ax R/b. 
ProoF. The kernel of the homomorphism 
R— R/ax R/b, xh (z,7T) 


is the ideal anb. By comaximality there are a € a and b € b such that a+b = 1. So 
for each x € aMb one has x = xa+xb € ab. Since trivially ab C anb, it follows that 
ab = aNb. Surjectivity of the homomorphism follows from ya+ab = xb = x (moda) 
and ya + xb = ya = y (mod b). 


Unique factorization of ideals in Dedekind domains has implications for the struc- 
ture of their residue class rings. 


2.17 Proposition. Let R be a Dedekind domain, a an ideal 4 (0) of R and let p be 
a prime ideal 4 (0) of R. Then the kernel of the surjective ring homomorphism 


yp: R/pa > R/a, xc+parna+a, 
is an R-module isomorphic to R/p. 


PROOF. Clearly Ker(y) = a/pa. From pa C a and the unique factorization follows 
that pa C a. Choose a € a\ pa. Then there is an ideal b such that ab = aR. We 
have p { b, since otherwise pa | ab and so a € pa. Note that ab N pa = abp and 
ab + pa = a. The inclusion aR C a induces an R-module homomorphism 

w: aR/ap > a/pa. 


We prove that wv is an isomorphism: 
Ker(w) = (aR N pa)/ap = (ab N pa)/ap = abp/ap = ap/ap = 0. 
Im() = (aR + pa)/pa = (ab + pa)/pa = a/pa. 


Clearly the R-module isomorphism R — aR, r + ar induces an isomorphism 
R/p + aR/ap. Hence, 


R/p = aR/ap = a/pa = Ker(y). 


In terms of exact sequences: there is a short exact sequence 


0 — R/p — R/pa — R/a — 0 


of R-modules. Note that if p { a, then by the Chinese Remainder Theorem we have 
an isomorphism R/pa + R/p x R/a. In this case the short exact sequence splits 
and the proposition follows in a direct manner. So the more interesting aspect of 
the proposition is that it holds if p | a as well. 
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Ideals of a Dedekind domain may not be principal, but since the domain is Noethe- 
rian, they are finitely generated. In fact at most two elements are needed for the 
generation of an ideal. This will follow from: 


2.18 Lemma. Let R be a Dedekind domain, P a finite collection of maximal ideals 
of R andp € P. Then there exists an x € R satisfying vp(x) = 1 and v,q(x) = 0 


for all q E P \ {p}. 


PROOF. Choose a 7 € p\ p?. Such an element exists because p Æ p? by the 
cancellation property. By the Chinese Remainder Theorem there exists an z € R 


such that 
_ J (modp’), 
~ |1(modq) for each q € P \ {p}. 


Then x € p, x ¢ p? and z ¢ q for all q € P with q Æ p. 


2.19 Proposition. Let R be a Dedekind domain and let a and b be nonzero ideals 
of R such thata C b. Then there exists an x € b such that b = a + £R. 


PROOF. Let P be the collection of prime divisors of a. By Lemma 2.18 we can 
choose for each p € P an zp € R such that vp(£p) = 1 and vq(ap) = 0 for all 


q € P \ {p}. Take 
L= II pun ©, 


peP 


Then v(x) = vp(6) for all p | a. By Proposition 2.14 we have a + zR = b. 


2.20 Corollary. Leta be an ideal of a Dedekind domain R. Then there are a,b € R 
such that a = (a,b). 


PROOF. We may assume that a 4 0. Take a € a with a 4 0. By Lemma 2.19 
there is a b € R such that a= aR + bR = (a,b). 


Commutative rings with only finitely many maximal ideals are called semi-local. 
2.21 Proposition. Semi-local Dedekind domains are principal ideal domains. 


PROOF. Let R bea Dedekind domain with Max(R) finite. It suffices to prove that 
maximal ideals of R are principal. Let p be a maximal ideal of R. By Lemma 2.18 
there is an x € R such that v(x) = 1 and v,q(x) = 0 for all maximal ideals q Æ p. 
It follows that p = xR. 


2.3 The ideal class group of a Dedekind domain 


2.22 Definition. Let R be an integral domain and a,b € I*(R). Then a and b 
are called equivalent if there exist nonzero x,y E€ R such that xa = yb. Notation: 
a~ b. 
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Note that xa € I*(R). It can be seen as the product of the principal ideal (x) and 
the ideal a. 


2.23 Lemma. Equivalence of nonzero ideals of an integral domain R is an equiv- 
alence relation in I*(R). 


PROOF. Obviously the relation is reflexive and symmetric. For transitivity it is 
needed that the ring has no zero divisors. 


For Dedekind domains we have the following property, which—as we will see—has 
many consequences. 


2.24 Lemma. Let R be a Dedekind domain and a € I*(R). Then there is a 
b €I*(R) such that ab is a principal ideal. 


PROOF. Choose a € a with a # 0. Then a D (a) and hence a | (a), that is 
(a) = ab forabeI*(R). 


2.25 Proposition. Let R be a Dedekind domain. Multiplication in I*(R) induces 
a group structure on the set I*(R)/~ of equivalence classes. 


Proor. Clearly, if a,a’,6,6’ € I*(R) satisfy a’ ~ a and b’ ~ b, then a'b’ ~ ab. 
Let’s denote the class of a by [a]. It follows that I*(R)/~ is an abelian monoid 


under the operation [a] - [b] = [ab]. The unit element is [(1)], which is the class of 
principal ideals. By Lemma 2.24 for each a € I*(R) there is a b € I*(R) such that 
[a] - [b] = [ab] = [(a)] = [(1)], so the class [b] is the inverse of [a]. 


2.26 Definition and notation. Let R be a Dedekind domain. The equivalence 
classes in I*(R) are called ideal classes and the group I*(R)/~ is called the ideal 
class group of R. Notation: Cé(R). The class of an a € I*(R) is denoted by [a]. 


As remarked in the proof of Proposition 2.25 the unity element of the ideal class 
group of a Dedekind domain consists of all principal ideals of that domain. So in 
a sense the ideal class group tells us how much a Dedekind domain deviates from 
a principal ideal domain: 


2.27 Proposition. Let R be a Dedekind domain. Then R is a principal ideal domain 
if and only if the group Cé(R) is trivial. 


By Proposition 2.21 only Dedekind domains with infinitely many maximal ideals 
can have a nontrivial ideal class group. In chapter 1 examples were given of rings of 
integers of number fields which are no principal ideal domains. In the next chapter 
it will be shown that rings of integers of number fields are Dedekind domains. So 
each ring of integers which is not a principal ideal domain, is a Dedekind domain 
with a nontrivial ideal class group. 


Representing ideals of ideal classes of a Dedekind domain can be chosen to be 
comaximal with a given nonzero ideal: 
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2.28 Proposition. Let R be a Dedekind domain and let a and 6 be nonzero ideals 
of R. Then there is an ideal c of R such that c ~ a andb+c=R. 


Proor. Take a € a with a 4 0. Then aR = aa’ for an ideal a’ of R. From 
Lemma 2.19 it follows that there is an x € R such that a’ = a'b + xR. Then 
aR = aa’ = aa’'b+ xa = ab + zR. So take c = Za. 


2.4 Fractional ideals 


Ideals in a commutative ring R are R-submodules of the R-module R. For an 
integral domain R we consider a larger collection of R-modules isomorphic to ideals 
of R. 


2.29 Definition. Let R be an integral domain and K its field of fractions. A 
nonzero R-submodule a of K is called a fractional ideal of R if there is an z € K* 
such that xa C R. The set of fractional ideals of R is denoted by I(R). Fractional 
ideals Ra with a € K* are called principal fractional ideals. The set of principal 
fractional ideals of R is denoted by P(R). 


For Noetherian integral domains we have an alternative characterization: 
2.30 Lemma. Let R be a Noetherian integral domain with field of fractions K and 


let a be a nonzero R-submodule of K. Then: 


a is a fractional ideal of R <=> a is a finitely generated R-module. 


PROOF. Fractional ideals of R are isomorphic to ideals of R and these are by 
definition finitely generated. On the other hand, if an R-submodule of K is finitely 
generated, then there is a nonzero x € R such that xa C R: for x one can take the 
product of the denominators of the fractions generating a. 


Fractional ideals are R-submodules of K and as such they can be added: a+ b = 
{a+b|ae€ea, beb}. Using the multiplication in the field of fractions there also 
is a multiplication of fractional ideals as there is one for ideals of R: 


2.31 Definition. Let R be a Noetherian integral domain with field of fractions 
K and let a and 6 be fractional ideals of R. The product ab of a and 6 is the 
R-submodule of K generated by all ab with a € a and bE b. 


Note that if a and b are fractional ideals, say ca C R and yb C R, where x and y 
are nonzero elements of R. Then xyab C R. Hence ab is indeed a fractional ideal. 


2.32 Lemma. Let R be a Noetherian integral domain. Then the set I(R) is an 
abelian monoid under the multiplication of fractional ideals. The ring R is the 
unit element of the monoid. Moreover, the multiplication is distributive over the 
addition. 
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Proor. The proof is straightforward. 


2.33 Definition. Let R be a Noetherian integral domain. A fractional ideal of R 
is called invertible if it is an invertible element of the monoid I(R). If a € I(R) is 
invertible, then a~! is also denoted by 1 or R, More generally, a product a~'b is 
also denoted by £. 


2.34 Lemma. Let R be a Noetherian integral domain and a,b € I(R) invertible. 


Then: 
a db <> a ico, 


PROOF. IfaD b, then a~!=a-'bb-! Ca-tab-! = bmt, 


2.35 Theorem. Let R be a Noetherian integral domain. Then R is a Dedekind 
domain if and only if the monoid I(R) is a group. 


PROOF. Let R bea Dedekind domain and a € I(R). There isa nonzero x € R such 
that xa C R. Let y be a nonzero element of the ideal xa. Then yR C xa. Since R 
is a Dedekind domain, there is an ideal b of R such that xa- b = yR. It follows that 
the fractional ideal #b is the inverse of a. So all fractional ideals of R are invertible, 
that is I(R) is a group. Conversely, suppose I(R) is a group and let a,b € IT(R) 
satisfy a D b. Then b = a(ba~') and by Lemma 2.34 ba~! C bb™! = R. Hence 
a |b. 


2.36 Theorem. Let R be a Dedekind domain. Then I(R) is a free abelian group 
with the set Max(R) as a basis. 


Proor. The monoid I*(R) is freely generated by the maximal ideals of R. This 
implies that the group I(R) is freely generated as an abelian group by the maximal 
ideals. 


We can now extend the definition of vp for nonzero ideals in a Dedekind domain 
to the group I(R): 


2.37 Definition. Let R be a Dedekind domain. The maps vp: I(R) > Z are the 
coordinate maps corresponding to the basis of maximal ideals p of R. The map vp 
is called the p-adic valuation of I(R). For a € K* we put vp(a) = vp(Ra). Thus 
we also have a group homomorphism vp: K* > Z, the p-adic valuation on K. 


So for a Dedekind domain R we have a group isomorphism 


(R) > @ Z, ar (%(a))p. 


pEMax(R) 


The abelian group P, Z is the group completion of the abelian monoid ®, N and 
the group I(R) of fractional ideals is the group completion of the monoid I+ (R) of 
nonzero ideals. 


2.38 Lemma. Let R be a Dedekind domain. Then P(R) is a subgroup of I(R). 
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PROOF. For nonzero a,b in the field of fractions of R we have Ra- Rb = Rab and 
in particular Ra: Ra! = R. 
2.39 Proposition. Let R be a Dedekind domain. Then the inclusion I* (R) > I(R) 
induces an isomorphism Cé(R) > I(R)/P(R). 


PROOF. The map I*(R) —> I(R)/P(R) is surjective. Ideals a,b € I*(R) are 
congruent modulo P(R) if and only if there is an a € K* such that a = ab. Put 
a= # with z,y € R\ {0}. Then za = yb, that is a ~ b. 


So for a Dedekind domain R with field of fractions K we have an exact sequence 


1 — R* — K* — I(R) — Ce(R) — 1. 


The map K* + I(R) sends a to Ra. The fractional ideal Ra is the unit element R 
of the group I(R) if and only if a € R*. Alternatively, we have an exact sequence 


1 RK Oz aR) 1. (2.2) 
p 


For each p the map Z —> C(R) sends 1 to [p]. 


2.5 Characterization of Dedekind domains 


We have seen in section 2.1 that Dedekind domains are integrally closed Noetherian 
domains in which nonzero prime ideals are maximal. In this section we prove the 
converse. This converse (Theorem 2.43) is the main tool for identifying Dedekind 
domains in many cases. A direct consequence is that the integral closure of a 
Dedekind domain in a finite separable extension of its field of fractions is a Dedekind 
domain as well (Theorem 2.45). This applies directly to the rings of integers of a 
number field (Theorem 2.46), being the integral closure of Z in the number field. 


2.40 Lemma. Let R be an integrally closed integral domain with field of fractions 
K and leta € K*. Thena E R if and only if there is a finitely generated nonzero 
submodule A of K suchaAC A. 


ProoF. This follows from Proposition 1.12. 


2.41 Lemma. In a Noetherian ring every nonzero ideal contains a product of 
nonzero prime ideals. 


PROOF. Let R be a Noetherian ring and suppose that there exists an ideal a (0) 
of R that does not contain a product of prime ideals Æ (0). Then the collection ® 
of such ideals is nonempty. Since R is Noetherian, the collection ® has a maximal 
element, say m. Then m clearly is not a prime ideal, so there are a,b € R with 
a,b ¢ mand ab € m. We have m C m+ (a) and m C m+ (b). Since m is maximal in 


44 


2.5 Characterization of Dedekind domains 


®, the ideals m + (a) and m + (b) both contain a product of nonzero prime ideals. 
But then (m + (a))(m + (b)) contains such a product as well. However, 


(m+ (a))(m + (b)) = m? + am + bm + (ab) C m, 


in contradiction with m € ®. 


2.42 Lemma. Let R be a Noetherian domain with the property that nonzero prime 
ideals of R are mazimal. Let a be an ideal of R with (0) Aa Æ R. Then there 
exists an element c € K, the field of fractions of R, such that c ¢ R and ca C R. 


PROOF. Let a € a with a #40. By Lemma 2.41 there are prime ideals pj,..., Pr 

of R such that p,---p, C (a) and such that r is minimal. Let p be a maximal ideal 

such that p > a. Then p > p;---p, and so p D p; for some i, because maximal 

ideals are prime. Say p > pı. Since nonzero prime ideals are maximal, we have 

p = pı. The number r is minimal, so there exists a b € po---p, with b ¢ (a). Then 
ba C bp C p1 ++: Pr C (a) 


and so 2a C R, whereas è ¢ R. So take c = 2. 


2.43 Theorem. An integral domain R is a Dedekind domain if and only if 
a) R is Noetherian, 
b) nonzero prime ideals of R are maximal ideals, 
c) R is integrally closed. 


PROOF. We have already seen that a Dedekind domain satisfies a), b) and c): 
Propositions 2.8, 2.6 and 2.9. Now let R be an integral domain satisfying a), b) 
and c), and let K be its field of fractions. Let ® be the collection of ideals b of R 
which contain an ideal a, whereas b { a. We will prove that ® is empty. Suppose 
® Z Ü. Since R is Noetherian, ® has a maximal element b and let a be an ideal of 
R such that a C b and b{ a. By Lemma 2.42 there are nonzero a,b € R such that 
? € K\ Rand 26C R. Put b = 4(a,b)6. Then b’ = b+ 26 C R, so the fractional 
ideal b’ is actually an ideal of R. We have b’ D b, since otherwise b’ = b’ + Sp! 
that is 26’ C 6’ and because R is Noetherian this would imply by Lemma 2.40 that 
? € R. So we have b’ ¢ ® anda C b’. Hence, there exists an ideal c’ of R such that 
a= bd. Take c = 4(a,b)c’. Then be = 4(a,b)bc’ = b'c = a and this contradicts 
b € @ if c is an ideal of R, that is if c C R. For all c € c we have cb Ca C b and 
so again by Lemma 2.40 indeed c € R. 


The integral closure of a Dedekind domain in a finite separable extension of its 
field of fractions is again a Dedekind domain. For a proof we will use this char- 
acterization of Dedekind domains. The following well-known lemma will be used. 
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2.44 Lemma. Let R be a Noetherian ring, A a free R-module of finite rank and B 
an R-submodule of A. Then B is a finitely generated R-module. 


PROOF. Let n denote the rank of A. For n = 0 it is trivially true. We proceed 
by induction on n. Let n > 1. We may assume that A = R”. Let p: R” > R”! 
be the projection (11,..-,%-1,1n) > (1T1,---;Tn-1). For an R-submodule B of 
R” we have B/(Ker(p) B) = p(B). The R-module p(B) is finitely generated by 
induction hypothesis since it is a submodule of R”~'. The R-module Ker(p) is 
free of rank 1, so B N Ker(p) is finitely generated because the ring is Noetherian. 
Clearly B is generated by generators of BN Ker(p) together with lifts of generators 
of p(B). 


2.45 Theorem. Let R be a Dedekind domain with field of fractions K and let 
K' : K be a finite separable field extension. Then the integral closure R' of R in 
K' is a Dedekind domain. 


PROOF. We apply Theorem 2.43: 


a) By Proposition 1.36 R’ is an R-submodule of a free R-module of finite rank 
and so is each ideal of R’. Since R is Noetherian, it follows from Lemma 2.44 
that each ideal of R’ is finitely generated as R-module and, therefore, also as 
R’-module. 


= 


Let q be a nonzero prime ideal of R’. Then p = qN R is a nonzero prime 
ideal of R. Since R is a Dedekind domain, p is a maximal ideal. The ring 
R'/q is both an integral domain and a finite-dimensional R/p-vector space. 
It follows that R’/q is a field. So q is maximal. 


c) The ring R’ is integrally closed by Corollary 1.13. 


In particular: 
2.46 Theorem. The ring of integers of a number field is a Dedekind domain. 


PROOF. Let K bea number field. Then Ox is the integral closure of the principal 
ideal domain Z in K. 


In the next chapter we continue the study of number fields. Here we only give 
an example of a Dedekind domain with a nontrivial ideal class group. Another 
example is given in the exercises. 


2.47 Example. The ring Z[\/—5] is the ring of integers of the number field Q(/—5). 
By Theorem 2.46 it is a Dedekind domain. It is not a principal ideal domain 
(Example 1.53). The ideal pọ = (2,1 + /—5) is not principal, see Example 2.12, 
so p2 represents a nontrivial element of Cé(Z[/—5]). Since p? = (2), we have 
[p2]? = [(2)] = 1. So the element [p2] of the ideal class group is of order 2. For 
p3 = (3,1 + V/—5) we have pops = (1 + V—5) and so [p2] = [p3]. In the next 
chapter it will be shown that the ideal class group of Z[,/—5] is a group of order 2 
(Example 3.27). 
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EXERCISES 


1. (i) Let a, b and ¢ be ideals of a Dedekind domain R. Show that a(bMc) = ab Nac. 


(ii) Give an example of an integral domain R and ideals a, b and ¢ of R such that 
a(b N c) Æ ab N ac. 


2. A commutative ring is called Noetherian if its ideals are finitely generated. Let R 
be a commutative ring. Show the equivalence of: 
(i) R is Noetherian. 


(ii) Each nonempty collection ® of ideals of R ordered by inclusion contains a 
maximal element. 


(iii) Each ascending chain ao C aj C -++ Ca, C--- of ideals of R stabilizes, i.e. 
there is an N € N such that a, = an for all n > N. 


3. Let a be a nonzero ideal of the ring of integers of a quadratic number field. Show 
that there exist a € N* and a € a such that a = Za + Za. 


4. Let a be a nonzero ideal of the ring of integers of a quadratic number field. Show 
that aa’ = (n) for some n € N*. (Use exercise 3; a’ is the conjugate ideal of a, that 
is a’ = o(a), where ø is the nontrivial automorphism of the number field.) 


5. The ring of integers of a quadratic number field is a Dedekind domain. Show this 
by applying the result in exercise 4. 


6. Let m € Z be squarefree 4 1 and congruent to 1 modulo 4. Show that Z[,/m] is 
not a Dedekind domain. 
7. Let m E€ Z be squarefree, negative and congruent to 2 modulo 4. Let p = (2, ym). 
(i) Show that p is a prime ideal of Z[,/m]. 
(ii) Prove that [p] € Cé(Z[,/m]) is of order 2. 
8. The field K = R(X) is the field of fractions of the polynomial ring R = R[X]. Let 
L = K(y) such that y? = 1 — X°’. 
(i) Show that [L : K] = 2 and that R[y] is the integral closure of R in L. 


(ii) Show that the ideal (X, 1— y) of R[y] represents an ideal class of order 2 in the 
ideal class group of the Dedekind domain R[y]. (In exercise 6 of chapter 10 it 
is asked to compute the ideal class group.) 
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In the previous chapter it was shown that rings of integers of number fields are 
Dedekind domains (Theorem 2.46). In section 3.3 it will be shown that their 
ideal class groups are finite. The argument used for this result enables us to 
compute ideal class groups in simple cases. In chapter 5 a more powerful method 
of computation is described and moreover in chapter 4 algorithms are given for the 
quadratic case. 


In chapter 1 we noted (on page 25) that a number ring which is a principal ideal 
domain, necessarily is the ring of integers. In fact, the ring of integers of a number 
field is the unique number ring of that field which is a Dedekind domain: 


3.1 Proposition. Let K be a number field and let a number ring R of K be a 
Dedekind domain. Then R= Ox. 


PROOF. Since R is finitely generated as an abelian group, we have by Proposi- 
tion 1.12 that R C Ox. The field K is the field of fractions of R. Since R is a 
Dedekind domain, it is integrally closed and so its integral closure in K is R itself. 
Because Z C R, their integral closures in K satisfy Ox C R. O 


The group of fractional ideals of a Dedekind domain is a free abelian group with 
the set of nonzero prime ideals as basis. In section 3.1 it is shown that prime 
ideals divide (the ideals generated by) prime numbers. A method is given for 
the computation of the factorization of ideals generated by prime numbers, which 
works up to a finite number of prime numbers. The last section is about ramifying 
prime numbers: prime numbers divisible by a prime ideal with multiplicity greater 
than 1. 


3.1 Prime ideals 


Let K be a number field. Since its ring of integers Ox is a Dedekind domain, 
we have in this ring unique factorization of nonzero ideals as products of maximal 
ideals. What are the maximal ideals? Let p be a maximal ideal of Ox. Then pnZ 
is a nonzero prime ideal of Z, say pN Z = pZ, for a prime number p. The ideal pô x 
is contained in p and, since Ox is a Dedekind domain, we have p | pOg. Hence p 
is a factor in the factorization of the ideal pOx. 
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3.2 Definition. Let p be a maximal ideal of the ring of integers of a number field 
K. The prime number p that generates p N Z is said to be under p. The prime 
ideal p is said to be above p. 


3.3 Definition. Let K be a number field, p € Max(Ox) and p the prime number 
under p. Then vp(p) = vp(pOx) € N* is called the ramification index of p. No- 
tation: e(p) = vp(p). The degree of the field extension Ox /p : F, is called the 
residue class degree of p. Notation: f(p) = [Ox/p: Fp]. 


So we have 


pOr = [|p = J] p. 
p 


pl|pPOK 


Often we will write the factorization as px = p{'---p*", where the p; are the r 
prime ideals above p and e; is the ramification index of p;. Accordingly, the residue 
class degree of p; is then denoted by fi. 


For a given number field the ramification indices and residue class degrees of the 
prime ideals above a prime number satisfy a relation: 


3.4 Theorem. Let K be a number field of degree n and let 
pOr = Pit pe 
be the factorization of pOK in Ox. Then 
eifi +: + erfr =n, 
where fi is the residue class degree of pi. 


PROOF. Since Ox is a free abelian group of rank n, the ring Ox/pOx is an 
Fp-vector space of dimension n. For each ideal a | pOx the ring Ox /a is a homo- 
morphic image of Ox /pOx and, therefore, an F,-vector space as well. Repeated 
application of Proposition 2.17 yields that Ox /pOx is an Fp-vector space of di- 
mension e1 fı ++- +erfr- 


3.5 Definition. Let K be a number field of degree n and p a prime number. For 
the factorization of pOx there are three special cases: 


p totally ramifies in K: there is only one prime ideal p above p and its ramification 
index is n: the factorization is pOxK = p”. 


p remains prime in K: the ideal pOx is a prime ideal; then the ideal pOx is the 
only prime ideal above p and its residue class degree is n. 


p splits completely in K: there are n prime ideals above p; then each of them hav- 
ing ramification index 1 and residue class degree 1. 
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The three cases described in this definition are in a sense the three extreme cases. 
For a quadratic number field they are obviously the only possible cases, see also 
Theorem 3.7. In section 3.4 we will see that it are precisely the prime divisors of the 
discriminant of the number field that ramify. So only finitely many primes ramify. 
In chapter 5 it is shown that at least one prime number ramifies (Theorem 5.25). 
Total ramification of a prime, however, does not need to occur. On the other hand 
infinitely many primes split completely (exercise 16 of chapter 7). It depends on 
the number field whether there are primes that remain prime. If there is such a 
prime number, there are infinitely many of them. 


In many cases it is not hard to factorize (the ideal generated by) a prime number 
in the ring of integers of a number field. The main tool for computations is given 
by the following theorem. 


3.6 Theorem (Kummer-Dedekind). Let K be a number field and V € Ox a 
primitive element of K : Q. Let f € Z|X] be the minimal polynomial of 0 over Q. 
Assume the prime number p satisfies pt (Ox : Z[0]). Let 


F=gr ge 
be the factorization of the polynomial f € F,[X] as a product of irreducible poly- 
nomials, where the gi € Z[X] are taken to be monic. Then 


POK = (p,91(0))™ +++ (P, gr (8) 
is the factorization of pOK as a product of prime ideals. 


PROOF. The ring homomorphism Z[X] — F,[X] induces a ring isomorphism 
Z[X]/(p, g:i) => Fp[X]/(J,) and the ring homomorphism Z[X] — Z[ð] induces an 
isomorphism Z[X]/(p, gi) —> Z[0]/(p, gi(9)). Since F,[X]/(G;) is a field, the ideal 
(p, gi(9)) of Z[ð] is maximal. The inclusion Z[ð] + Ox induces a ring homomor- 
phism 

Y: Z[O\/(p, 9(0)) > Ox/(p, 9:(0)). 


We will show that that the condition on the prime number p implies that it is an 
isomorphism. 


Surjectivity: Let a € Ox and put k = (Ox : Z[v]). Since p + k there are x,y € Z 
such that rk + yp = 1. Then a = zka + ypa € Z[ð] + pOx and so y(xka) = 
tka = @. 


Injectivity: Z[V]/(p, gi(V)) is a field, so it suffices to show that (1) 4 0. Suppose 
(1) = 0. Then 1 € pOg + g;(¥V)Ox and so k € pkOx + gi(W)kOx C 
pZ\0| + gi(8)Z[0], which means that k = 0 in the field Z[v]/(p, gi(0)). This 
field is of characteristic p. Contradiction with p { k. 
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So the ideals (p, g:(¥)) of Ox are maximal ideals of residue class degree deg(g;). 
Next we show that they are different. Let i # j. Then g; and g; are different 
irreducible polynomials in F,,|X]. So there are u,v € Z[X] such that U-g,+0-9; = 1, 
that is ug; + vg; E€ 1+ pZ[X]. It follows that u()gi(V) + v()g;(V) € 1+ pZ[v]. 
Therefore, 1 € (p, 9:(Y), 9;(V)) = (p, 9: (V)) + (p, 9i(V)). So the maximal ideals are 
comaximal and in particular they are different. Finally we have 


(p, 91(9))@ +++ (p, Gr (B))™ C (p, 91 (8) ++ gr (9)") = (p, F(9)) = (p) 


and since the residue class degree of (p, g;(v¥)) equals deg(g;), it follows from The- 
orem 3.4 that we have equality here. 


A straightforward application of this theorem yields the splitting of primes in a 
quadratic number field. Let m be a squarefree integer 4 1. We will compute the 
factorization of prime numbers in the quadratic number field K = Q(,/m). The 
ring of integers of K is Z[wm]. Since the index of Z[,/m] in Z[w,,] equals 1 or 2, we 
can apply Theorem 3.6 for the factorization of prime numbers using the primitive 
element ym if the prime number is odd or if the index equals 1. 


Let p be a prime number. The polynomial X? — m is the minimal polynomial of 
ym over Q. The polynomial X? — m € F, [X] is reducible if and only if 7 is a 
square in Fp. We have the following cases for the factorization of (p) in Z[wm] for 
p odd or m = 2,3 (mod 4): 


1. p{m and m € Fy is not a square. Then (p) is a maximal ideal. In this case 
remains prime. 


Pp 
2. p{ m and m € F* is a square, say m = n? with n € Z. Then (p) = pp’, where 
p 


= (p,n— ym) and p’ = (p,n +m). In this case p splits completely, unless 
p = 2 and m = 2 (mod 4), in which case p ramifies. 


3. p| m. Then (p) = p?, where p = (p, /m). In this case p ramifies. 


For the factorization of (2) in Q(,/m) with m = 1 (mod 4) we can use the minimal 
polynomial of Lyn This is the polynomial f(X) = X? — X + Lm, There are 
two cases: 

1. m = 1 (mod8). Then f(X) = X? — X € F2[X] and so (2) = pp’, where 


p= (2, itv) and p’ = (2, iym), In this case 2 splits completely. 


2. m = 5 (mod8). Then f(X) = X?+X +1 € F2[X], an irreducible polynomial. 
In this case 2 remains prime. 


Now we have a complete picture of the splitting behavior of primes in a quadratic 
number field: 


3.7 Theorem. Let m € Z be squarefree 4 1 and let p be an odd prime. The 
factorization of the ideal (p) in the ring of integers of the quadratic number field 
Q(./m) is as follows. 
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a) Ifp{m and mM is not a square in Fp, then p remains prime. 


b) Ifptm and m = n? (modp), then p splits completely: 


(p) = (p,n — V/m)(p,n + vm). 
c) Ifp |m, then p ramifies: (p) = (p, ym}? 
For the prime 2 we have: 
d) If m = 2 (mod4), then 2 ramifies: (2) = (2, ./m)?. 


e) If m = 3 (mod 4), then 2 ramifies: (2) = (2,1 + ym}?. 


f) If m = 1 (mod8), then 2 splits completely: (2) = (2, vO. ity) 


g) If m = 5 (mod8), then 2 remains prime. 


Note that this computation shows that a prime p ramifies in a quadratic number 
field if and only if it is a divisor of the discriminant of that field. In section 3.4 
we will see that this holds for any number field (Theorem 3.30). The splitting of 
an odd prime number p in a quadratic number field Q(,/m) is determined by the 
residue class of m modulo p. The following terminology is often used. 


3.8 Definition. Let p be a prime number and a € Z such that p ła. If @ is a square 
in F5, the integer a is called a quadratic residue modulo p. Otherwise it is called a 
quadratic nonresidue modulo p. 


By squaring 1 up to eet and taking the residues of these outcomes by division by p 
one obtains all quadratic residues modulo p. Figure 3.1 is a graphic representation 
of the quadratic residues modulo the first twelve odd prime numbers. Because —1 is 
a quadratic residue modulo a prime = 1 (mod 4), for these primes the distribution 
of the quadratic residues is symmetric with respect to the midpoint of the interval. 
For primes = 3 (mod4) quadratic residues map to quadratic nonresidues under 


reflection in the midpoint. 
Problem. For the first twelve odd primes p the following holds 


e for primes p = 1 (mod 4) there are more quadratic residues in the first (and 
fourth) quarter of the interval [0, p] than in the second (and third) quarter; 


e for primes p = 3 (mod 4) there are more quadratic residues in the first half of 
the interval [0, p] than in the second half. 


Is this generally true for all odd primes? 


This is solved in chapter 9 using complex analytic methods. It is generally true 
and surprisingly that the difference in these numbers depends on the orders of the 


ideal class groups of Q(./—p). 
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@ quadratic residue 
O quadratic nonresidue 


quadratic residues modulo 3: 
______ o_o ooo 


0 1 2 


quadratic residues modulo 5: 
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quadratic residues modulo 29: 


0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 


quadratic residues modulo 31: 


0 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 


quadratic residues modulo 37: 
—0086860080086808080008600008000808686008008680080— 


O 1 2 3 4 5 6 7 8 9 101112131415 161718 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 


quadratic residues modulo 41: 
0800800888000 008080880808000008880088088— 


0123 45 6 7 8 9 10111213141516171819 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 


Figure 3.1: Quadratic residues modulo the first twelve odd primes 


3.1 Prime ideals 


3.9 Example. Z[¥/5] is the ring of integers of Q(W/5), see exercise 8 of chapter 1. 
We factorize 2, 3, 5 and 7 in Q(W5) by factorizing X? — 5 over Fo, F3, Fs and F7 
respectively, where a = W5: 
(2) = (2,1+ a)(2,1+a+0’), 
(3) = (3,1 +a)’, 
(5) = (5,0), 


(7) is a prime ideal. 


So: 7 remains prime, 3 and 5 totally ramify and 2 splits as a product of two prime 
ideals having different residue class degrees. 


3.10 Example. Let a € R satisfy a? = a+ 1. The ring of integers of Q(a) is Z[a] 
(exercise 6 of chapter 1). Over F23 we have 


X’ — X —1= (X —10)?(X —3). 
So the factorization of 23 in Q(a) is 
(23) = (23, a — 10)7(23, a — 3). 
Note that the two prime ideals above 23 have different ramification indices. 


These examples show that residue class degrees and ramification indices of prime 
ideals above the same prime number may differ. For Galois extensions this does 
not happen. It is a consequence of: 


3.11 Theorem. Let K : Q be a Galois extension and p a prime number. Then 
Gal(K : Q) operates transitively on the set of prime ideals of K above p. 


Proor. Put G = Gal(K : Q) and X = {p € Max(Ox) | pn Q = pZ}. Suppose 
the action of G on X is not transitive: there are p,,p2 E€ X such that o(p1) Æ p2 
for all o € G. Then by the Chinese Remainder Theorem there is an œ € Ox such 
that 
_ JO modulo pa, 
“= 1 modulo o(p,) for all o € G. 


So o~!(a) = 1 (modp)) for all o € G. It follows that NO (a) = [Joca ala) 
pi NQ = pZ. But since a € p2, we have NG (a) =a-][,4,0(a) € pNQ=p 
Contradiction. 


3.12 Corollary. Let K : Q be a Galois extension, p a prime number and p1, p2 € 
Max(Ox) above p. Then e(pi) = e(p2) and f(pi) = f (pa). 


PROOF. There is ao € Gal(K : Q) such that o(p,) = pe. This automorphism o 
induces an automorphism of Ox, which in turn induces an isomorphism Ox /p1 5 
Ox/p2. Hence f(p1) = f(p2). For the ramification indices we have 


e(p1) = Up, (POK) = Vo(p1)(7(POK)) = vp, (POK) = e(p2). 
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3.13 Terminology and notation. Let K : Q be a Galois extension and p a prime 
number. The number e(p), where p is any prime ideal of Ox above p, is called the 
ramification index of p in K and is denoted by el), Similarly we have the residue 
class degree O of pin K. 


For K : Q a Galois extension and p a prime number the formula in Theorem 3.4 
simplifies to n = ref, where e is the ramification index of p in K, f the residue 
class degree of p in K and r the number of prime ideals of Ox above p. 


Let’s compute the splitting behavior of a prime p in a cyclotomic field Q(¢,,). The 
minimum polynomial of Ọm over Q is the m-th cyclotomic polynomial 


mX) = J] (X-O= [J] (%-G). 
¢Eu(C) O0<k<m 
o(¢)=m gcd(k,m)=1 


Since Z[¢,,] is the ring of integers, the splitting of p can be computed by factorizing 
the m-th cyclotomic polynomial over F,,. First we consider the case p { m. 


3.14 Proposition. Let m € N* and p a prime number with p{m. Then p does not 
ramify in Q(Gm) and the residue class degree of p in Q(Cm) is equal to the order of 
p in the group (Z/m)*. 


PROOF. Let f be the order of p € (Z/m)*. For p € Max(Z[Gm]) above p, the 
extension Z|Cm]/p : Fp is the m-th cyclotomic extension of F,. It is a Galois 
extension and its Galois group is generated by the Frobenius automorphism x +> g”. 
This automorphism is of order f. So the polynomial ©,,, € F,[X] is a product of 
y(m)/f irreducible polynomials, each of degree f. It follows that pZ[¢,] is a 
product of y(m)/f prime ideals of residue class degree f. 


For the general case we will use the following lemma. 
3.15 Lemma. Let m,n € N* and p a prime number. Then 
(i) Pmn(X) | Pn(X™), 
(ii) (XP) = eae ifp |n, 
On(X)Pmn(X) ifptn. 
PROOF. 


(i) #mn(X) is the minimal polynomial of Cmn and this root of unity is a zero of 
®,(X™). 


(ii) In both cases the right hand side divides the left hand side. For p | n this 
follows from (i). For p { n use that ®, and ©®,, are different irreducible 
monic polynomials which both divide ®,,(X?). Equality follows by comparing 
degrees. 
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3.16 Theorem. Let m € N*, p a prime number, r = v(m), m = pmo and 
K =Q(Gn). Then 


el) =y(p") and fi) = the order of P € (Z/mo)*. 


Proor. The case r = 0 is dealt with in Proposition 3.14, so we assume that 
r > 0. By Lemma 3.15 


rot Pm (X?) 
Eyrmo(X) = Bprimo (XP) = = = Bpo (XPT) = E 


Hence in F,,[X]: 
P(X) mo (X ) = Pms (X?") 


and so 


Dina (X?) Bing (X) fo. 
On (X) =—— pain = zr Ding (x)? (p D, 
Ding (XP) Pm (X) 


The theorem follows from the splitting behavior of Pm for the case p f m. 


3.2 The norm of an ideal 


The rings of integers of number fields are lattices, and so are the nonzero ideals, 
more precisely: 


3.17 Lemma. Let K be a number field and a a nonzero ideal of Ox. Then a is a 
lattice in K and the residue class ring Ox /a is finite. 


PROOF. Let a € a with a Æ 0. Then aOx is a lattice in K: if ay,...,Q is 
an integral basis of K, then aaj,...,a@Q, is a Z-basis of ax. The ideal a is 
sandwiched between apg and Ox: aOx CaC Ox. We can take a to be an 
element of aN N*. Then, if n = [K : QJ, the index of aOx in Ox is equal to a”. 
The index of a in Ox is a divisor of this number. 


Since nonzero ideals are of finite index in the ring of integers, we can make the 
following definition. 


3.18 Definition. Let K be a number field and let a be a nonzero ideal of Ox. The 
number of elements of the residue class ring Ox /a is called the norm of the ideal 
a. Notation: N(a) = #(Ox/a). 


The norm is multiplicative in the following sense; 


3.19 Proposition. Let K be a number field and a and b nonzero ideals of Ox. 
Then N(ab) = N(a)N(6). 
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ProoF. This follows from Proposition 2.17 by induction on the number of prime 
ideal factors in the factorization of a. 


Note that for a prime ideal p of Ox above p we have N(p) = #(Ox/p) = p!™. 
Applying the above proposition to pOx = pj’ --- pr” yields 


p” =N(pi) ++ N(pr) = ph Bre pët — peito terfr, 


Thus we have in this way another proof of Theorem 3.4, a proof that uses the 
finiteness of residue class rings of rings of integers of number fields. 


The norm of an element is related to the norm of the ideal it generates: 


3.20 Proposition. Let K be a number field and a a nonzero element of Ox. Then 
N(oOx) = INE (a)}. 


PROOF. Let (aj,...,@,) be an integral basis of K and M the matrix of the Q- 
linear transformation z +> ax with respect to the basis (a1,...,@,). Then by 
definition NO (a) = det(M). The matrix M is the transition matrix from the basis 
(aQy,...,QQ,) to the basis (aj,...,Qn). Then by Lemma 1.40 


(Ox : ax) =| det(M)| = |NG (a)|. 


For Galois extensions K : Q we have: 
3.21 Proposition. Let K : Q be a Galois extension and a a nonzero ideal of Ox. 
Then 

N@)Ox= [I æ% 


o€Gal(L:K) 


PROOF. It suffices to prove that N(p)Ox = [[, o(p) for prime ideals p. Let p be 


a prime ideal of Ox above a prime number p. Put e = el) and f = Ff. Then 
by Corollary 3.12 


[[c® = ( Il a)” = ( Il a) = (pO)! = p'Or =N(p)Orx, 


q|pPOK q|pPOK 


where q varies over the prime ideals of Ox above p. 


In particular: 


3.22 Corollary. Let K be a quadratic number field, a a nonzero ideal of Ox and 
a’ its conjugate. Then [a’] = [a|~?. 


PROOF. By Proposition 3.21 aa’ = N(a)Ox and so [a]: [a] = 1. 
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3.3 The ideal class group of a number field 


In this section it is shown that the ideal class group of the ring of integers of a 
number field is finite. 


The ring Ox of integers of a number field K is determined by the field K. Because 
of this circumstance, objects related to Ox are often attributed to K instead of 
Ox and as a consequence notations are adapted accordingly. 


3.23 Terminology and notations. The ideal class group of the ring of integers of a 
number field K is also called the ideal class group of K. Notation: Cé(K). Similarly, 
the groups of fractional ideals and of principal fractional ideals are denoted by I(K) 
and P(K) respectively. Moreover, the monoid of nonzero ideals of Ox is denoted 
by I* (Kk). 


The finiteness of the ideal class group of a number field is based on the following 
proposition. 
3.24 Proposition. Let K be a number field. Then there is a A E€ R such that for 


every nonzero ideal a of Ox there is a nonzero a € a with INĀ (2)| < AN(a). 


PROOF. Let (aj1,...,@,) be an integral basis of K and c1, ..., On the embeddings 
of K in C and let m € N* be such that m” < N(a) < (m+ 1)”. Consider the 
following subset of Ox: 


n 
{Z mja; | m; E€ N and mj < m). 
j=l 


This set has (m + 1)” elements. Since Ox /a has less elements, there must exist 

two of these elements which are congruent modulo a. Their difference is an element 
n . . 

a = j- mjay in a with |m;| < m. We have 


INS Ca) = Jiel < JIZ msl laal < T] m lato) 


t=1 g=1 t=1 j=l 
n n n n 
=m" | [X laal < N@) TT > lolo) 
w=1 j7=1 t=1 g=1 
So we can take ar 
A=[] So lela) 
i=1 j=1 


For a nonzero a € a we have a D aOx and since Ox is a Dedekind domain a | aOx. 
By multiplicativity of the norm it follows that |N (a)| is a multiple of N(a). So 
the A in the proposition can be taken to be in N* and, therefore, there is a least 
such à. The ring Ox is a principal ideal domain if and only if this least A equals 1. 
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3.25 Corollary. Let K and X be as in the proposition. Then every ideal class of 
Ox contains a nonzero ideal b satisfying N(b) < A. 


PROOF. Let C be an ideal class of Ox and a € C71. By Proposition 3.24 there 
is a nonzero a € a such that ING (@)| < AN(a). We have aOx = ab for an ideal 
b € C. From |N§ (a)| = N(a)N(b) follows that N(b) < A. 


3.26 Theorem. The ideal class group of a number field is finite. 


PROOF. Let K be a number field and A be as in Proposition 3.24. By Corol- 
lary 3.25 the ideal classes of Ox are represented by ideals a with N(a) < A. Since 
there are only finitely many prime numbers < A, the number of prime ideals p of 
Ox with N(p) < A is finite as well. Ideals a with N(a) < À are products of these 
prime ideals. It follows that there are only finitely many of such ideals. 


3.27 Example. For d € Z squarefree with d = 2,3 (mod 4) the ring of integers of 
Q(V4d) is Z[Vd]. An integral basis is (1, Vd). For this basis the number A in the 
proof of Theorem 3.24 equals (1+ |vd])?. For d = —5 we have \ = (1 + v5} < 11. 
In Example 2.12 it is shown that Z[/—5] is not a principal ideal domain. The ideal 
po = (2,1 + V—5) represents an ideal class of order 2 (Example 2.47). Ideals of 
norm less than 11 are products of prime ideals of norm < 11 and these are above 
prime numbers < 11. Since (2) = p3, the ideal pə is the only prime ideal of norm 2. 
From (3) = pap% follows that p3 and p4 are the prime ideals of norm 3. The ideal 
ps = (—5) is the unique prime ideal of norm 5: we have (5) = p?. The element 
3+ /—5 has norm 14, so (3 + V—5) = p2p7 for some prime ideal py of norm 7. In 
fact (7) = prp} = (7,3 + V/—5)(7,3 — V/—5). The ideals of Z[/—5] of norm < 10 
are: (1), pa, P3, P3, Ps = (2), Ps = (V—5), pops = (1 + V—5), pops = (1 — V—5), 
P7, pL, p3 = 2p2, p3, psps = (3) and pops. The ideal class group is generated 
by the classes represented by the prime ideals among these. From p3p% = (3) it 
follows that [p4] = [p3]~+ and similarly for the other prime ideals. So the group is 
generated by [pa], [ps] and [p7] ([ps] = 1). Since pops and p2p7 are principal ideals 
the group is generated by [p2] alone and by Example 2.47 it is a group of order 
2. The algorithm in chapter 4 will simplify the computation considerably. Apart 
from this, in chapter 5 we will see on general grounds that we could have taken 
A = 2. Then pz is the only prime ideal to consider. 


3.4 Ramification 


3.28 Definition. Let K be a number field. A p € Max(Ox) with ramification 
index e(p) > 1 is called ramified. We also say that in that case the prime p under 
p ramifies in K. 


In this section it is shown that for a given number field it are just the prime divisors 
of its discriminant which ramify. We will use the following lemma. 
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3.29 Lemma. Let K be a number field, p a prime number and @1,..., Qn E€ Ox 
such that (@],...,@n) is an F,-basis of Ox/pOx. Then p | disc(K) if and only if 
p | disc(ay,..., Qn). 


Proor. Clearly (a1,...,@n) is a Q-basis of K. Let (61,...,8n) be an integral 
basis of K. Then disc(a,...,@n) = det(T)? disc(K), where T is the transition 
matrix from ({1,...,8n) to (a1,...,Q@). Since both (@]7,...,@,) and (8,..., Bn) 
are F,-bases of Ox /pOx, the transition matrix T is invertible. Hence det(T) 4 0, 
that is p{det(T). So p | disc(ay,...,@n) if and only if p | disc(K). 


3.30 Theorem. Let K be a number field and p a prime number. Then p ramifies 
in K if and only if p | disc(K). 


PROOF. Suppose that p does not ramify in K, say pOx = p1--- pr with pi,..., Pr 
the different maximal ideals of Ox above p. Put fi = f(pi) for i = 1,...,7r. Choose 


for each i an F,-basis (6,1,... Bip.) of Ox /pOx, where Bij € Ox for all ij. The 
Chinese Remainder Theorem implies that there are aj; € Ox such that 


a, = J Bis (mod pi), 
7" \0(modp,) foral ki. 
Then 
(ids -3 tf y 213 -+3 Q2 pay . ...3 Q@rlj». vy Qrf,) 

is modulo pOx an F,-basis of Ox /pOx, and, therefore, also a Q-basis of K. By 
Lemma 3.29 it suffices to prove that p { disc(aii,...,ary,.). For i # k we have 
Qijąækl E pOg, and so Trg (aijai) € pOx. The matrix A = (Trg (aijari)) has the 
following shape: 


A 


Apo x 


where the A; are the f; x f;-matrices (Trg (aia) and in the matrix outside these 
square matrices along the diagonal all entries are in pZ. It suffices to prove that 
pt det(A;) fori =1,...,1r, because det(A) = det(A,)-det(Azg)---det(A,) (mod p). 
Since the aj1,...,a;f, form modulo p; a basis of Ox /p;, we have in F,: 


Trg (eiyan) = Tef Moai) = Tr( Mazar). 


So det(A;) is the discriminant of the F,-basis of Ox /p;. By Corollary 1.30 it follows 
that det(A;) 4 0, that is p 4 det(A;). 
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For the converse suppose that p ramifies in K. Then there is a p € Max(Ox) 
above p such that pOx = pa, where a is an ideal of Ox with p | a. Choose 
an a €a\pOx. Then a? € pOx. The ring Ox /pOx is an F,,-vector space of 


dimension n = |K : Q]. The image @ of a in Ox/pOx is not 0, so there are 
Q1,--+,;Qn E Ox such that (@,...,@,) is a basis of the F,-vector space Ox /pOK 
and a; = a. The discriminant of (a1,...,@n,) is the determinant of the matrix 


(Trg, (a;a;)). We show that the entries in the first row of this matrix are all 
multiples of p. The 1j-entry equals Trg (aaj). Modulo p this is Tr(Mzga;), the 
trace of the F,-linear transformation x +> aajx of Ox /pOx. Since (aaj)? € pOK, 
the square of this linear transformation is the 0-map. It follows that Tr(Maa;) = 0, 
that is p | Trg (aaj). Therefore, disc(a1,...,n) = det(Tr(aja;)) € pZ. 


3.31 Example. Let a satisfy a = a+ 1. The discriminant of Q(a) is —23 and its 
ring of integers is Z[a]. In Example 3.10 we saw that 23 ramifies in Q(a). Since 
23 is the only prime divisor of the discriminant, it is the only ramifying prime. 


3.32 Example. Let p be a prime number and r € N* and, moreover, r > 2 if 
p= 2. The discriminant of the cyclotomic field Q(¢,,) is a divisor of a o of p. 
(Lemma 1.48). We have for ideals in the ring of integers (p) = (1 — &pr)®?®™). The 
prime p totally ramifies in Q(¢pr). Since y(p") > 1 the field is not Q, so p ramifies. 
By Theorem 3.30 it is the only ramifying prime. 


EXERCISES 


1. Let R be a number ring. Show that nonzero prime ideals of R are maximal. 


2. Let m € Z be squarefree and # 1. Prove that Z[,/m] is a Dedekind domain if and 
only if m = 2,3 (mod 4). 


3. Prove the following for ideals in Z[v3]: 


(33, 7 — 3V3) = (4 + 3V3), 
(13,7 + 5V3) = (4+ V3), 
(1+ v3) = (1 — v3), 
(4+ V3) # (4— v3). 


4. Compute the norm of the following ideals of Z[V/7]: 


(V7), (8 ng 3V7), (1 T VT), (3 + VT), 
(2+ V7), (1+ V7, 3+ v7), (1+7) A (3+ v7). 
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10. 


11. 


12. 


13. 


14. 


15. 


Exercises 


Let w = y—14. Factorize the following ideals of Z[,/—14] as a product of maximal 
ideals: 


(11 —w), (2- w), (22 — 22w), (13 — 2w), 
(1-—w), (13 — 2w)(1 - w), (4l—w,2-w), (1l-—w,1-w), 
(13 — 2w,1 —- w), (11-—w)N(1-— w). 


Compute all nonzero ideals a of Z[v10] with N(a) < 17. 

Prove that zi; + 3V—19] is a principal ideal domain. 

Prove that Z[v6] is a principal ideal domain. (It is even Euclidean.) 
Prove that the ideal class group of Q(./—6) is of order 2. 


Show that the ring of integers of Q(\/m) is not a principal ideal domain for m 
squarefree < 0, m #5 (mod8) and m Æ —1, —2, —7. 


We will show that the Mordell equation for k = —5 has no solutions. (See exercise 10 
of chapter 1.) Let x,y € Z satisfy y? +5 = 2°. 
(i) Show that x is odd and that y is even. 
(ii) Prove that the ideal (y + /—5) of Z[,/—5] is the cube of an ideal. 
(iii) Show that y + /—5 is a cube in Z[,/—5] and this leads to a contradiction. 
) 


(iv) Also the identity (y? + 4) = (x — 1)(27 + £ + 1) for x,y € Z leads to a 
contradiction. How? (Hint: show that £? + «+1 = 3 (mod 4).) 


Let K be a number field of degree n and let (a1,...,Qn) be a Q-basis of K with 
Q1,.--,Q@n E€ Ox. Put d = disc(a1,...,an). Show that a prime divisor p of d with 
Up(d) odd ramifies in K. 

(i) Show that for K = Q(./—23) we can take A = 11 in Proposition 3.24. 


(ii) Compute the prime ideal factorizations of the ideals (p) of Z[w_23] for the 
prime numbers p < 11. 


(iii) Compute the prime ideal factorization of the ideals (w_23) and (1 + w_23) of 
Z[w_23]. 


(iv) Compute the ideal class group of Q(./—23). 
Let a € R satisfy a? = a +2. The ring Z[a] is the ring of integers of Q(a) 
(exercise 6(ii) of chapter 1). 
(i) Compute all prime ideals p of Z[a] of norm < 10. 
(ii) 
(iii) Show that the nonzero ideals of Z[a] of norm < 10 are principal. 
) 


ii 
(iv 


What is the number of nonzero ideals a of Z[a] of norm < 10? 


Which prime numbers ramify in Q(a) ? Compute their factorization in Z[a]. 


Let K be a number field of degree n and suppose that p is a prime number less 
than n which splits completely in K. Show that there is no a € Ox such that 
Ox =Zlal. 
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16. 


17. 


18. 


19. 


20. 


21. 
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Let K be the unique cubic subfield of Q(¢31). Prove that there is no a € Ox such 
that Ox = Zia]. 
(i) Show that the ideals (2), (3) and (7) of Z[¢5] are prime. 
(ii) Show that 5 totally ramifies in Z[¢5] and that the prime ideal of Z[¢5] above 
5 is principal. 
(iii) Show that 11 splits completely in Z[¢s] and that (2 + ¢5) is a prime ideal of 
Z[¢s] above 11. 


(iv) Show that 1 + s, 1 + Cs + C and 1 + Cs + ¢2 + are units of Z[¢5]. 


Let a € C be an algebraic integer with minimal polynomial f € Z[X]. Let p be a 
prime number with p { disc(f). Show that p{ (Ox : Z[a]). 


Let a € C be an algebraic integer with minimal polynomial f € Z[X]. Let k€ Z 
and p a prime number such that p | f(k) and p°? f f(k). Prove that the ideal 
(p,a — k) of Ox is a prime ideal of norm p. 


Let p be a prime number. Let’s call a polynomial 
f =X" +a X" +- tan 1X + an € Z[X] 
an Eisenstein p-polynomial if p | a1,...,@n and p { Qn. Let K be a number field 


of degree n. 


(i) Suppose that p totally ramifies in K, say (p) = p” in Ox. Let a € p \ p?. 
Show that the minimal polynomial of a over Q is an Eisenstein p-polynomial. 

(ii) Let K = Q(a) with a € Ox. Suppose that the minimal polynomial of a over 
Q is an Eisenstein p-polynomial. Prove that p totally ramifies in K. 


(iii) Suppose that p totally ramifies in K. Prove that there is an a € Ox such 
that p{ (Ox : Z[{a]). 


Let p be a prime number, r a positive integer and J = Cpr Fer: Show that p totally 
ramifies in Q(#). Show that the unique prime ideal of Z[¥] above p is principal. 


4 Quadratic Number Fields 


Fractional ideals of quadratic number fields are lattices of rank 2. They are equiv- 
alent to lattices having 1 as a first basis element. Such fractional ideals are deter- 
mined by the second basis element. Thus equivalence of ideals is translated into 
equivalence in the set of these second elements. This is the basis for algorithms 
for ideal class groups of quadratic number fields. In the imaginary case the action 
of SL2(Z) on the upper half of the complex plane is used, whereas in the real case 
use is made of continued fractions. Continued fractions are also used to show the 
existence of a fundamental unit for real quadratic number fields. Moreover, they 
provide an easy computation of the fundamental unit (section 4.8). 


In the last section the 2-rank of the ideal class group is determined. Especially 
in the real case this is—though not difficult—quite elaborate because of the many 
case distinctions that have to be made. Later, when the main theorems of class 
field theory are available, it will be an easy application (Application 15.68). 


Throughout this chapter m is a squarefree integer # 1. 


The discriminant of the quadratic number field Q(./m)) is denoted by Dm (so 
Dm = m if m = 1 (mod4) and Dm = 4m otherwise). In the first section it is 
shown that the splitting behavior of prime numbers in Q(./m) is determined by 
their residue class modulo |D,,|. It is an application of the well-known Quadratic 
Reciprocity Law. 


4.1 The Quadratic Reciprocity Law 


An interesting question is 
Which primes remain prime in a given quadratic number field? 


In the previous chapter we saw that an odd prime p remains prime in Q(,/m) if 
and only if m is not a square in Fp. So the question 


In which quadratic number fields does a given prime remain prime? 


is relatively easy: only a finite number of cases need to be considered. At first 
sight the first question is difficult. However, the Quadratic Reciprocity Law makes 
it accessible. The notation introduced in the following definition will be used in its 
formulation. 
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4.1 Definition. Let p be an odd prime and a € Z. We define: 


0 ifpla, 
(<) =41 if p{aand a is quadratic residue modulo p, 
—1 ifp{aand a is a quadratic nonresidue modulo p. 


(<) is called a Legendre symbol. 
Pp 


For a fixed odd prime p the Legendre symbol can be seen as a map 


a 
Z > {0,1,-1},arv 
on-a (5) 


r a i ; g 
and since (<) depends only on the residue class of a modulo p, it determines a 
Pp 


map 
F, > {0,1,-1}, am (<). 


The group F} is cyclic of even order, so the squares in this group form a subgroup 
p-1 


of index 2. The image of the group homomorphism Fy > Fs, aœ a > is {1,—1} 
and the unique subgroup of index 2 is its kernel. From this follows: 


4.2 Proposition (Euler’s criterion). Let a €Z and p an odd prime. Then 


(<) =a" (modp). 


p 


Easy consequences of this criterion are: 


b 
4.3 Corollary. (“) = (2) (=) for all odd primes p and all a,b € Z. 
P PY \P 


aj pe 
4.4 Corollary. Let p be an odd prime number. Then (=) = (ye. 
p 


The first proofs of the Quadratic Reciprocity Law were given by Gauß. Here we 
give a proof of the Quadratic Reciprocity Law using finite fields as described in [22]. 
Another proof, using the theory of splitting of primes in abelian number fields, will 


2 
be given in chapter 7. First we compute the Legendre symbol | — }. 
P 


2 p2- 
4.5 Proposition. Let p be an odd prime. Then C) = (-1) = 
p 
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PROOF. Let L be the splitting field of XÙ — 1 over F,. Then L = F,(¢), where ¢ 
is a primitive 8-th root of unity. The element 7 = ¢ +¢7! € L satisfies 


m= (C407)? = C7 40-742 =6-7 (441) 42=2. 


So 2 is a square in F, if and only if 7 € F, and this in turn is equivalent to n? = 7. 
From 7? = ¢? + ¢7? it follows easily that 7? = 7 if and only if p = +1 (mod 8). 


2 
The sign of (—1) Ea depends only on p modulo 8. We could also write 
2 1 if p = 1,7 (mod 8), 
pJ \-—1 ifp=3,5 (mod8). 
Prime numbers are positive by definition. Another choice for a system of repre- 
sentatives of the irreducible integers modulo association is obtained by requiring 
the odd ones to be congruent to 1 modulo 4. For p an odd prime, p* is the prime 


associated to p which is congruent to 1 modulo 4. This notation is used in the 
proof of the Quadratic Reciprocity Law below. 


4.6 Notation. For odd n € Z we write n* = (1) n. 


4.7 Theorem (Quadratic Reciprocity Law). Let p and q be different odd primes. 


Then Pee 
QQ- 


PROOF. Let L be the splitting field of f = X49 — 1 € F,[X] over F,. Then 
L=F,(¢), where ¢ is a primitive q-th root of unity. The discriminant of f is easily 
computed: 


=~1 


q—1 q—1 
dise(f) = (1) J] r6 = (-1)*® J] ea = (1) "gt = gg! E Fp. 
k=0 k=0 


The Galois group Gal, (f) of the polynomial f is the group of permutations of 
the set {1,¢,...,¢27'} induced by the automorphisms in Gal(L : Fp). The group 
Gal(L : Fp) is generated by the automorphism given by Ç +> Ç”. So Galg, (f) is the 
cyclic group generated by the permutation o: (J + ÇP of {1,¢,...,¢7 1}. It isa 
product of got disjoint cycles of length n, where n is the order of p in Fj. We have 


(£) =1 <> disc(f) is a square modulo p 
Pp 


<> Galp,(f) consists of even permutations 


<= vø is an even permutation 


q-1. q-1 (2) 
—=> is even <> n a ae na 
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So we have 


and since 


9-65- G 0-00 


the Quadratic Reciprocity Law follows. 


4.8 Application. Corollary 4.4 and Proposition 4.5 are called the Subsidiary Laws 
for Quadratic Reciprocity. The Quadratic Reciprocity Law and its Subsidiary Laws 
enable us to compute Legendre symbols; for example 


0--0--0--00-0--H--6)- 


Since in the computation numbers have to be factorized, for large numbers this is 
an obstacle. See, however, the end of this section, especially Application 4.15. 


4.9 Examples. For odd primes p we know that p remains prime in a quadratic 


number field Q(,/m) if and only if (=) = —1. So Corollary 4.4 implies 
p 


p remains prime in Q(i) == p = 3 (mod 4) 
and by Proposition 4.5 we have 
p remains prime in Q(V2) —> p = 3,5 (mod 8) 


and 
p remains prime in Q(/—2) = > p = 5,7 (mod 8). 


From 


follows that 
p remains prime in Q(V3) <= p = 3,7 (mod 12) 


and 
p remains prime in Q(v—3) = > p = 2 (mod 3). 


For the quadratic number fields K in the examples we see that there is an N € N* 
such that the splitting behavior in K of a prime only depends on its residue class 
modulo N. This is a consequence of the Quadratic Reciprocity Law and we will 
see that this holds for quadratic number fields in general. The following lemma 
will be used: 
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4.1 The Quadratic Reciprocity Law 


4.10 Lemma. Letn € Z withn £0. Then n has a unique factorization 


_ «ky ak, 
n = upi Pr s’ 


where pı, ...,pr are different odd primes, ky,...,ky € N* and u € {+2"|k € N}. 


ProoF. This is just the unique factorization in the principal ideal domain Z with 
another choice for the irreducible elements. 


m 


4.11 Proposition. For each odd prime p the Legendre symbol ( ) only depends 
on the residue class of p modulo |D |. i 
ProoF. Use the factorization of the squarefree m as in the above lemma: 

m = upi: pr 


Then u € {1,—1,2,—2} and by quadratic reciprocity we have 


aa ua a 
P P P Pp P/ \P1 Pr 

From this the proposition follows. Note that u = 1 if m = 1 (mod4), u = +2 if 
m = 2 (mod 4), and u = —1 if m = 3 (mod 4) 


So for the splitting behavior of primes in a given quadratic number field only a 
finite number of cases have to be considered: 


4.12 Corollary. For odd prime numbers p,q with p = q (mod|D,,|) we have 


p remains prime in Q(,/m) <= > q remains prime in Q(/m). 


In chapter 9 another proof of this phenomenon will be given. 


The proof of Proposition 4.11 suggests that the following definition could be useful. 


4.13 Definition. Let b € N* with b odd and let a € Z. We define: 
vp(b) 
a a 
()-IG) 
p\|b 
This symbol is called the Jacobi symbol. 


What makes this symbol interesting is the following theorem, which is a general- 
ization of the Quadratic Reciprocity Law and its Subsidiary Laws. The proof is 
straightforward when using the following congruences: 


b= J] 0+ @— 1)" = [0+ bp- 1) = 1+ Y> vp()(@— 1) (mod 4). 


p|b plb p|b 
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and 


e = [[0 +e- =C- -1) = 14 > vb- 1) (mod 16). 


plo p|b plo 


4.14 Theorem. 


(i) Let b € N* be odd and a1,a2 € Z such that a, = ag (mod b). 
ay ag 
Th arial ol ree 
GG) 
- —1 
(ii) Let b e N* be odd. Then (=) =(-1)2. 


(iii) Let b € N* be odd. Then 9 =(-1) = 


(iv) Let a,b € N* be odd such that gcd(a, b) = 1. 


Then (3) (*) Se 


4.15 Application. Jacobi symbols can be computed without factorizing numbers. 
As a result the computation is as fast as the well known Euclidean algorithm for 
the computation of the greatest common divisor. Lets verify whether 1741 is a 
square modulo the prime 3299: 


(S55) E a) j (Fa) 2 (za) (im) ~ a) = (Fa) 
= = (rra) = (asa) = (iss) = -Car ) = =Car) = =Car) Car) 
K ta) ala) ee) 


So 1741 is not a square modulo 3299. 


4.2 Equivalence of quadratic numbers 


A fractional ideal of the quadratic number field Q(,/m) is a lattice Zy1 + Zy2 of 
Q(Vm). The fractional ideal is equivalent to Z + Z2. Our first concern is: for 


which y € Q(,/m) \Q is Z+Zy a fractional ideal of Q(,/m)? The answer is simple. 
We use the following terminology: 
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4.16 Definition. A y € C is called a quadratic number if it is a zero of an irreducible 
polynomial of degree 2 over Q. As is easily verified, a quadratic number is the zero 
of a unique polynomial of the form aX? + bX +c € Z[X], where a > 0 and 
gcd(a,b,c) = 1. The integer b? — 4ac is called the discriminant of the quadratic 
number y. Notation: disc(7). 


4.17 Lemma. Lety € Q(.\/m)\Q be a zero of the polynomial aX?+bX +c € Z[X], 
where a > 0 and gcd(a, b,c) =1. Then 


(i) disc(y) = disc(ay) = disc(1, ay), the last disc standing for the discriminant 
of a Q-basis of Q(,/m), and 


(ii) (Za + Zay)(Za + Zay’) = a(Z + Zay), where the product is the product of 
lattices. 


(iii) Za + Zay is an ideal of Z|wm] if and only if Z + Zay = Z|wm]. 
PROOF. 


(i) The polynomial g = X? + bX + ac is the minimal polynomial of ay over Q. 
We have disc(y) = b? — 4ac = disc(ay) = disc(g) = disc(1, ay). 


(ii) A straightforward computation: 


(Za + Zay)(Za + Zay’) = a(Za + Zay + Zay + Zayy') 
= a(Za+ Zb + Zc + Zay) = a(Z + Zay). 


(iii) If Za + Zay is an ideal, then by (ii) Z + Zay is an ideal as well and since it 
contains 1, it equals Z[wm]. Conversely, if Z + Zay = Z[wm], then Za + Zay 
is an ideal: a?y, (ay)? = —bay — ca € Za + Zay. 


4.18 Theorem. Lety € Q(./m) \Q. Then Z+ Zy is a fractional ideal of Zlwm] if 
and only if disc(y) = Dm. 


PROOF. Let y be a zero of aX? +bX +c € Z[X] with a > 0 and gcd(a, b,c) = 1. 
Equivalent are the following: 


Z + Zy is a fractional ideal. 
Za + Zay is an ideal. 


Z + Zwm = Z + Zay. (Lemma 4.17(iii)) 
disc(1, wm) = disc(1, ay). 
Dm = disc(7). (Lemma 4.17(i)) 
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4.19 Definition. Let z € C \ Q and A = (%°) € GL2(Z) (that is A € M2(Z) and 
det(A) = +1). We define 


az+b 


cz+d 


4.20 Proposition. (A, z) +> Az is an action of the group GL (Z) on the set C\Q. 
PROOF. Clearly Iz = z. Let A = (24) and let B = (? 4). Then 


A(Bz) _ [fa b\ pz+q = abd +b E a(pz + g) +4 b(rz Ae 5) 
~c d rz+s cH 4d  c(pzt+q)td(rz +s) 
(ap + br)z + (aq + bs) 


E (cp + dr)z + (cq + ds) SOR 


4.21 Definition. Numbers 21, z2 € C \ Q are called equivalent if there is an A € 
GL2(Z) such that z2 = Azı. Notation: z1 ~ z2. (So numbers are equivalent if they 
are in the same orbit under the action of GL2(Z).) 


4.22 Proposition. Let y1, y2 € C\Q. Then 


yı 22 <> there isa B E€ C* such that Z + Zy = ZB + ZB. 


PROOF. 


=: Suppose yı ~ 72, say y2 = (25) yı with (28) € GL2(Z). Then 


+b 
Z+Zy =Z2+22 L ~ Zep, +d) +Z(ayı +b) =Z + Zy, 
cı td 
where the last equality follows from ad — bc = 1. 


<: Suppose there is a 8 € C* with Z + Zyı = ZG + ZBy2. Then there is an 


A € GL2(Z) such that 
y) A OF 
JEA 


_ apy +b aytb _ 
= en + dB cen+d 


Put A = (aty: Then 


Y2 Ay. 


So for fractional ideals in a quadratic number field we have: 


4.23 Corollary. Let yı and yz be elements of Q(./m) \ Q with disc(y,) = dise(y2). 
Then 


Z + Zy ~ Z+ Zy < 7 > 72: 
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Equivalent quadratic numbers have equal discriminants: 


4.24 Proposition. Let 71,72 E€ Q(/m) \ Q such that yı ~ y2. Then disc(y1) = 
disc(72). 

PROOF. The group GL2(Z) is generated by the matrices (4+), (9 G') and (42) 
(exercise 6). So it remains to verify that disc(y1) = disc(y + 1) = disc(—y, `) = 
disc(—7,) and this is straightforward. 


4.3 Equivalence of lattices in C 


In the imaginary quadratic case the field is (embedded as) a subfield of C. Thus 
lattices in imaginary quadratic number fields are lattices in the 2-dimensional real 
vector space C. 


4.25 Definition. Let A and I be lattices in the real vector space C. Then A and 
T are called equivalent if there is an a € C such that aA =T. 


A lattice in the real vector space C is equivalent to a lattice Z + Zy with S(7) > 0: 
a lattice Za, + Zag is equivalent to Z + ion =Z47Z—. 


a1 


The group SL2(Z) acts on the upper half plane H = { z € C| S(z) > 0}: 


az +b 
SLə(Z) x H > H, (23); ) eae 
From (2) 
det A. S(z 
S(Az) = 4.1 
(Az) = Se (4.1) 


where A = (2b), indeed it follows that Az € H if z € H and A € SLo(Z). By 
Proposition 4.22 and formula 4.1 we have: 


4.26 Proposition. Let 71,72 E€ H. Then the lattices Z + Zyı and Z + Zy2 in C are 
equivalent if and only if there is an A € SLa(Z) with yo = Ay. 


4.27 Notation. A domain G in the upper half plane H is defined as follows: 
G={zEC| Bz) >0, -—§ < Kz) < 4, |z| > 1, |z| > 1 if R(z) < 0}. 

See Figure 4.1. 

This domain G is a fundamental domain for the action of SL2(Z) on H: 


4.28 Theorem. G is a system of representatives of H/~. 
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Figure 4.1: A fundamental domain for the action of SZ2(Z) on H 


PROOF. Letz € H. First we prove that there is an A € SL2(Z) such that Az € G. 
For A = (2 b) we have 

S(2) 

S(Az) = ——,. 
wee) Jez + dl? 


Because c,d € Z, the number of pairs (c,d) with |cz + d| less than a given number 
is finite. From this it follows that there is an A € SL2(Z) with S(Az) maximal. 
For T = (4 +) we have 


S(TAz) = S(Az + 1) = S(Az). 
Now let n € Z be such that 
—4 < R(T" Az) < Z. 


Then S(T” Az) is maximal as well. It follows that |T” Az| > 1, since otherwise the 
imaginary part of — =g (= (} ọ') T” Az) would be greater than the imaginary 
part of T” Az. If R(T” Az) < 0 and |T” Az| = 1, then take (? %1) T” Az. Hence 
for each z € H there is an A € SLo(Z) with Az € G. 

Now suppose 21,22 € G with z1 ~ zo, say z2 = Az, with A = (2 ae We may 
assume that S(z2) > S(z1), that is |cz; +d| < 1. Since z1 € G this is only possible 
if |c| < 1: if |e] > 2, then 


|S(cz1 + d)| = |e] - |S(z1)| = 2: 4v3 > 1. 


For c = 0: A = ( 4 } ) (if necessary replace A by — A) and so z2 = z1+b. Comparison 
of the real parts yields b = 0, that is zg = 21. 


For c = 1: from |z; + d| < 1 follows that there are only two possibilities left: 
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1. z =w+1 and d = —1. Then b = —1 — a and zy = tD -UD L1 4w+a. 
So a = 0 and z2 = 21. 

2. |zı| = 1 and d = 0. Then b = —1 and z2 = a — 71. It follows that —7y = i 
and a = 0 (and then z2 = i = z1), or -% = ¢3 and a = 1 (and then 
zg = 1+6 = z1). 


For c = —1: replacement of A by —A brings us to the case c = 1. 


So for each z € H there is a unique w € G with w ~ z. 


4.4 Algorithm for the ideal class group of an 
imaginary quadratic number field 


In this section m is negative. Fractional ideals of an imaginary quadratic number 
field are lattices in C and they are congruent modulo the subgroup of principal 
fractional ideals if and only if they are equivalent as lattices in C. 


4.29 Proposition. Let Gm = {y € GN Q(/m) | disc(y) = Dm }. Then the map 
Gm > CUQ(Vm)), y= class of Z + Zy 
is a bijection. 


PROOF. Suppose 71,72 E Gm. If Z + Zyı ~ Z + Z2, then by Proposition 4.22 
yı X Yq. Because 71,72 € G, we have by Theorem 4.28 71 = y2. So the map is 
injective. 

Now let y € Q(,/m) with disc(y) = Dm. Then to prove that there is a yo € Gm 
with Z + Zyo ~ Z + Zy. By Theorem 4.28 there is a yọ € G with yọ ~ y. By 
Proposition 4.24 we have disc(yo) = disc(y) = Dm, and so y € G N Q(vm). 
Finally by Proposition 4.22: Z + Zyo ~ Z + Zy. 


So the fractional ideals Z + Zy with y € Gm form a system of representatives of 
the fractional ideals modulo the principal fractional ideals. The condition y € Gm 
is easily translated into conditions on a triple (a,b,c) € Z: 


4.30 Definition. 
Vm = { (a,b,c) € Z? | a > 0, b? —4ac = Dm, —a <b < a,c >a, c>aifb>0}. 


By definition of the discriminant of a quadratic number the map 


—b + VDm 


Vm > Gm, (a,b,c) 5a 


is a bijection. 
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Figure 4.2: Computation of a system of representatives of Cé(Q(./—222)) 


4.31 Corollary. The map 


—b + VDm 
(a,b,c) > class of Za + gaan 


from Vm to CE(Q(/m)) is a bijection. 
Again it follows that Cé(Q(./m)) is finite: let (a,b,c) € Vin, then 


4a? < 4dac = b? — Dm < a? — Dm 


and so 
3a? < -Dm 
that is 
< Dm 
á Eeim, 
E 3 
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Figure 4.3: Computation of a system of representatives of Cl(Q(./—491]) 


There are only finitely many such a. For each a there are finitely many b with 
—a < b < a, and for given a and b there is at most one c with b — dac = Dm. 


Since an ideal Za + Zt Pm yPm has norm a, for the À in Proposition 3.24 we can 


take: E / Pa | . That is slightly better than |2 V—Dm |], the value that will follow 
from estimates obtained in chapter 5 for number fields in general: Theorem 5.17, 


see also Examples 5.12. 


4.32 Example. m = —222. Then Dm = 4m = —888 and —28 = 296. So 


a < |V 296| = 17. A system of representatives of the ideal class group is the set of 
the following ideals (where w = \/—222): 


Z + Zw Z2 + Zw Z3 + Zw Z6 + Zw 
ZT+ Z3 +w) Z7+Z(-34+w) Z114+Z(3+w) Z11+Z(-3+w) 
Z13+Z(5+w) Z13+Z(—5+w) Z144+Z(4+w) Z14+Z(—4+w) 


See Figure 4.2. By Corollary 3.22 inversion in the ideal class group is induced by 
(a,b,c) + (a,—b,c), which in the diagram corresponds to the reflection in b = 0. 
The classes of order < 2 are represented by the ideals 


Z+Zw, Z2+Zw, Z3+Zw and Z6+Zw. 
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So the ideal class group is an abelian group of order 12 and its 2-rank is 2: its 
structure is Cg x Co. 


4.33 Example. m = —491. Then Dm =m = —491 and a < | \/44| = 12. From 


b? — 4ac = Dm follows that b is odd. A system of representatives of the ideal class 


group is formed by the ideals (with w = H1 Se) 


Z+Zw Z3 + Zw 73 +Z(-1+w) 
Z+Z(l+w) Z5+Z(-2+w) Z9+Z(3+w) 
Z9+Z(-4+w) Z11+Z(4t+w) Z11+Z(-5+w) 


See Figure 4.3. The ideal class group is of order 9. The square of the class of 
an ideal of norm 3 is the class of one of the ideals of norm 9, which is not the 
inverse class of the ideal of norm 3. So the class of an ideal of norm 3 is of order 
9. Therefore, the ideal class group is cyclic. 


4.34 The product in {y € Q(\/m) | disc(y) = Dm}. Suppose y1,72 E Q(/m) 
with disc(71) = disc(y2) = Dm, i.e. Z + Zy and Z + Zy2 are fractional ideals of 
Zlwm| . How to determine y3 such that 


(Z+Zn1)\(Z+ Zy2) ~ Z + Zos ? 


Let the quadratic numbers yı and y2 correspond to the triples (a1, b1,c1) and 
(a2, b2,c2). We have qi = =bitVDm and Z + Ly, ~ Zai + Zit Pn VDm. The lattice 


2a; 
Za; + Zain VDm is an ideal of Z[w,,] with norm a;. So 
z Dm a Dm 
(Za +Z bı ~ ) (Zaz +2 b2 k ) 


is an ideal with norm a1a2. As a lattice this ideal is spanned by 
—azbı +a9y/ Dm —a bz + aV Dm a. + Pi the VDm 
2 , 2 i 2 ` 
Let d = gcd(az, a1, bi tba) and let x,y,z € Z be such that 
by + bg 


142, 


=d. 


rag + ya, + z 


Then the lattice is 


zazbı yay bg — z b1b24 Dm + dy Dm 
2 


where a € Z. The norm is aja2, so ad = a,ag. So yz corresponds to the triple 
(a3, b3, c3) with 


Za+Z 


b1bo+Dm 
aiaz xzazbı + yaıb2 + zerbat Dm 


a3 = -p > 5 F 
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4.35 Computation of the representative in G. Suppose y E€ Q(./m) with 
disc(y) = Dm and S(y) > 0. How to find yo € G with yo = y? 


Consider the mapping 7 “ =: +n, where n € Z such that —4 < fd a +n) < i 
If y corresponds to (a, b, c), then S(y) = ¥ 2e and 2 | ee +n) = S(—4) = ¥ =o ; 


We may assume that —4 < R(y) < 4. If y ¢ G, then a > c, or a = c and b > 0. 
If a > c, then S(y(7)) = P= > WPa, Ifa = cand b > 0, then y(y) € G. If 


2c 2a 
(an, bn, Cn) corresponds to p” (a), then an+ı = Cn. There has to be an n such that 


g” (q) € G, because otherwise we would have a strictly descending sequence in N: 


a > c= a1 > CG = a2 > C = A3°°° 


So we have an algorithm for finding yo. 


The existence of a yo € G with yo œ y follows from Theorem 4.28. For imaginary 
quadratic numbers it also follows from the above algorithm. 


4.36 Example. We multiply in Example 4.32 the classes of 
Z6 + Zw and Z14 + Z(—4 + w). 


We have: a, = 6, b; = 0, a2 = 14 and bo = 8. Then d = gcd(6, 14,4) = 2. 
Take x = 0, y = 1 and z = —1. Then az = &}4 = 21 and bs = #4“ = 246. 


g _ 1234+ V=222 | 34V- 21 L -34V 272 
o 73 21 = J = ~3p/-222 S mo 
represented by the ideal Z11 + Z(—3 + w). 


The product is 


4.5 Continued fractions 


This section contains the fundamentals of continued fractions. The main result is 
the unique representation of irrational real numbers by infinite continued fractions 
(Theorem 4.52). 


4.37 Definition. Define rational functions 
(Z1, ---,2n)} E Q(T1,..., £n) 
for n € N* inductively by: 
(z1) = 21 
(£1, £2) = £1 + A 


(z1, PE n42) = (x1, ey (Endis Tnt) (for alln € N). 


The function (z1,..., £n) is called the continued fraction of length n. 
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The field Q(a1,...,%») of rational functions is the field of fractions of both the 
polynomial rings Qļ|z1,..., £n] and Z[a1,..., £n]. The continued fractions can be 
written as ordinary fractions: 


Tı 
(v1) = 21 = = 
1 £ız2 +1 
(£1, £2} = £1 +— = 
T2 X92 
i z wee 1 _ &182%3 + £1 + T3 
KERAS tte £2£3 + 1 

We will define polynomials pn (£1,..., 8n), qn(£1,.-., £n) € Zlai,..., £n] and will 
prove that they can be taken as numerator and denominator of (x1, ..., 2n). 


4.38 Definition. Define for n > —1 polynomials p,(21,...,2n),Qn(@1,---,2n) E€ 
Z[x1,---,2n] inductively by 


p-1 >= 0, q-1 = 1, 
Po = 1, and do = 0, 
Pn =XnPn-1+Pn—-2 foralln>1 dn =2nQn-1 + Qn—-2 for alln > 1. 


Here pn is shorthand for pn(£1,..., £n). Analogously for qn. 
4.39 Lemma. qn(£1,..., £n) = Pn-1(%2,---,2n) for alln > 0. 


PROOF. The terms of the sequences (p,p)n>—1 and (dn)n>—1 are determined in 
the same way by the two preceding terms, but the ‘initial values’ differ. The lemma 
follows from go = 0 and qı = 1. 


_ Pa(@1y---sn) 


4.40 Theorem. (21,...,2n) 
Qn(X1,-+-,Xn) 


for alln € N*. 


PROOF. By induction on n. Clearly a = zı and T =2,+ aa The induction 
step: for n > 0 we have 


Liye rey Cay CHa ond 
(01,--+52n42) = (£1,--+, Enti Tnt = Pail ein) 
Gn41(£1,+-+5£n, (Ln41,En42)) 
= (n41 + ae )Pn + Pn-1 2 Pn+1 T Een _ Pn+2 
(n41 rls eae Jan + qn-1 Qn41 T as dn dn+2 
4.41 Theorem. |?" P+] = (-1)" for alln > —1. 
Qn n+ 
PROOF. By induction on n. For n = —1 we have 
P-1 Po 0 1 4 
= =-—-l=(-1)™. 
Ee qo i ol (mo 
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Furthermore, for all n > —1: 


Pn+1 Pn+2 = Pn+1 Tn+2Pn4+1 T Pn = Pn+1 Pn L Pn Pn +1 
dn+1 dn+2 dn+1 Ln+29n+1 T In Qn+1 dn dn dn+1 f 
n+1 
4.42 Lemma. (z1,..., n41) — (1,---,;%n) = Cu g for alin € N*. 


— Pnti _ pn — GH 
In+1 Qn In In+1 ` 


PROOF. (1,..-,2%n41) — (@1,---,2n) 
4.43 Proposition. pn = [ [1 (£k; --, £n) for alln € N*. 


Proor. By induction on n. For n = 1 it is clear: py = xı = (xı). If pn = 
Ili—1(£k,---,£n) for some n € N*, then by Lemma 4.39 and the induction hy- 


pothesis 


Pn+1 = (x1, ee , En+1)}n+1 = (£1, tee , En+1)}Pn(T2, tee sngt) 
n+1 n+1 
S (Gia ey Mast} Jh trta) = [| ieee: 
k=2 k=1 


Rational functions in n variables over Q can be interpreted as functions on R” de- 
fined outside the zero set of their denominator. The continued fraction (£1, ..., 2) 
determines in particular a function 


RxR”? x- xR?” SR, (a1,...,4n) > (a1,...,4n), 


because qn(a1,a2,..., an) > 0 (and so Æ 0) for ag,...,an > 0. 


4.44 Proposition. Let r € Q. Then there are ai,...,an with ay E€ Z and 
a2,..., an E N* such that r = (aj,...,@n). The length n of this continued fraction 
can chosen to be of a given parity. 


PROOF. Assume r Æ 0. Write r = r met p € Z, q € N*, gcd(p,q) = 1. Euclid’s 
algorithm applied to p and q gives 


P ri 
p=a@aq+ri or: — =a, + — 
q q 
q r2 
q = a2rı + T2 = cdp 
Ti Ti 
Tri T3 
Ty = Q3rg + T3 — = a3 + — 
T2 T2 
Tn—2 
Tn—2 = AnTn-1 Tn = an 
Tn-1 
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with q > r1 > r2 > > Tn = 0 and so: a = (a1, 7) = = (d1,..-,;Qn). From 
Trn—2 > Tn—1 follows an = m2 > 1. We have an = (an — 1,1). So also: 

r = (Q1,---,@n—1,@, — 1,1). 
4.45 Lemma. Let a1,a2,... be a sequence with a, € Z and az,a3,-:- € N*. Then 
limp—+oo(@1,---,@n) exists. 
PROOF. From gn+41 = an+1qn + Qn—-1 follows that gn4i1 > qn for n > 2. By 


Lemma 4.39 (a1,...,@n+41) — (@1,-.-,@n) SS These differences form a 


sequence with alternately positive and negative terms with absolute values de- 
scending monotone to 0 for n > co. 


with a, € Z and ag,a2,-:- E€ N* we 
.) as follows: 


4.46 Definition. For a sequence aj, az2,... 
define the infinite continued fraction (a1, a2, 43,.. 


(a1, 42, 43,...) = lim (a1,..., an). 
4.47 Lemma. (a1, @2,-.-) = (a1, (a2,.. ee 
PROOF. 
(a1, @9,...) = dim (a1, an) = Tim (a1, (a2, an)) 
= (a1, lim (a2,.--,@n)) = (a, (a2,...)). 


4.48 Lemma. | (a1, a@2,...)| = a1. 
We have (ag,... 


= lat 


PROOF. 


L(a1, a2,-- 


) = a + aa > az > 1. So la2,...}) > 1. Therefore, 


| =a. 


(a2 pe y 
4.49 Definition. A transformation y of R \ Q is defined by: 


1 


4.50 Lemma. ọ((a1,a2,... 
)) 


4.51 Lemma. z= (|2], |y(x)],... 


J: 


, Lot (x)], p” (x)) for alln € N. 


= z follows x = (|x|, p(x)), so: 


PROOF. 


p((a1, G2,.-. = (a2,43,... 


PROOF. From g(x) 


z = (|x|, (x)) = (Lx], Lp), 2) 
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4.5 Continued fractions 


4.52 Theorem. The following maps are inverses of each other: 


SEQUENCES Q1, 42,03, ... 


with a, EZ > R\Q 
and ag,a3,--- € N* aoe 
@1,02,03,... t+ (d1,02,43,...) 
eC ere Ae 


PROOF. For each n we have |” ((a1,..-))| = |(@n41,---)| = @n41- On the other 
hand 


(=1)" 
p” (x))an (lzel, L= E) 


— n> dQn41({2],---, yt (x) | 


4.53 Definition. If x = (a1, a2,...) with a1 € Z and ag, a3,--- € N*, the sequence 
a1,Q2,... is called the continued fraction expansion of x. If there is an n > 0 with 
Qk+n = Gx for all k greater than some natural number, then the expansion is called 
repeating. The least n for which this holds is called the period of the repeating 
continued fraction expansion. If there is an n > 0 with akn = ax for all k € N, 
the expansion is called purely repeating. Notation: 


(tj 2.25 On; Okt- sonny = (Q1,.. +> ük, Ak415+-++)Ak+n,Ak4+15-- OEE 


In the next section we show that it are exactly the real quadratic numbers which 
have repeating continued fraction expansions. 


4.54 Example. 

V7 =2+ (v7 -2) 
eee Spe ere es 

=a g F 3 
3 V7+1 3 v7-1 

Vi 1 Ro A 2 
2 VS Es Ta 

ral 30 3 
2 TD SAT) 


So V7 = (2,1,1,1,4). 


% >) F a 
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4 Quadratic Number Fields 


4.6 Continued fraction expansions of real quadratic 
numbers 


4.55 Proposition. If x € R\ Q has a repeating continued fraction expansion, then 
x is a quadratic number. 


PROOF. Clearly x is quadratic if and only if y(x) is. So we can assume that x 


has a purely repeating continued fraction expansion. Set x = (@j,...,Gn). Then 
a Pn41(41, -3 ün, x) = LPn (ar, tee an) + Pn—1(a1, tee an—1) 
Qn+1(a1, -3 ün, z) LOn(ar, roek Gn) Te Qn—1(a1, sek ,Qn—1) ` 


This yields a quadratic equation for x. 


4.56 Proposition. Let x € R\ Q be quadratic. Then disc(p(x)) = disc(x). 


PROOF. This follows from disc(x + 1) = disc(x) and dise(+) = z. 


Let a € R \ Q be quadratic with disc(a) = D. Then a € Q(VD). The embedding 
of the real quadratic field in the algebra R x R restricts to an injective map 


QD) \Q > (R\Q) x (R\Q, 1 my) 


From Proposition 4.56 follows that the transformation y of R \ Q restricts to 
a transformation of Q(VD) \ Q and this transformation is compatible with the 
transformation (x,y) > (x — |x], y — lz]) => (E , E) of (R \ Q) x (R \ Q): 


| 


97) 3 (0), zag) = (oO), 00’) 


c (7,7) 


4.57 Theorem. Real quadratic numbers have repeating continued fraction ezpan- 
Sions. 


PROOF. Let y be a real quadratic number and put disc(y) = D. Then y € 
Q(VD). Consider the embedding Q(V D) —> R x R, a+ (a, a’). The images of 


1 pA), PO) + 
under the embedding in R \ Q x R \ Q are 


(wv), OLLON POLPO), «-- 
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4.6 Continued fraction expansions of real quadratic numbers 


(0,1) 


Figure 4.4: The course of points in (R \ Q)? outside {(z, y) | |x| = |y]} under y 
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4 Quadratic Number Fields 


If all elements of this sequence were in the domain { (x,y) | |x| = |y] }, then 


Lo] = ley] for alln EN. 


From 
y= (h ele’ Le), 
Y = (19 AN bens lB? OLE" Oy) 
Y= (lL WO), le OY), oe" (7) 


it then follows by induction on n that y"(y') = y"(7)’. So the numbers y and y 
would have equal continued fraction expansions. By Theorem 4.52 these numbers 
are equal. However, y~’ # y. So there is an n such that |y”(y)| 4 |y™(7)']. As 
indicated in Figure 4.4, we have for all k >n+3 


y*(y)>1 and —1<y*(7)' <0. 
Equivalently | y*(y)| > 1 and |y*(y)’| = —1. The domain 
{(z,y)|a@>1, -l<y<0} 
contains only finitely many (y, y’) met disc(y) = D: suppose the triple (a, b,c) 
corresponds to such a y, then £ = yy < 0 and there are only finitely many triples 


(a, b,c) such that b? +a(—c) = D and c < 0. It follows that for a quadratic number 
q the sequence |7], |9(7)],ly?(7)],--- repeats. 


4.58 Definition. A real quadratic number y is called reduced if y > 1 and —1 < 
y <0. 


4.59 Theorem. A real quadratic number is reduced if and only if its continued 
fraction expansion is purely repeating. 
Proor. First we show that the restriction of (x, y) ++ (s-jg7, y-t) to the do- 


y- |e] 
main {(z,y)|a>1, -1 < y <0} is injective. 


Suppose (#1, y1) and (#2, y2) are in this domain, zı — |x| = z2 — |x| and 
yı — |z1] = y2 — |w2|. The inequalities —1 < y1,y2 < 0 imply || = [22] 
and so also x1 = £2 and yı = yo. 


Let I be the set of reduced real quadratic numbers of discriminant D. The restric- 
tion of ọ to the finite set T is injective. So it is a permutation of T. 


4.60 Theorem. If y is a reduced real quadratic number, then so is =e Ify = 


(@i,..., än), then -5 = (G,.--, 41). 
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4.6 Continued fraction expansions of real quadratic numbers 


Proor. We have (where yn = y"~1(7)): 


1 1 ' 
yS y = 41 + — = =4a,+(-%) 
Y2 Yo 
1 1 ; 
Y2 = ag + — and so -— =a + (%2) 
Y3 W3 
1 1 1 , 
Yn =n + — a = an +h) 
Jı Y V1 
For square roots we have in particular: 
4.61 Proposition. Let d € N* be not a square. Then 
Vd= (a1, @2,---;@n;@An41) 
with ag,...,4n symmetric (a2 = An, 43 = An—1,.-.) and an+ı = 241. 


PROOF. Put a; = |vd]. Then /d+ay is reduced and so it has a purely repeating 
continued fraction expansion: 


Vd+a = (2a1,02,..., ün) 


and then 
Vd = (a1, E Gn, 204). 
We have 
(Vd + a1)’ Vaan (ny Qn—14 ++ 42, 2a). 
Hence also 
aac ow = (01, Gy an-1;: -+ , 42, 2a). 


The proposition follows from the uniqueness of continued fraction expansions. 


4.62 Definition. x,y € R \ Q are called tail equivalent if their continued fraction 
expansions have equal tails, notation: x ~, y. So: 


zy y <> there are k,n € N such that y*(x) = g” (y). 


4.63 Proposition. Let x € R\Q with x > 1 and let (45) € GL2(Z) with q > s > 0. 
Then for y = (24) x there is an n E€ N* such that p” (y) = «x. 
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4 Quadratic Number Fields 


PROOF. Put F = (a1,..., ân) with a, € Z and ag..., a, € N* such that 
Pn Pn—-1) _ |P 
n Yn-1 q S 


(Use Proposition 4.44.) Then 


Pp _ Py l@is<0+50n) 


q qdn(a1,.-.-, an) 


and so p = pn and q = qn. From pqn-1—4Pn-1 = ps—qr follows that q | plqn-1— 58) 
and so q | qn-1 — s. However, |qn-1 — s| < q, SO qn-1 = s. And also pn-1 = r. We 


then have 
= r+ Dyn 
& eae ae er Pn” T Ly 1 = (ay,...,n,2). 
q $ dn In-1 n£ + Gn-1 


So the numbers pn, Pn—1; n, Gn—1 are those from the continued fraction expansion 
of (4) x. Furthermore, we have y"((45)2) = p"((a1,...,@n,2)) =. 


4.64 Theorem. For all x,y E€ R\ Q we have: 


TXY > T ~y Y. 


PROOF. 


<: It suffices to show that x ~ y(x). We have 


e e 


So x ~ y(x). 


=: Now suppose that x ~ y. Say y = (4 7) x. For n € N we have 
bd 


Pn Pn-1 n 
t= T): 
a Pn) í ( ) 
So 
a C n Pn-1 n aPn + Cdn QAPn-1 $ Can—1 n 
= T| = $): 
j ) a a á ( ) & +dqn  bpn—1 cay P ( ) 
We have |z — 72| < a that is 
n 


ô 
Pn = nX + ae where |ôn| < 1. 


88 


4.7 Algorithm for the ideal class group of a real quadratic number field 


We assume that bx + d > 0. (If necessary take (—f —4)). We have: 


bôn , 
bpn + dqn = (bz + d)qn + — >œ if noo. 
q 


n 


Take n so large that bp,—1 + dqn—1 > 0. Furthermore, 


bpn + dan — (bPpn—1 + dgn—1) = (bx + d) (Gn — Qn—1) + re 
ifn — oo. So there is an n with 
bPn—1 + ddn—1 > 0 


and, moreover, bpn + dqn > bpn_1 + ddn—1. By Proposition 4.63 there is a 
k € N such that y*(y) = y” (x). So £ Xu Y. 


4.7 Algorithm for the ideal class group of a real 
quadratic number field 


Let m > 1. In section 4.2 we constructed a bijection from Cé(Q(,/m)) to 


{7 € Q(Vm)\Q | dise(y) = Dm }/=. 


From section 4.6 it follows that this is mapped bijectively to T'm/~ọ, where 


Tm = {7 E€ QA(Vm)\Q | disc(y) = Dm and y reduced }. 


Since the restriction of y to I'm is a permutation, the ideal classes of Z[wm] corre- 
spond to orbits of this permutation. 


Let y € I'm correspond to the triple (a, b,c), then 
0<b+VDm < 2a<—-b+VDn 


and so 0 < —b < WDm. It follows that 2a < 2/Dm, that is a < /Dm. From 
—4ac = Dm — b? < Dm follows that a < 3VDm or —c < 4/Dm.- So in the class 
or in the inverse class of an ideal a there is an ideal with norm < iV Dm. Since 
Na’ = Na, each class contains such an ideal. This À for real quadratic number 
fields is the same as the bound which will follow from Theorem 5.17, see also 
Examples 5.12. 


4.65 Example. We compute all reduced real quadratic numbers of discriminant 
4-130. Let y € T1309 correspond to the triple triple (a,b,c). Then 


_ —b+V4-130 | —$ + V130 


2a a 


Y 
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4 Quadratic Number Fields 


2 


130 — (8) : 
129 —1 
126 —2 
121 3 
114 2 —4 
105 —5 
94 —6 
81 -T 
66 —8 
49 —9 
30 —10 
9 —11 


123 45 6 7 8 9 10111213 1415 16 17 18 19 20 21 22 
qa —?} 


Figure 4.5: Computation of the reduced real quadratic numbers of discriminant 
4-130 


So y is reduced if 


b 
0 < v130+5 <a<vi3 = 


|V130] = 11, so —11 < È < 0. The reduced real quadratic numbers of discriminant 
4-130 are (where w = V130): 


w+l1l w+7 


w+11 5 ——— (orbit of length 3) 
+11 agi 1 
= a ae (orbit of length 3) 
3 10 3 
w+10 wtl0 wtd w+9 w+5 . 
(orbit of length 5) 
wit 10 BA 10 ahs wes aTa 
(orbit of length 5) 


5 6 11 11 


See Figure 4.5. So a system of representatives of ['130/~, consists of the numbers: 


eee ati 
w +11 = (2,2,2), = = 


10 o +1 
n °_ TOZZI), EN 


(7,2,7), 


= (4,3, 1,1,3). 
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4.7 Algorithm for the ideal class group of a real quadratic number field 


36 — bal. dtl. 


2 2 

36 0 
34 | -1 
30 172 
24 2 -3 
16 —4 
6 -5 


123 45 67 8 9 1011 
a —— > 


Figure 4.6: Computation of the reduced real quadratic numbers of discriminant 
145 


The ideal class group is of order 4. The elements are represented by the ideals 


Z+Z(w+11) (=Z+4+Zw), 

Z34+Z(w+11) (=Z3+Z(w-1)) or Z10+Z(w+4+10) (= Z10 + Zw), 
Z2 + Z(w +10) (=Z2+4+ Zw), 

Z5 +Z(w +10) (= Z5 + Zw). 


The map 7+ 7 corresponds to inversion in Cé(Q(V130)), and since -5 ~ y', the 
same holds for y > —+. This last map is a permutation of order 2 of Tm. This 
permutation induces the trivial permutation of the set of four orbits. Hence every 
element of Cé(Q(V/130)) is its own inverse. So the group Cé(Q(V130)) is the Klein 
fourgroup. 


4.66 Example. We compute all reduced real quadratic numbers of discriminant 
145. Let y € L145 correspond to the triple (a,b,c). Then 


b V4 
-0+ VIB _ -t + Lf 
2a a i 


So y is reduced if 


14/145 b-1 1+v145 b+1 
¥ +v “i cae +/145 b+ l 
2 2 2 2 
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4 Quadratic Number Fields 


[4] = 6, so —6 < &+ < 0. The reduced real quadratic numbers of discrimi- 


nant 145 are (where w = wy45 = a) 
w w+5 s 
w+5 ET (orbit of length 3) 
+3 +4 
aa a a (orbit of length 3) 
w+3 ora ig 
(orbit of length 3) 
ya ata ut w+2 w+3 
rbit of 1 ; 
z i ri 5 (orbit of length 5) 


See Figure 4.6. 


So a system of representatives of T'145/~% consists of the numbers: 


45 

w+5= (I1, Ī), = 613), 
w+A4 w+2 = 
ESN e AES coe. 
9 (5, 2 Js 4 (2, bl 7 , 2) 


The ideal class group is of order 4. The elements are represented by the ideals 


Z+Z(w+5) (=Z+Zw), 


Z2+Z(w+5) (=Z24+Z(w+1)), 
Z2+Z(w+4) (=Z2+4 Zw), 
ZA + Z(w + 2). 


The map y => =z leaves invariant only two of the four orbits of y in F145. So the 
group CE(Q(v145)) is cyclic of order 4. 


4.8 Algorithm for the fundamental unit of a real 
quadratic number field 


4.67 Terminology. Let y be a permutation of a finite set X, {7 ,...,@,} an orbit 
of y of length n, (xi) = viqi for i = 1,...,n — 1 and (£n) = 21. This is 
summarized as: (£1,..., £n) is an orbit of the permutation y. Note that for n > 1 
this means that (zı --- £n) is an n-cycle in the decomposition of y as a product of 
disjoint cycles. 

In this section the squarefree integer m is greater than 1. Orbits of the permutation 
induced by y on I'm give rise to a nontrivial unit of Z[w,,]: 


4.68 Theorem. Let (71,...,;Yn) be an orbit of the permutation p of Tm. Then 
VV Yn E Zlwm)* and y172°++ Yn > 1. 
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4.8 Algorithm for the fundamental unit of a real quadratic number field 


PROOF. From y; € Im follows that y; > 1 and so y1--:7%n > 1. We will prove 
that y1 -Yn E Zlwm]* in two ways. 


1. Z+Zy% =Z4+Z(\1| +5) = Z+ZŁ, so 72(Z+Zy1) = Z+Zy2. Continuing 
this way we obtain 


Wn Yn-1°** Y2(Z+ Zy) = Z + Zo. 
Proposition 1.12 implies that q1 -+ Yn, (Y1 Yn) t € Zlwm). 


2. Let 71 = (a1, ..., an, 71). Then 


dn+1(01,.-.-, an, 71) = Pn(a2,..-, an, Vi) 
n 
= (Ters m) “Y= 710 In 
k=2 
On the other hand gn41(a1,---;4n,71) = Qn¥1 + In—1 and y= Paithan, 


So qı satisfies qn Y? + (qn—-1 — Pn)Y1 —Pn—1 = 0 and, therefore, yı corresponds 

to a triple (a,b,c) with a | qn. We have Z + Zayı = Zlwm], SO qn91 + dn—1 €E 

Zlwm], that is J1 :-:Yn € Zlwm]. Similarly, ( si J- 7 ) € Z|wm] and so 
1 n 


oe € Z[wm]. 


Extra in the second proof is the identity qn+1(01,..., an, Y1) = Y1- Yn, so the 
continued fraction expansion of 71, one of the elements in the orbit, can be used 
for the computation of y1 +- Yn. 


As remarked in Example 1.24 the existence of a unit > 1 in a real quadratic 
number field implies that the field has a fundamental unit. We now show that this 
fundamental unit is the product of the elements in any of the orbits. 


4.69 Theorem. Let (y1,..., Yn) be an orbit of the permutation p of Tm and put 
E=%1°°'Yn- Then for each v € Z|wm]* with v > 1 there exists an l € N* such 
that v = e!. 


PROOF. Let y = correspond to the triple (a,b,c). Then Z + Zay = Z|wm] and 
also Z + Zay’ = Z[w |]. Put v = p—qy’. Then p,q € Z and a | q. From v-v > 0 
and v — (—v’) > 0 follows that p,q € N*. Put 


p (; Rei) 


where N and Tr stand for Nae and Dia respectively. Then A € M2(Z), 
because N(y) = £, Tr(y) = —2 and a | q. Moreover, 


det A = p° — pqTr(y) + g’N(y) = N(p — q7) = +1. 
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4 Quadratic Number Fields 
So A € GLo(Z). We have Ay = eer ee = 7, because 
yay +p — aTr(y)) — py + aN(7) = q? — Tr(y)y + N(7)) = 0. 
We will show that there is a k € N* such that 
A= Pk Pk-1 
dk Gk-1) 
where the pp etc. come from the continued fraction expansion of y. 
We have p — qTr(y) = p — qy — qy =u + q(—7'). Since vw’ = +1 andy > 1 


we have |v’| < 1; moreover, 0 < —7' < 1. So —1 < p — qTr(y) < q + 1, that is 
0 < p— qTr(y) < q. We distinguish three cases. 


1. 0 < p— qTr(y) <q. Then Proposition 4.63 applies. 


2. 0 = p — qTr(y). From P oe 


= +1, q > 0 and N(y) < 0 Follows that 


q = 1 and N(7) = —1. Then y = (25) y and so y = (p, 7) = (Ð). In this case 


p SUNGA +1 follows that q = 1 and N(y) = 


3. p — qTr = q. From 
p—qIr(y) =4 A h 


—(p+1). If N(y) = -(p + 1), then y = p+ =I and so y = p+ a 
contradictory to —1 < y’ < 0. So N(y) = —(p—1), and then y = p-1+34 = 


(p —1,1,7) = (p — 1,1). In this case 
A= & a ; 
q2 qı 


So in each case there is a k € N* such that A = o a) And so y = p*(y), 
k  Wk-1 


which implies n | k, say k = In. We have y = (a4,...,ax,p*(y)) with a; = 
ly’ *(7)J and so 


qq] |Pe Pk+ilar -yak Y)| _ [Pe — 19K 0 
E dk qk+1(01;-- -30k Y) dk Gk-+1(@1;--+5 Gk, Y) 
/ 
=E Gea Gays. ak, Y). 
Hence qk+1(01,..-,ak, Y) = v (since v > 0) and, therefore, v = pp (a2, ..., ak, Y) = 


pa) e a) = e. 


4.70 Corollary. Let (J1,...,%n) be an orbit of the permutation p of Tm. Then 
Y1- Yn is the fundamental unit of Q(./m). 
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4.9 The 2-rank of the ideal class group 


From € = %1 -+ -Yn and N(q:) < 0 follows that N(e) = (—1)”. So either all orbits of 
y are of even length or all are of odd length depending on the sign of N(e). 


4.71 Examples. In Example 4.65 we had two orbits of length 3 and two of 
length 5. Using the remark following the proof of Theorem 4.68: 130+ 11 = 
(22, 2,2, v 130 + 11), so 


5(V130 + 11) + 2 = 57 + 5v 130. 
is the fundamental unit of Q(v 130). 
Similarly, the fundamental unit of Q(V145) (Example 4.66) is 


25 + 3/145 
a f 


For m squarefree and > 1 units of the real quadratic number field Q(,/m) corre- 
spond to solutions of the Pell equation z? — my? = +1 for m = 2,3 (mod 4) and 
to solutions of z? — my? = +4 for m = 1 (mod4). As indicated in exercise 3 of 
chapter 1, the fundamental unit can be found in principle by looking for the least 
y € N for which my? + 1, respectively my” + 4, is a square, say 2”. Then the 
fundamental unit is x + y/m, respectively 5 + 4,/m. The algorithm described 
in this section of course is by far better. It was already known in India in the 
12th century. Bhascaracharya (1114-1185) found for example the least solution of 
x? — 109y? = 1, namely y = 15 140424 455100. 


2(2w145 + 5) + 1 = 3w145 + 11 = 


4.9 The 2-rank of the ideal class group 


A finite abelian group is isomorphic to a product Ca, x Ca, X +--+ X Ca, of cyclic 
groups of orders d,,...,d,. A classification of finite abelian groups is obtained by 
requiring that dj41 | di for i = 1,...,k —1 and dk #1. The dı,...,dp are called 
the group invariants of the finite abelian group. The 2-rank of a finite abelian 
group is the number of even group invariants. If r is the 2-rank of a finite abelian 
group A, then 2” is the order of the subgroup 5A of A of elements of order < 2 
and also of the factor group A/A?. In this section a formula for the 2-rank of the 
ideal class group of a quadratic number field is derived. We do this separately for 
the imaginary and the real case. 


Imaginary quadratic number fields 


The transformation a+> a’ of I*(Q(,/m)) induces inversion in the ideal class group 
and corresponds to the transformation 


-7 if |y| > 1 and R(7) < 4, 
y= ; H 
y ifh|=1or Ry) =35 
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Figure 4.7: Location of the elements of G which correspond to elements of 
CL(Q(./m)) of order 1 or 2 


of GN {y € Q(./m) | disc(y) = Dm}. The elements of order 1 or 2 in CC(Q(./m)) 
correspond to the numbers y of discriminant Dm on the curve indicated in Fig- 
ure 4.7. They correspond to triples (a,b,c) € Vm with b = 0 or a = c or a = —b. 


4.72 Example. In Example 4.32 the elements of order 1 of 2 are the classes repre- 
sented by Z+ Zw (order 1), Z2+Zw, Z3+Zw and Z6+Zw. So the group invariants 
of the ideal class group are: 6, 2. 


4.73 Theorem. 
tke (Ce(Q(Vm))) = r(Dm) — 1, 


where r(n) denotes the number of prime divisors of an n E€ Z. 


PROOF. See Figure 4.8. Under the action of SL2(Z) + corresponds to =N 


etc. So the number of elements y with disc(y) = Dm on equals half of: 


the number of elements on plus the number of elements on k 


First we compute the number of (a,b,c) with a > 0, b? — 4ac = Dm and b = 0. 
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4.9 The 2-rank of the ideal class group 


¢3 Ce 


Figure 4.8: See the proof of Theorem 4.73 


e For m = 1 (mod 4) we have Dm = m and in this case there are no a,c with 
4ac = —m. 


e For m = 2,3 (mod4) we have ac = —m and then the number equals the 
number of divisors of —m, and this equals 2"), because m is squarefree. 


Next the number of (a,b,c) with a > 0, b? — 4ac = Dm and a = c. 


e For m= 1 (mod 4): the number of (a,b) with a > 0 and (2a—b)(2a+b) = — 
This is the number of divisors of —m. 


e For m = 2,3 (mod 4): the number of (a, bo) with a > 0 and (a—bo)(a+bo) = 
—m. (We took bo = 2b.) This number is 2") if m is odd and 0 if m is even. 


So, depending on m (mod 4), the number of elements of .C@(Q(,/m)) is in the last 
column of the following scheme: 


mm (mod) SS 


gr(m) gr(m)—1 
7 0 gr(m)-1 
or(m) or(m) gr(m) 
It can be summarized to rko(Cl(Q(./m))) = r(Dm) — 1. 


So the group Cé(Q(,/m)) is of odd order (for m < 0) if and only if r(Dm) = 1. 
This is the case if m = —1, m = —2 or m = —p (p a prime = 3 (mod 4)). If p is 
a prime = 7 (mod 8), then 2 splits completely in Q(,/—p), and for p > 7 the prime 
ideal above 2 represent nontrivial elements of Cé(Q(,/—p): they correspond to the 
triples (2,+1, ptt). So: if C0(Q(./m)) is trivial, then m = —1, m = —2, m = —7 
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or m = —p, where p is a prime = 3 (mod 8). One easily verifies that C0(Q(./m)) is 
trivial for m = —3, m = —11, m = —19, m = —43, m = —67 and m = —163. In 
1966 it was independently shown by A. Baker and H. Stark that there are no other 
imaginary quadratic number fields with a trivial ideal class group. 


Real quadratic number fields 


The permutation y > E of I'm corresponds to inversion in Cé(Q(,/m)) and 


induces a permutation of the set of orbits of y in Tm. If y = (@,...,Gm), then 
p(y) = (@2,... , än, 41), Sr = (@,Gn,.--, a2). Hence 
=A, 
oi x 


( 1 ) l ! , 
|- =——, orin a diagram: 
y 


ph) ane 


The elements of Cé(Q(,/m)) correspond to orbits in Tm of the action of y which 
under y => -5 map to themselves. In these orbits we have elements of the 
following types: 


Type A Type B 
= ye TT pl) 
N(y)=-1 Tr(y) = Ly] 


In case an orbit consists of just one element, this element is both of type A and 
of type B. In all other orbits there are exactly two elements of one of these types. 
We distinguish three types of orbits which under y +> =o map to themselves: 
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Type I Type II Type III 


! i 1 \ ! \ 
\ I \ i \ F 


one of type A two of type A none of type A 
one of type B none of type B two of type B 


\ 


An orbit of length 1 is of type I. We will count the number of elements of type A 
and the number of type B. The sum of these numbers equals twice the number of 
orbits of type I, II or III. Before doing so we first take a look at the role of the 
fundamental unit. 


The element wm — |w},| — 1 is of type B and is in the orbit corresponding to the 
trivial element of C@(Q(,/m)). Put 


Tn ={veTn|y2 wm [wm] aa 
This is the set of elements in the ‘trivial’ orbit. So we have: 
N(e) = —1 <> T°, contains an element of type A. 


On the other hand we have: 


4.74 Lemma. There is an element of type A if and only ifm (and then also Dm) 
is a sum of two squares. 


PROOF. Suppose y is of type A, and suppose y corresponds to the triple (a,b, c). 
Then N(y) = £ = —1, and so Dm = b? + (2a)?. Conversely, suppose Dm equals 


a 


b? + (2a)? with b < 0 and a> 0. Then take y = —2tv¥?m 


2a 
4.75 Theorem. If N(c) = —1, then m = py...p, orm = 2pı...pr, where 
Di,---,Pr are different primes = 1 (mod 4). 
PROOF. Suppose N(e) = —1. Then T?, contains an element of type A and so m 


is a sum of two squares. Because m is squarefree, the theorem follows. 


So the norm of the fundamental unit equals —1 if and only if the trivial orbit 
contains an element of type A. It may happen that an element of type A exists, but 
outside the trivial orbit. For example 34 is the sum of two squares and so there is 
an element of type A in F34. The fundamental unit is of norm 1, so the element of 
type A is not in the trivial orbit. In this case the trivial orbit is of length 4 and is 
of type III. There is another orbit and this one is of length 6 and of type II. 
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First we determine the number of elements of type A. 


4.76 Definition. Let n € N*. We define E(n) as a fourth of the number of ways n 
is the sum of two squares. More precisely: 


E(n) = 4° #({(a,y) EZ | a? +y? =n}). 


4.77 Lemma. E(n) = #({a| a is an ideal of Z[i] with N(a) = n }). 


PROOF. 


E(n)=4-#({ (ey) EZ |z +y =n} = i #({a € Zi] | N(a) = n}) 
= #({a| a is an ideal of Z[i] with N(a) = n }). 


The splitting behavior of primes in Zļ[i] implies that for p a prime number and 
r € N* we have 


1 if p = 2, 

1 if p = 3 (mod 4) and r is even, 
0 if p = 3 (mod 4) and r is odd, 
r+1 ifp=1(mod4), 


and E(n) = J [pn E(p’?) for n € N*. 


4.78 Proposition. Let m be the sum of two squares. Then the number of elements 
ofIm of type A equals 2”0™)-1 


PROOF. 


#({7 € Im | N0) = Au 


= #({ 7 E€ Q(vm)\Q | 7 > 1, dise(y) = Dm, N(7) = -1 }) 
a a b’ — 4ac = Dm, b < 0 and c = —a}) 
= #({ (a,b) E N* | (2a)? +° = Dm }) 


For m = 1 (mod 4) this number equals 
1 =ł =4[[ E(p m) — gr(m)-1 
pjm 


and for m = 2 (mod 4) 


E(m) = V, 


For the computation of the number of elements y of type B we distinguish two 
kinds of elements: 
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Type B1: |y] is even, Type B2: |y] is odd. 


4.79 Lemma. The number of elements of type B1 equals 


0 if m = 1 (mod 4), 
2r(m)-1 ifm = 2,3 (mod 4). 


PROOF. Let y be of type B1 and let it correspond to the triple (a,b,c). Then 


b 
ly] = ThS 
It follows that 2a | b. From b?—4ac = Dm follows that 4a | Dm. For m = 1 (mod 4) 
this is not possible. Now we assume that m = 2,3 (mod4). Then a|m. If 
conversely a € N* is a divisor of m, then for 


a= — 

a 
we have disc(a@) = 4m. Every y corresponding to a triple (a, x, x) such that Tr(7) € 
2Z and y > y equals n+ a@ for some n € N*. If we require that Tr(y) = |y], then y 
is unique: it is |a| +a. Finally there is the condition y > 1. We have |y] = 2- |a]. 
Hence: 


y>1 4> h]>21 = lel > oe le] Sl 4> a>1 4> mS. 


Because m is not a square, the number of divisors a of m with a? < m is half the 
total number of divisors. So the number of elements of type B1 equals 27™-!. 


4.80 Lemma. The number of elements of type B2 equals 


0 ifm = 2 (mod 4), 
2r(m)-1 ifm= 1,3 (mod 4). 


PROOF. Let y be of type B2 and let it correspond to the triple (a,b,c). From 


ly) = TH) =-- 


a 
follows that a | b. We distinguish two cases. 
First case: m = 1 (mod4). From b? — 4ac = m follows that a | m. Conversely, if 


a|m, then 
atm 
© 2a 
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has discriminant m. Every y of discriminant m corresponding to a triple (a, x, *) 
satisfying Tr(y) € Z and y > 7 equals n + a for some n € N*. If, moreover, 
Tr(y) = |7], then y = [a] —1+a. So the number of elements y satisfying 
these conditions equals the number of (positive) divisors of m, being 2"’™. The 
condition y > 1 will be considered further on. 


Second case: m = 2,3 (mod 4). From b? — 4ac = 4m follows that b is even. Because 
? is odd, a is even. So ($)? — 2- $c = m with $, € Z. Since 2 is odd, $ and 
? have the same parity. It follows that m = 2 (mod 4) is not possible. Now we 


assume that m = 3 (mod4). We have $ | m. Conversely, suppose d | m. Put 


a = 2d. The argument goes as in the case m = 1 (mod 4), now using 


ge EN 


a 
The number of elements y of discriminant 4m satisfying Tr(y) = |y] and y > y 
equals 27(™), 


In both cases we have a = 
So 


VDm 
ee and y = |a] — 1 +q, and so |y] = 2|a| — 1. 


y>1 = |y] >1 = |a] > 1 Sarl = Dm>&. 


For m = 1 (mod 4) the number of elements of type B2 equals the number of divisors 
a of m with m > a?, and for m = 3 (mod 4) the number of even divisors d of m 
with 4m > (2d)?, that is m > d?. In both cases this number is 270-1, 


Summarizing, 
m (mod 4) | sum of 2 squares || type A | type B1 | type B2 $ x total 
1 yes pret 0 ren) | art 
1 no 0 0 i eal | a Se 
2 yes gr(m)—1 gr(m)—1 0 or(m)—1 
2 no 0 rt 0 IE =2 
3 no 0 gr(m)—1 gr(m)—1 or(m)—1 


So in particular: 


4.81 Theorem. Let m be squarefree > 1. Then 


r(Dm)—1 ifm is the sum of two squares, 


rko(Œ(Q(vm))) = i 


r(Dm)—2 ifm is not the sum of two squares. 


4.82 Corollary. Let m > 1 be squarefree. Then #(CŒ(Q(vm))) is odd if and only 
if m is either a prime or a product of two primes # 1 (mod 4). 
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Exercises 


It is unknown whether there are infinitely many m such that Z[w,,] is a principal 
ideal domain. 


For another, more advanced, computation of the 2-rank of the ideal class group see 
exercises 8 and 9 of chapter 12. In chapter 15 this 2-rank will be computed using 
class field theory. This computation is far less technical than the computation in 
this section, thus showing the strength of class field theory (Example 15.30). 


EXERCISES 


1. Let m,n € Z be different, squarefree and Æ 1. Put k = a 
ged(m, n)? 
(i) Let p be a prime number which splits completely in both Q(,/m) and Q(,/n). 

Show that p splits completely in Q(Vk) as well. 

(ii) Let p be a prime number which remains prime in both Q(\/m) and Q(/n). 
What is its splitting behavior in Q(Wk)? 

(iii) Let p be a prime number which ramifies in both Q(./m) and Q(./n). Show, 
by giving examples, what the splitting behavior of p in Q(Vk) could be. 


2. (i) Verify whether 255 is a quadratic residue modulo the prime number 1151. 
(ii) Is 41 a square in Z/(225) ? 
(iii) What is the splitting behavior of the prime number 10007 in Q(V7429) ? 


3. For which prime numbers p is 5 a quadratic residue modulo p? And for which p is 
7 a quadratic residue modulo p? 


4. Describe the splitting behavior of prime numbers in Q(/—15) and compute the 
ideal class group of this field. 


5. Let m € Z be squarefree # 1 and p a prime number which splits completely in 
Q(./m). Let q be a prime number satisfying q = —p (mod|D,|). Show that q 
splits completely in Q(,/m) if m > 1 and that q remains prime if m < 0. 

6. Show that the group GL2(Z) is generated by the matrices (§ 1), (9 31) and (|! °). 
Also show that the first two generate the subgroup SL2(Z) of matrices of determi- 


nant 1. Use that Z is Euclidean and also the identity (2 >) (41) (%4) =(49). 


7. In the exercises 9 and 13 of chapter 2 the ideal class groups of Q(./—6) and Q(./—23) 
have been computed. Compute them now using the algorithm described in sec- 
tion 4.4. 


8. Compute, using the algorithm in section 4.4, the ideal class group of Q(/—34), 
giving for each ideal class a representative. Show that the group is cyclic. 


9. Let m € Z be squarefree # 1. Prove that the quadratic number field Q(,/m) is a 
subfield of the cyclotomic field Q(¢n), where N = |D,|. 
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10. 


11. 


12. 


13. 
14. 


15. 


16. 
17. 


18. 


19. 
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Compute the elements of C(Q(/—185)). 
(i) Determine the 2-rank of this group. 
) Determine the group structure. 
(iii) Determine the order of [p], where p is a prime ideal above 3. 
) Compute the ideal class group of Q(./—41). Show that this group is cyclic. 
Which element is of order 2? 
(ii) Determine the prime ideal factorization of the ideals (2—./—41), (3+ /—41), 
(2 — /—41,3 + /—41) and (2 — /—41) N (3 + V—41) of Z[/—4]]. 
(iii) Which elements of the ideal class group of Q(./—41) are of order 4? 


In Example 4.32 the ideal class group of Q(./—222) has been computed. 


(i) Determine the prime ideal factorization of the principal ideals (11 + /—222) 
and (3 + V/—222). 
(ii) Which of the classes in Cl(Q(./—222)) are squares in this group? 


Let n € N*. Determine the continued fraction expansion of vn? + 1. 
Let m and n be natural numbers. Compute (n, m, 2n). 


(i) Prove that pn(£1,..., £n) = Pn(@n,..-,21). 
(ii) Let x = (a1,@,..., Gn), where (a2,...,@n—1) = (Qn—1,..-,@2) and an = 2a1. 
Prove using (i) that x? € Q. Show that this also follows from Theorem 4.60. 


Determine all reduced quadratic numbers with discriminant 20. 


Show that the ring of integers of Q(/7) is a principal ideal domain. Compute also 
the narrow ideal class group of this field. (The narrow ideal class group of a real 
quadratic number field K is the group I(K)/Pt(K), where P*(K) is the group of 
principal fractional ideals generated by an a € K with NẸ (a) > 0.) 


(i 
(ii 


) Compute the ideal class groups of the fields Q(V79) and Q(v 111). 
) 

(iii) Compute the narrow ideal class groups of these fields. (See exercise 17.) 
) 
) 


Compute the fundamental units of these fields. 


(i) Compute Œ(Q(v58)). 
(ii) Let a be an ideal of Z[/58] which is not a principal ideal. Show that there is 
an a € a such that |NẸ (a)| = 2- N(a). 
(iii) Which primes do ramify in Q(V/58) ? The ideal of Z[V 58] generated by such 
a prime is the square of a prime ideal. Is this prime ideal principal? 
(iv) Compute the fundamental unit of Q(v 58). 


5 Geometric Methods 


In chapter 1 we embedded a number field of degree n in a real n-dimensional vector 
space R” xC. For imaginary and real quadratic number fields we considered in the 
chapters 1 and 4 the images in C, respectively R?, of their rings of integers. These 
images are lattices in the 2-dimensional vector space. As was shown by Minkowski, 
this approach leads to results, both computationally and theoretically, for number 
fields in general. 


The standard inner product on R” determines a metric on R”. Together with 
this metric R” is the n-dimensional Euclidean space, here also denoted by R”. 
The standard Lebesgue measure on this Euclidean space is denoted by vol. It is 
a translation invariant metric (a Haar-measure) on R”. Lattices in subspaces of 
IR” can be characterized as discrete subgroups of the additive metric group R” 
(section 5.1). Minkowski theory (section 5.2) is about the existence of nonzero 
lattice elements in a measurable subset of R”. In a few occasions we will need to 
compute vol(£) for some simple Lebesgue measurable subsets F. 


In chapter 3 a bound A, depending on the number field, was found such that every 
ideal class of that number field contains an ideal of norm less than X. In section 5.3, 
as an application of Minkowski theory, a much sharper bound is obtained, the 
Minkowski bound. Minkowski theory is also applied in section 5.4 in a proof of 
Dirichlet’s theorem, a description of the structure of the group of units. The group 
of units determines a positive real number, the regulator of the field. This number 
will come up again in the chapters 9 and 13, where complex analytic methods will 
be used. The regulator is defined in the last section. 


5.1 Discrete subgroups of R” 
5.1 Definition. A subgroup T of the additive group R” is called discrete if the 
standard topology of R” induces the discrete topology on I. 


Later, in section 19.2 we will consider topological groups. Here the emphasis is on 
the additive group R” with its standard topology. 


We will show that the discrete subgroups of R” are lattices in linear subspaces of 
R”. 
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5.2 Definition and notation. Let A be lattice in R”. For a given Z-basis 
(£1,---, 2n) of A the subset 


F={) tim |0<t% <1 fori=1,...,n} 


i=l 


of R” is called a fundamental parallelotope or a mesh of the lattice A. From 
Lemma 1.40 it follows easily that the volume of F is independent of the choice of 
the basis of A. We denote this volume by 6(A). 


5.3 Proposition. Let T be a subgroup of the additive group R”. Then the following 
are equivalent: 


a) T is discrete. 
b) For all bounded subsets B of R” the set BOT is finite. 
c) T is a lattice in an R-linear subspace of R”. 

PROOF. 


a)=>b): Let B be a bounded set of R”. Then its closure B is compact. Since T is 
closed in R”, the subset BOT is both discrete and compact, which implies 
that it is finite. 


b)=c): Lattices in subspaces of R” have rank < n. Choose one in I of maximal 
rank. Say it is A = Zu, +--+: + Zum, where (v1,...,Um) is R-independent. 
Then IT C Re, +---+ Rum: for each v € T the collection (v,v1,...,Um) 
is R-dependent by the maximality of A. We will show that T is a lattice 
in Rv; +---+ Rv. Let F be a mesh of A. Then every coset of A in I is 
represented by an element of F. Since F is bounded, the set TAF is finite. It 
follows that T/A is finite, say of order r. Then rT C A. We have A CT C tA. 
Since I is sandwiched between two lattices in the subspace Rv; +---+ Rum, 
it is itself a lattice in that subspace. 


c)=a): Let T be a lattice in an m-dimensional subspace W of R”. Then T = Zv, + 
-+++Zvm, where (v1,...,Um) is a basis of W. Extend (v1,..., Um) to a basis 


(v1,...,Un) of R”. Then for each v € T 


By = {v + tiv +--+ + tnin | -1<t; <1 fori=1,...,n} 


is an open neighborhood of v such that B, OT = {v}. 
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5.2 Minkowski theory 


5.4 Proposition (Minkowski). Let A be a lattice in R” and E a measurable subset 
of R” with vol(E) > 6(A). Then there exist u,v E€ E such that u #4 v andu—v € A. 


PROOF. Let F be a mesh of A. Then R” is the disjoint union of all x + F with 
x € A and so E is the disjoint union of all (x + F) Q E with x € A and for the 
volume we have: 


vol( E =X vol(( ((z+F)N E) =X vo(FN( —z + E)). 
zEA TEA 


Because vol( Æ) > vol(F), the subsets FN (—ax+£)) of F are not all disjoint of each 
other, so there are x,y € A with x 4 y such that (FN(—2+ E))N(FN(—-y+E£)) 490. 
Say w is an element of this intersection. Take u = x+w and v = y+z, then u,v € E, 
uAvandu-v=a2-yea. 


5.5 Definition. A subset E of R” is called convex if for all x,y € E and allt € [0,1 
also te +(1—t)y € E. The subset EF is called symmetric if for all x € E also —a € E. 


Crucial for this chapter is Minkowski’s Lattice Point Theorem: 


5.6 Theorem (Minkowski). Let A be a lattice in R” and let E be a convex, 
symmetric, measurable subset of R” such that 


vol(E) > 2"5(A). 


Then E contains a nonzero element of A. If, furthermore, E is compact then the 
condition vol(E) > 2"d(A) suffices. 

PROOF. Since vol($E) = sz vol(E) > (A), it follows from Proposition 5.4 that 
there are u,v € 1E such that u Æ v and u — v € A. By symmetry —v € 1E and 
by convexity žu + 4(—v) € 4E. So u — v € E and u — v € A \ {0}. 


In case E is compact and vol(E) > 2”8(A): apply the above to (1+ +)E for 
m = 1,2,.... There is a nonzero £m € (1+ +)EN A for all m. The sequence 
(£m) is contained in 2EN A, which by Proposition 5.3 is a finite set. It follows that 
there is an i such that x; € (1+ +)E for infinitely many m. For this i we have 
ti€ E. 


5.3 The Minkowski bound 


In this section K is a number field of degree n. The ring of integers Ox is a lattice 
in the Q-vector space K (Corollary 1.39). In section 1.1 we embedded K into the 
R-algebra R” x C*, which is a real vector space of dimension n = r + 2s: 


tu: K>R"xC*®, a. (o1(a),...,0-(a@),1(a@),.--,T7s(@)), 
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where o1,...,0,: K — R are the real embeddings of K and 7),...,7, are (half of) 
the complex embeddings of K. Via z +> (Rz, Sz) we identify this embedding with 
an embedding in R”: 


t: KOR", av (o1(a),...,0-(a), R(T (a)), S(71(@)),.-., R(ts(@)), S(7s5(@))). 


The image of Ox under » is a lattice in R” and we will denote this image by Ax. 


5.7 Proposition. 5(Ax) = #/| disc(K)]. 


PROOF. Let q1,...,@, be an integral basis of K. Then the lattice Ax is spanned 
by v(a1),---,¢(@n). The number 6(Ax) is equal to the absolute value of the deter- 
minant of the n x n-matrix having as 7-th row 


o1(ai),-.-,0r(ai), R(m1(a;)), S(71(az)),---, R(T (ai)), S(7s(Qi)) 


The effect on the determinant of replacing columns 


R(71 (a1) S(71(@1)) 
: and 
R(71(An)) S(71(An)) 
by 
T1(a1) T1(a1) 
and : 
Tı (an) Tı (an) 


is a multiplication by (2i). By Proposition 1.28 the square of the determinant of 
the matrix thus obtained equals disc(K). 


For an ideal a # 0 the image Ag := ¿(a) is a lattice in R” and since (Ax : Aa) = 
(Ox : a) = N(a) we have: 


5.8 Corollary. Let a be a nonzero ideal of Ox. Then 


se > iN: 


In section 3.3 it was shown that the ideal class group of a number field is finite. The 
main ingredient of the proof is the existence of a \ such that every nonzero ideal a 
of Ox contains a nonzero element a such that INS (a)| < AN(a). For computations 
it is worthwhile to have a small with this property. We will apply Minkowski’s 
Lattice Point Theorem. 


5.9 Proposition. Let A be a compact, convex, symmetric, measurable subset of 
R” x C with vol(A) > 0. Suppose that 


IN(a)| <1 forallac A. 
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Then every lattice A in R" x C° contains an x #0 such that 


pr 
NOD 


(A). 
(N is the norm on R" x C® of Definition 1.20, which via the embedding ı is com- 
patible with NO on the field K.) 
PROOF. Apply Theorem 5.6 to E = tA, where t is determined by 
vol(tA) = t” vol(A) = 2”0(A). 


So take t=2- ? = Then there is a nonzero x € tA N A. For this x we have 


n 


vol(A) 


IN(z)| = ING) < t = 6(A). 


This implies that for a nonzero ideal a of Ox there is a nonzero a in a such that 


n r+s 
NEOS say VETON = Tray |disc(K)|-N(a). (5.1) 


This means that we can take À = 2p vl dsc(K)]. For a small A, we need, of 
course, an A satisfying the conditions of Proposition 5.9 with vol(A) large. 


5.10 Definition. For r,s € N, not both equal to 0, we define 


Ars = { (£1, , Er, 213+- -3 Z8) ERT XCS | [xq |+---+|2-|4+2|21|+---+2|z5| <n}. 


The domain A, s satisfies the conditions for A in Proposition 5.9: 


5.11 Lemma. A,., is compact, convex, symmetric and measurable subset of R”. 
Furthermore, |N(a)| < 1 for all a € Ars. 


PROOF. AÁ, s clearly is compact, convex and symmetric. It is also measurable: 
what is more, we will compute vol(A,,,) in Proposition 5.14. Let a € Ar s, say 
a = (1,..-,2r,21,---, Zs). Consider the numbers 


leili #el, [42]; Z|, - «+4 [el,[2a|: 


Their geometric mean is ~/|N(a)| and their arithmetic mean is at most 1. Since 
the geometric mean of nonnegative reals is less than or equal to the arithmetic 
mean, we have for all a € A, s the inequality ~/|N(a)| < 1, that is |N(a)| < 1. 


5.12 Examples. 


a) Aigo = {x € R| |z| < 1} and vol(Ai,9) = 2. So for the field Q we obtain 
= 1, which is not surprising. 
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b) Aor = {2 €C| |z| < 1} and vol(Ao,1) = 7. So for an imaginary quadratic 
number field K we get A = 2,/—disc(K). 


c) A20 = { (a1, £2) | |z1| + |x2| < 2} and vol(A29) = 8. Then A = $\/disc(K) 
for real quadratic K. See Figure 1.7 on page 29. 


5.13 Example. Using the algorithm given in chapter 4 one easily verifies that the 
ideal class group of Q(./m) is trivial for m = —43, —67,—163. This is also easily 
shown using the bound A in example b) above. For example the bound for K = 
Q(/—43) is 2/43. Every ideal class contains an ideal b with N(b) < 2/43 <5. 
The ideal (2) is the only prime ideal of norm < 5. So Ox = Z| + $V/—43] is a 
principal ideal domain. 


The computation of vol( A, s) is done by standard techniques of calculus. 
oe n” TNS 
5.14 Proposition. vol( A, s) = R (5) , where n =r + 2s. 
n! 
PROOF. Put 
Vp s(t) = vol({ (#1,..-,21,---) ER" x C5 | lay|+---+ |x,|+2|z,|+---+2]z,| <t} 


Note that V, s(t) = t"V;,s(1) and vol(Ar s) = V;,s(m). We will show that 
2” / TNS 
v0 = a) - 
This will be done inductively. For this it suffices to show that 
(i) Vio(1) = 2 and V, = §, 
(ii) Vo,ee2(1) = 5: sane -Vo,s(1) for all s € N*, 
(iii) Vi4i.s(1) = So -V,,s(1) for all (r.s) € N? \ {(0,0)}. 
Proofs of (i), (ii) and (iii): 
(i) This is clear, see also the examples a) and b) in 5.12. 


(ii) 
wl) = ff, Vos -2V7 Fe?) dedy 
z? +y? <z 


1 


= r Vo,s(1 — 2p)pdpdy = an f (1 — 2p)” p dp - Vo,s(1) 
0 0 0 


II 
N 
S] 
m 
(=) 
Q 
N 
& 
dle 
— 
m. 
l 
Q 
n 
l 
N| = 
~~ 
Qa 
ind 
5 
te 
£ 


T 1 


“(s+ DGs43) Vo,s(1). 
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5.3 The Minkowski bound 
(iii) 
1 1 
V,+41,s(1) = 2 | V,,s(1 — x) dx = 2 | (1 — x) t” dz- V,,s(1) 
0 0 


2 


= — >——~ -V,,s(1). 
r+2s+1 (1) 


5.15 Corollary. Let A be a lattice in R" x C°. Then A contains an x #0 such that 


where n = r + 2s. 


PROOF. Apply Proposition 5.9 to Ap s given in Definition 5.10, and use Proposi- 
tion 5.14: there is an x Æ 0 in A such that 


IN(x)| < aa San or 


2n n! A n! at 


nr 


In particular inequality (5.1) becomes: 


5.16 Corollary. Let a 4 0 be an ideal of Ox. Then a contains an a #0 such that 


nl 74 


IN(a)| < = (=) vidis]: N(a), 
n” \r 
Now we have much a better A than in the proof of Proposition 3.24, so Corol- 


lary 3.25 now becomes: 


5.17 Theorem. Every ideal class of Ox contains a nonzero ideal b satisfying 


NE) < (=) Vids]. 


nr 


!74\s 
The number ~(-) \/|disc(x)| is called the Minkowski bound for the number 
n”? \r 


field K. 


5.18 Example. Let K = Q(¥/2). Then Ox = Z[V2] (exercise 8 of chapter 1) and 
disc( K) = —27-4. Every ideal class contains an ideal b with N(b) < È -2-33 < 3. 
The only prime ideal with norm < 3 is (4/2) and this is a principal ideal. So Z[‘/2] 
is a principal ideal domain. 
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5.19 Example. Let K = Q(¢5). Then Ox = Z[¢s] and disc(K) = 5°. Every ideal 
class contains an ideal b with 


N(b) < 15V5 15/5 


Sp < -ig < 2. 


So every ideal class contains the ideal (1). The ring Z[¢;] is a principal ideal 
domain. 


5.20 Example. We will show that Z[¢7] is a principal ideal domain. In every ideal 
class there is an ideal b with 


TEN (4) Vea Pal EE 


z3 37 33 <5. 


The minimal polynomial ®7 of ¢7 has over Fə two irreducible factors of degree 3 
and these correspond to prime ideals of Z[¢7] of norm 8. Over F3 the polynomial 
is irreducible. So there are no prime ideals of norm less than 5. 


For primes p the class number hp of the cyclotomic field Q(¢,) equals 1 only for 
p < 19. For p = 23 the class number is 3. Later, in chapter 7, we will see that the 
class number h} of the subfield Q(¢, + C3 *) is a divisor of hp (Theorem 7.72). The 
quotient hp/ ht is usually denoted by h, and is called the relative class number. 
The relative class number h, has been computed for p < 521, e.g. hg57 is equal to 
the following product of three primes: 


257 - 20738 946049 - 1 022997 744563 911961 561298 698183 419037 149697. 


The class number ht is hard to compute. Kummer computed hp for p < 67 and for 
these primes we have ht = 1. Probably the smallest prime p with ht > 1is 163 (it 
depends on the so-called generalized Riemann hypothesis): hij; = 4. Kummer’s 


results: 
p_ hp | php | Pp hp | p hp | P hp 
23 3 |37 37 |43 211 53 4889 61 41-1861 
31 3? |41 11? |47 5-139|59 3-59-233 | 67 67-12739 


Kummer solved Fermat’s Last Theorem for regular primes, primes p with p f hp. It 
has been shown, however, that there are infinitely many irregular primes, whereas it 
is unknown whether the number of regular ones is infinite. Apparently, the primes 
37, 59 and 67 are irregular. A well-known conjecture is Vandiver’s Conjecture: 
pt hy for all primes p. 


5.21 Example. Let K = Q(W/5). Then Ox = Z[ V5] (exercise 8 of chapter 1) and 
disc(K) = —27-5?. The Minkowski bound for this field is 


3l 4 —— 8 
3! 4 7g = 8 ver ge = A 
ag 27-52 = 5 VOT -5 fa <® 
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The factorizations of (2), (3), (5) and (7) have been computed in Example 3.9. 
The only prime ideals of norm less than 8 are 


(2,1+a), @,1+a@+a’), (3,1+a@) and (6,0), 


where a = W/5. They are of norm 2, 4, 3 and 5 respectively. Clearly (5,a) = (a), 
a principal ideal. From NẸ (a — 2) = 5 — 8 = —3 it follows that (3,1 + a) = 
(a — 2). So (3,1 + a) is principal. From NG (a+ 1) = 5+1 = 6 follows that 
(a +1) = (2,14 a)(3,1+ a). Therefore, (2,1 + a) is also principal and since 
(2) = (2,1+ a)(2,1 + a+ 7), the prime ideal of norm 4 is principal as well. So 
Q(W5) has class number 1. 


5.22 Example. We will show that the field K = Q(/7) has class number 3. We 
have Ox = Z[\/7]. Put a = 7. The Minkowski bound is less than 11, so we 
factorize the ideals (2), (3), (5) and (7): 


(2) = (2,a + 1)(2,a? +a + 1), 
(3) = (3,a — 1)’, 

(5) = (5,a — 3)(5,a7 + 3a + 2), 
(7) = (7,a)° 


The prime ideals of norm less then 11 are 
(2,a+1), @,a%+a+1), (@,a-—1), (5,a—3) and (7,a). 


Their norms are 2, 4, 3, 5 and 7 respectively. The ideal (7, œ) is the principal ideal 
generated by a. The identities 


(2) = (2,a+1)(2,07+a+1) and (a—2)=(2,a+1)(3,a—1) 


imply that (2,a7 + a+ 1) and (3,a—1) represent the same ideal class, i.e. the 
inverse of the class represented by (2,a@+ 1). Since NG (a + 2) = 15, we have 


(a + 2) = (3,a —1)(5,a — 3). 


So (5, a — 3) is equivalent to (2,a + 1). Hence, the ideal class group is generated 
by the class of (2, +1). Its inverse is the class of (3, a — 1) and since (3, a— 1)’ is 
principal, the ideal class group is either of order 1 or of order 3. We will show that 
(2,a@+1) is not principal. Suppose (2,a+ 1) is principal, then there is an element 
of norm +2. By direct computation 


NỌ (£ + ya + za?) = x? + Ty? + 4923 — 21ryz 


and so 
NG (x + ya + za”) = z? (mod 7). 


However, there is no x € Z such that z? = +2 (mod 7). 
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5.23 Example. An integral basis of K = Q(V/—2, V3) is (1, V3, V—2, yeti?) 
(Exercise 9 of chapter 1). We have disc(K) = 28 -3?. The Minkowski bound is less 


than 8. Put a= V-54 vT, Then a? = —2— y3 and the minimal polynomial of a 
over Q is X4 + 4X2 +1. So 


disc(1, a, a”, a?) = disc(X* + 4X? + 1) = NG (40° + 8a) 
= 4‘NG (a)NG (a? + 2) = NE (—V3) = 44. 3? = 28 - 3. 


It follows that Ox = Z[a]. Hence we can use the polynomial X4+4X?+1 for the 
factorization of prime numbers in K: 


(2) = (2,a +1), 

(3) = (3,a — 1)?(3,a + 1)°, 

(5) = (5,a? — 2a — 1)(5,a? + 2a — 1), 
(7) = (7,07 —a—-1)(7,07 +a — 1). 


There are three prime ideals of norm less than 8: 
po = (2,a + 1), p3 = (3,a + 1) and p3 = (3,a — 1). 


The elements a+1 and a—1 both are of norm 6. So (a+ 1) = pap3 and (a — 1) = 
pops. Hence C(K) is generated by [p2] and from p$ = (2) it follows that the order 
of the group is a divisor of 4. Since NG (V—2) = 4, we have (/—2) = p3 and so 
[p2]? = 1. Suppose K contains an element 8 of norm +2. Then from 


NE (8) = NO (NE. =p (8) 


it would follow that Q(v—6) contains an element of norm +2, which is not the 
case. Hence Cl(K) is of order 2 and is generated by [pg]. 


5.24 Example. Let K = Q(V2, V3). Then (1, V2, V3, v2+v6) is an integral basis 
of K. We have disc(K) = 2° - 3° and in the same way as in the previous example 
we see that Ox = Zia], where a = VEE The Minkowski bound is less than 5. 
The minimal polynomial X4 — 4X? + 1 of a over Q can be used for the splitting 
of primes. This way we find that p2 = (2,a@+1) is the only prime ideal with norm 
less than 5. We have N§(a+1) = 1—4+1 = —2, so pə is the principal ideal 
generated by a + 1. Hence Cé(k) is trivial. 


From Theorem 3.30 together with the computation of the Minkowski bound it 
follows that Q has no unramified extensions: 


5.25 Theorem. Let K # Q. Then there is a prime number which ramifies in K. 
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PROOF. Put [K : Q] = n and n = r+2s, where r is the number of real embeddings 
and s the number of pairs of complex embeddings. We have n > 2 and since norms 
of ideals are > 1, we have by Theorem 5.17: 


V|disc(K)] > (7). 


n 
We will use that a > 2”-1 for all n > 2. This is easily proved by induction: for 
n! 
n = 2 this is true and the induction step goes as follows 


(n+1 H on” ieee 1 n” (1 $ 1 )" > gi % y 
n 


(n4+1)! nl n” n+l n n 
1 
> PA +n: =) = 2”, 
n 
Hence 7 
| dise(K)| > 2”7! (7) gr-lzs 
and so 


| disc(K)| > 4"~1n?8 = 14? 2s > L rts _ 


It follows that |disc(K)| > 3 and so there is a prime divisor of the discriminant of 
K. By Theorem 3.30 this prime number ramifies in K. 


5.4 Dirichlet’s Unit Theorem 


In this section K is a number field. Dirichlet’s Unit Theorem gives a complete 
description of the structure of the unit group OX. We will use the embedding 
t: K — R” x C®. This ring homomorphism induces a group homomorphism 


1: K* > (R" x C’)*(=R*" x C*). 


5.26 Notations. The map L: R*” x C** > R’T is defined by 
L: (&1,...,Up,21,+-+, 25) > (log |xy|,..., log |x,|, log 2177, ..., log ZsZ3). 


It is a homomorphism from the multiplicative group R*” x C** to the additive group 
R”+s, For the real embeddings øg; (1 < i < r) let \;: K* — R be the composition 
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and for the complex embeddings 7;: K — C (1 < j < s) the composition 
pi oe ee 
is denoted by Ar+j. Thus the composition Lu: K* + R"** is the homomorphism 


a (Ai(a@),.--,Ar¢s(@)). 


This homomorphism will be denoted by / and its restriction to OF, by w. So we 
have a commutative diagram 


K* ah 4 R*" x C*s 
Cc L 


Ok J > Rr+s 


We will determine the structure of OX by studying the kernel and the image of 
the group homomorphism 7): O% — R's. 


5.27 Lemma. Let B be a bounded subset of R"+5. Then L~'(B) is a bounded 
subset of R” x C8. 


PROOF. Since B is bounded, it is contained in a cube [—a, a]"** for some positive 
real a. The lemma follows from: 


(i) The inverse image of [—a,a] under R* > R, x> log |a| is [—e*,—e7~*] U 
[e—*, e°], which is contained in [—e*, e°]. 


(ii) The inverse image of [—a,a] under C* + R, z logzZ is {z € C | e7? < 
|z| < e? }. It is contained in the disc {z € C | |z| < e? }. 


5.28 Proposition. Ker(y) = (Ic). 


PROOF. The only element of finite order in the additive group R’T is 0. So w 
maps elements of finite order to 0, that is u(K) C Ker(w). Since {0} is a bounded 
subset of R”+s, by Lemma 5.27 its inverse image L~'({0}) = Ker(L) in R*" x C*S 
is a bounded subset of R” x C*. By Proposition 5.3 it contains only finitely many 
elements of the lattice Ax. So Ker(w) is a finite subgroup of K* and its elements 
are, therefore, of finite order, that is they are roots of unity. 


5.29 Notation. Let m € N*. The m — 1-dimensional subspace 
{aiim ER" | fy ae, =O} 


of the R-vector space R™ will be denoted by Hm. 
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5.30 Lemma. y(O%) is a discrete subgroup of R'** and is contained in H,+5. 


PROOF. Put T = (0%). Let B be a bounded subset of R'**. Then by 
Lemma 5.27 L~'(B) is a bounded subset of R” x C°. The inverse image of T N B 
is contained in Ax N L~1(B), and is, since Ax is a lattice in R” x C5, a finite set 
by Proposition 5.3. So TA B is finite. Hence by Proposition 5.3 the group T is a 
discrete subgroup of R"**. It is contained in H,,: for € € OF we have 


NG (e) =o1(e)-- -or(e)ti(e)T1(€) « ++ T5(€)Ts(€) = +1 


and so 


log joi(e)| +--+ + log |o,(e)| + log 71 (e)71 (£) +--+ + log m1 (e)71(e) = 0. 


We will show that y(O%) is a lattice in H,+5. 
5.31 Proposition. Let c1,...,Cr4s E R>? such that 
r+s a\8 
II Ci > (=) V |disc(K)]. 
i=1 
Then there exists a nonzero 8 in Ox such that 
lai(B)| <q fori=1,...,r 


and 
T;(8)7;(8) < cig; forj=1,...s. 


PROOF. Let E be the subset of R” x C° of all (£1,..., 2r, 21,..-, 2s) such that 
|r| S Cisis Erl S Cry A < Gap on, Sate S Gs: 
Then EF is convex, symmetric and measurable, and for its volume we have 
vol( E) = 2° c+ ++ Cp + W'Cpei tt Crts 2 arts,/| disc(K)| = 2"3(Ax). 


By Theorem 5.6 there is a nonzero x € ARN E. Take 8 € Ox with (8) = x. 


5.32 Lemma. Let k c N* with 1<k<r-+s. Then there exists an € € O% such 
that rx(e) < 0 for alli £ k. 


PROOF. Let a be a nonzero element of Ox. Choose ¢1,...,Cr+s E€ R>? such that 
for all i Ak 


ci <|oi(a)| ifi<r, 
ci < [ri-ra]? ifi>r 
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and 


r+s 2 


IIe- (2) Vidis]. 


T. 


By Proposition 5.31 there exists a nonzero 6 € Ox such that à;(8) < logc; for 
i = 1,...,r +s. So A4(8) < Aila) for alli Æ k. Thus we can form a sequence 
Q1,Q2,... of nonzero elements of Ox such that for all m € N* 


Ni(Am+i) < ilam) for alli#~k 


and 
2\2 - 
ING (am)| < (=) vidic). 
Because there is an upperbound for the norm of the principal ideals (a,,), there 
are only finitely many of them. Hence there exist mı and mz such that mı < m2 
and (am: ) = (am). Take € = an. Om. 


5.33 Lemma. Let (a;;) be an m x m-matriz with entries in R such that 
a) ay > 0 fori=1,...,m, 
b) aij <0 fori #j, 
c) Djaj =0 fori=1,...,m. 

Then (aij) is a matriz of rank m — 1. 


Proor. We show that the first m — 1 columns are independent. Suppose that to 
the contrary 


a11 Qi, ,m—1 0 
At : +++ +Am—1 : =|:], 
Am1 Am,m—1 0 


where not all A; equal 0. Divide by A; with |A;| maximal: we may assume that 
Ap = 1 and A; < 1 for j Ak. Consider the k-th row: 


m—-1 m—l1 m—l1l m—l1l m 
0= y Aj Obj = Akk + J AjQkj > ükk + ) akj = y aj > y akj = 0. 
j=l j=l j=l j=l j=l 
j#k j#k 
Contradiction. 
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5.34 Proposition. 7)(O%,) is a lattice in Hy+s5. 


Proor. By Lemma 5.32 there exist £1,...,Er+s E Oj such that: 
the i-th component of l(e€p) is negative for all i,k with i # k. 


Write [(ex) = (@k1,---,@kr4+s). The matrix (aij) satisfies the conditions of 
Lemma 5.33 (with m = r + s). So the rank of this matrix equals r + s — 1. 
This means that the subgroup 7(O%,) contains a lattice in H,,,. Since W(O%) is 
a discrete subgroup of R”+s, it follows from Proposition 5.3 that it is a lattice in 
Ars. 


From Proposition 5.28 it follows that we have a short exact sequence 


1 — pK) + Ob 4 y(0%) — 0 


and since by Proposition 5.34 y(O%) is a free abelian group of rank r + s — 1, this 
sequence splits and we can choose €1,...,€r+s—1 E€ Ok which map under 4 to a 
Z-basis of Y(Okķ). This leads to Dirichlet’s Unit Theorem: 


5.35 Theorem (Dirichlet). There are €1,...,€r4s—1 E O% such that each £ € Ok 
can be written in a unique way as 


— ky krtani 
E= Gey a "Eni gs 


with Ç a root of unity and ky,...,kp4s—1 E€ Z. 


5.36 Definition. A system ¢1,...,¢€,4;—1 as in Theorem 5.35 is called a fundamen- 
tal system of units of K. 


5.37 Example. We compute 0%, for the field K = Q(/—2, V3) of Example 5.23. 
It is easily verified that —1 is the only nontrivial root of unity in K. By Dirichlet’s 
Unit Theorem the group of units is of rank 1: O% = (—1,€) for some € € O%. 
For the quadratic subfields we have Z[,/—2]* = Z[V/—6]* = (—1) and Z[v3]* = 
(—1,2+ V3). Let v € O%. Let 0,7 € Gal(K : Q) such that K” = Q(/—2) and 
KT =Q(V3). Then K°7 = Q(\/—6) and 


v-o(v) € Z[V=2}* = (-1), 
y-r(v) € Z[V3]}* = (-1,24 V3), 


For the product of these elements we obtain 
v2. NE(v) € (-1,24 V3), 


and so v? € (—1,2+,/3). By the way, in this special case this result already implies 
that the group O% is of rank 1. It suffices to verify whether there exist k,l € {0,1} 
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with k and l not both 0 such that (—1)*(2 + V3)! is a square in K. The number 
—1 is not a square since i ¢ K. If 2+ v3 were a square, it would be the square of 
a real number and, therefore, the square of a number in Q(/3). Since 2+ V3 is 
the fundamental unit in this quadratic number field, it is not a square in that field. 
In Example 5.23 we saw that for a = very? we have a? = —2— V3. Hence 
Ok = (-1,a). 


5.38 Example. We compute O% for the field K = Q(V2, V3) of Example 5.24. 
For the quadratic subfields we have Z[/2]* = (—1,1+ V2), Z[V/3]* = (-1,2+ V3) 
and Z[V6]* = (-1,5+2V6). Let v € O%. As in the previous example we conclude 
that 


2 e (—1,1 + vV2,2 + v3,5 + 2v6). 


From this and also from Dirichlet’s Unit Theorem it follows that O% is of rank 3. 
Since the feld is a subfield of R, v? is a positive real number. It suffices to look for 
v € K with v? = (1 + V2)*(24+ V3)! (5 +2v6)™, where k,l,m € {0,1}. The ideal 
p2 = (a+1) is the unique ideal of norm 2. So p? = (v2) = (14+ V3) = (2+ V6). The 


number vı = 1+¥3 € O% satisfies v? = 2+ V3 and the number vy = 2+¥8 € O% 
Vi K 1 Ja K 


satisfies v2 = 5 + 2/6. We have vı = a and vz = V2 + V3. Then 


= (1+ V2)*v? 2l yam 


and so 


Gea i = (1+ v2)*. 


The number 1+ v2 is not a square in K: its image i negative under an automor- 
phism which maps V2 to -V2. So k = 0 and v = vlv . Hence 


a 


Ok = (- 1,1 + v2, V2 + v3, 


For the computation of the ideal class group knowledge of the group of units some- 
times is helpful. The following is an example of this phenomenon. 


5.39 Example. Let K = Q(V11). Put a = V11. Then Ox = Z[a] and disc(K) = 
—27-11? (exercise 9 of chapter 1). The Minkowski bound is $ V3 V3 < 6. We factorize 
the primes less than 6 by factorizing X’ — 11 modulo these primes: 


(2) = (2,a + 1)(2,a? +a +1) 
(3) = (3,a + 1)? 
(5) = (5,a — 1)(5,a° +a + 1). 


The ideal class group is generated by the classes of the prime ideals of norm less 
than 6: po = (2,a + 1), ph = (2,a? +a + 1), p3 = (3,a + 1) and ps = (5,a — 1). 
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The factorization of (2) implies that p4 is in the inverse of the class of po. From 
NG (a — 1) = —(13 — 11) = 10 follows that (a — 1) = paps, so also ps is in the 
inverse of the class of py. Furthermore, NÆ (a — 2) = — (2? — 11) = 3, so the class 
of p3 is the unity element. From all this it follows that CE(K) is generated by [po]. 
The remaining problem is to determine the order of [p2]. We have NG (a? — 5) = 
—(53 — 121) = —4. Modulo pz we have a? — 5 = (a+ 1)? = 0 and so pə | (a? — 5). 
Hence (a? — 5) = p3. So Cé(K) is of order 1 or 2. We will show that it is of order 
2 by showing that the ideal pə is not principal. 


By Dirichlet’s Unit Theorem Z[a]* = (—1, €}, where € is a unit > 1, the fundamen- 


tal unit of K. The ideal p3 is principal and pł = (3). Sov = a € Zla]*. Since 


v > 0, it is a power of e. We will show that it is an odd power of e. From 
3v = (a — 2)? = (—1)? = 4 (modps) 


follows that Y € Z[a]/ps = Fs is not a square. Therefore, v is not a square in Z[a]. 
Hence v is an odd power of €, say v = e" for an odd k € Z. This will be used 
to show that pə is not principal. Later, in Example 5.44, we will see that in fact 
k=-1. 


Suppose pə is principal, say p2 = (8). Then (67) = p3 = (a? — 5) and so for some 
LEZ 


B? = +e! (a? = 5). 
Raising to the power k yields 


a = +r (a? = 5)” 


and, since 6?* > 0, a? — 5 < 0 and k odd, we have in fact 
B? _ =r! (a? = a 


The prime 19 splits completely in K: (19) = (19,a@ + 2)(19,a@ + 3)(19,a — 5). 
Modulo pi9 = (19, œ — 5) we have 


3v = (a — 2)? = 3? (mod pig) 
and so v = 3? (mod pig). Hence, since a? — 5 = 1 (mod p19), 
B= = 3 (mod p49), 


from which it follows that —1 is a square modulo 19. This, however, is not the case 
since 19 = 3 (mod 4). So pə is not principal and Cé(K) is of order 2. 
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Cubic fields with one real embedding 


Let K be of degree 3 with one real embedding. Let’s assume that K is in fact 
a subfield of R. Then the real embedding is just the inclusion map and K has 
one pair (7,7) of complex embeddings. Examples of such fields are the pure cubic 
fields; see exercise 8 of chapter 1. Since K is real, we have p(k) = {+1}. By 
Dirichlet’s Unit Theorem O% is of rank 1. It follows that there is a ‘fundamental 
unit’ € > 1 such that O% = (—1,¢). The following lemma of Artin is useful when 
computing the fundamental unit, because it gives a lower bound for positive units. 


5.40 Lemma. Letv € O% with vy >1. Then | disc(K)| < 4v? + 24. 

Proor. We have N§(v) = vr(v)r(v) > 0, so NG (v) = 1. Since v ¢ Q and 
v € Ox, we have that K = Q(v) and that Z[v] is a number ring of K. So 
d = disc(1,v,v?) = m?- disc(K), where m = (Ox : Z[v]). There are unique 
p € (0,00) and J € (0,7) such that 

vy=p* and t(v)=p te” 

(assuming that r(v) has a positive imaginary part). We see d as a function of J 
(keeping p fixed): 


1 P pt 
Vd= /A(9) sli plet? p29 = (p° jeg eye ae e?) 4 ei? _ e72? 
1 plei? pe 2% 


= —2i((p? + p’) sind — sin 29). 
Set y = $(p? + p-3). Then 
Vd = —4i(y sin V — sin 0 cos V) 


and |d| has a maximum only when the derivative of ysin% — sin V cos V vanishes. 
Say this is the case for 0? = Vo. Then 


y cos vo — 2 cos 29 = 0 


and 
IVd] = 4|(y — cos V) sin 9| < 4|(y — cos vo) sin Vol. 


Put z = cos vo. Then 
227 —yz—1=0 and jd|< 16(y- 2} (1-— 2°). 
Hence, 


|d| < 16(y? — Qyz + z?)(1 — 2°) = 16(y? — 2yz + 2° — y? 2? + 2yz? — 24) 
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= 16(y? — 2(22? — 1) + 2? — (227 — 1)? + 2(22? — 1)2? — 2*) = 16(y — 27 — 24) 
= 4(p° +6 + pî — 42? — 42"), 


So it suffices to show that p~® < 42? + 424. The polynomial 2X? — yX — 1 has 
two zeros, one of them is z. One root is positive and, since y = i +°) >1, 


in fact greater than 1: 
y+ yy +8 ‘ 1+v9_, 
4 4° 


3 


So z = cos? is the other zero. The quadratic polynomial takes in — s p~’ a negative 


value: 


2(—507°) — y 30°) -1 = (07° — 1) < 0. 
3 1 


Therefore, z < -4p and so z? > ap °. This implies p~® < 42? < 42? + 424. 


5.41 Corollary. Suppose |disc(K)| > 28. Let n € O% with n > 1, sayn = &. 
Then k satisfies 
|disc(K)|— 24\F 3 
( 4 ) <0. 


|disc(K)| — 24 


Proor. By Lemma 5.40 < £? and so 


disc(K)| — 24) * 

( (£)| ) <e =n. 
4 

Note that only finitely many k are possible: 


k < 38" where p = }(| disc(K)| — 24). 


log p 


5.42 Example. The ring of integers of K = Q($⁄2) is Z[¥/2] (exercise 8 of chap- 
ter 1). Put a = ¥/2. We have disc(K) = disc(1,a,a?) = —N§ (8a?) = —33 - 4. 
Clearly a—1 is a unit. Its inverse is a*+a+1, a unit > 1. We have (a?+a+1)? < 
(2+2+ 1)? = 125 and for all k > 2 


( | disc(Ix)| — 24 


k 
- ) = 21% > 212 > 125. 


By Corollary 5.41 a? + a + 1 is the fundamental unit. 


5.43 Example. The ring of integers of K = Q( V7) is Z[V/7]. Put a = V7. We 
have —1 = a? — 8 = (a — 2) (a? + 2a + 4), so a — 2 is a unit and — (a? + 2a + 4) 
is its inverse. Put n = a? + 2a + 4. Then 7 € O% and 7 = x > 1. We have 
n= (a +1)? +3 < 3? +3 = 12. For all k > 2 


(aise) = = _ = 


k 
- 7 ) > 324" > 3242 > 123 > n’. 


By Corollary 5.41 7 is the fundamental unit. 
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5.44 Example. In Example 5.39 the ideal class group of K = Q(W11) has been 
computed. Now we compute its group of units. We use the notation of Exam- 
ple 5.39. Put 7 = v71. Then 7 is a unit > 1. We know already that it is an odd 
power of the fundamental unit e. We have 


|dise(K)|—24 27-117 24 3243 


E 1 
7 7 1 > 810 


and (using a < 3) 


3 (a? + 2a + 4)’ 9 
n a2? 9 8a° + 40a + 89 < 27 


and so 7? < 2713. Since (ld8eUOl-94)3 > 8103 > 2713 > 13, by Corollary 5.41 
n = e}, where 1 < k < 3. Since k is odd, only k = 1 is possible and so 7 = €. 


Cyclotomic fields 


Let m € N with m > 2. The m-th cyclotomic field Q(¢,,) is totally imaginary, i.e. 
all embeddings are complex. Put L = Q(Gm). The rank of OF is by Dirichlet’s 


Unit Theorem equal to 2 — 1. Let K = Q(Cm + Gn). This field is totally real, 


all its gtm) embeddings are real. So, again by Dirichlet’s Unit theorem, the groups 
Ok and OF have equal rank. Since they are finitely generated, the index of O% in 
O7 is finite and so is the index of Oj; u(L) in OF. In fact this index is at most 2. 
This will be shown for a wider class of extensions. First a useful lemma. 


5.45 Lemma. Let a be an algebraic integer, all of whose conjugates have absolute 
value 1. Then a is a root of unity. 


PROOF. Let f = X"—a,X"~'+---+(-1)"a, € Z[X] be the minimal polynomial 
of a over Q. Then f = (X — a1) +- (X — an) with a1,...,a, the conjugates of a. 
We have ak = (ay, ..+;Q@n) for k = 1,...,n, where s™ is the k-th elementary 
symmetric polynomial in n variables. The condition |a,| = 1 for k = 1,...,n yields 


a bound for the ag: 


n n n 
lap] = |s (ay,...,n)| < sf (1,...,1) = a 


It follows that only finitely many algebraic integers of degree < n over Q satisfy 
the condition in the lemma. So the set of all powers of a is finite. This means that 
a is of finite order in C*, that is a is a root of unity. 


5.46 Definition. A totally complex number field which is a quadratic extension of 
a totally real field is called a CM-field. (CM stands for Complex Multiplication.) 
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Let the CM-field L be a quadratic extension of the totally real field K. Then by 
Dirichlet’s Unit Theorem O% and O7 are finitely generated abelian groups of equal 
rank. So the index of (L)O% in OF is finite. 


5.47 Definition. Let L be a CM-field and K the totally real subfield of L with 
[L : K] = 2. The index (OF : u(L)O%,) is called the Hasse index or unit index of 
L. Notation: Q(L). 


Let L : Q be a Galois extension and 7 the automorphism of L induced by complex 
conjugation. We assume that 7 is of order 2—so L has only complex embeddings— 
and also that 7 is central in Gal(L : Q). This last condition implies that K := L7 is 
totally real. So L is a CM-field with the property that L : Q is a Galois extension. 
For each v € OF and all o € Gal(L: Q) 


v \|_ lol loal _ 
(=) “iero Foo 


By Lemma 5.45 we have =7y € u(L). Thus we have a map 
f: O07 > wW(L), ve —. 


This map clearly is a group homomorphism. 


5.48 Proposition. Let L be a CM-field such that L : Q be a Galois extension and 
let K = L7, where T is induced by complex conjugation. Then 


u(L)O% = {v € OF | Py € w(L)?} 
and hence Q(L) < 2. 


PRooF. We show that the kernel of the homomorphism f’: O% —> u(L)/u(L}? 
induced by f as described above is the group u(L)O%. Clearly u(L) and O% are 


contained in the kernel of f’. Let v € Ker(f’), that is = € u(L)?, say a : 
for a Ç € u(L). Then ¢ = r(%) and so ¥ € Ox. Since u(L)/u(L)’ is of order 2, it 


follows that Q(L) < 2. 


Here we considered CM-fields which are Galois extensions of Q. with a little more 
effort it can be shown that this proposition holds in fact for CM-fields in general. 


5.49 Example. The biquadratic number field K = Q(/—2, V3) is a CM-field. Its 
real subfield is the quadratic number field Q(V/3). From the computation of O% 
in Example 5.37 follows that Q(K) = 2. 


We compute the Hasse index of a cyclotomic field Q(¢,,) with m > 2. It isa 
CM-field with Q(Gn + ¢;,) as its totally real subfield. For m not a prime power 
we will use the following Lemma. 


5.50 Lemma. Let m € N* be not a prime power. Then 1— Gm € Z[Gm]*- 
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PRooF. For each k € N* the cyclotomic polynomial ®, is the minimal polynomial 
of Çp over Q. We will prove that ®,,(1) = +1 and so Neo —¢m) = 1. 


Let r(k) denote the number of prime divisors of k € N*. We have X” — 1 = 
Lajm @a(X) and write this as follows 


Ke 


= 
X-1 


= [| 8%) [J] 8%). 
d| d| 


r(d)=1 r(d)>1 
So for the values in 1: 


m= [J 0. J| ea) =f vr. J| =m. J] 80. 
d| d| 


r(d)=1 r(d)>1 r(d)>1 r(d)>1 


It follows that ®,,(1) = 1. 


In fact ®,, (1) = 1 if m is not a prime power, because the norm of a nonreal algebraic 
integer is positive. It also follows by induction from the product given in the proof 
of this lemma. 


5.51 Theorem. Let m EN with m > 2 and m £ 2 (mod 4). Then 


1 ifm is a prime power, 


2 otherwise. 


PROOF. Put L = Q(Gn) and K = Q(¢m + Gmn!). We distinguish three cases. 


Hu 


Case 1: m is a power of an odd prime p. Let v € OF. We have to show that a 
p(L)?. Put v = ao +a1Cm +- :+an-1Ç% t, where n = v(m) and ao,...,@n—1 € Z. 
We have v = ao +++: + an-ı (mod1 — Cm). Also t(v) = ao + an! + + 
an-1Ġn T = ao +: + an-ı (mod 1 -— Cm). So 5 = 1 (mod1 — m). On the 


other hand = € u(L) = (—¢m). Since rl (mod 1 — Cm), it follows that 


LEl. 


Case 2: m is a power of 2, say m = 2" with r > 2. Let v € OF. Suppose 
that y ¢ u(L)?. We have u(L) = (Cor) and u(L)? = (Co-:), so z is a 
primitive m-th root of unity. Since Noe) ae) = Qək-ı for k = 2,...,7, we 
have Ng” (Gr) =i. But Nog”) is a unit of Z[i], say Nea ©) = i. Then 
Now” (sta) i = it = (-1)' 4 i. Contradiction. So also in this case AOS 
y(L)?. 
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Case 3: m is not a prime power. By Lemma 5.50 we have 1 — m € Ož. The 
homomorphism f: OF} — u(L) maps this unit to 


1 — Cm l-n G! 
T(1— Cm) Lin a 


Since —C,,! generates u(L), the homomorphism f is surjective. 


5.5 Regulators 


Let K be a number field of degree n with r real embeddings o1,...,0, and s pairs 
{71,71},...,{7s, Ts} of complex embeddings. By Proposition 5.34 the image of 


p: OF SRT, em le) 


is a lattice in the subspace H,+s of R’™t*®. We consider R’** to be the standard 
Euclidean space of dimension r + s and equipped with the standard Lebesgue 
measure vol. Moreover, Hys is a Euclidean subspace of dimension r + s — 1. Let 
(€1,---,;€p4s—1) be a system of units. Then (¢(€1),...,¢(€r4s-1)) is a basis of 
H,., if and only if (€1,...,€;15~1) is a free abelian group of rank r + s — 1, or 
equivalently, if and only if this group is of finite index in Oj. It is a fundamental 
system of units if and only if (¢(e1),..., Y(E€r+s-1) is a Z-basis of the lattice (OX) 
in H,+5. If (€1,...,€r4s—1) is of rank r + s — 1, the volume of a mesh of w(O%,) is 
equal to the volume of the parallelotope in R’** spanned by 


(w(Er), aa ,Y(Er+s-1), V), 


where v = wall ...,1), a vector of length 1 perpendicular to H,4,. Thus this 
volume is the absolute value of 
log|oi(e1)| > log jor (€1)| 2log |ri(e1)| +++ 2log |rs(€1)| 
| | | 


log|oi(e2)|_ > log |ør(e2) 2log |r; (€2) 2 log |Ts(€2) 


log|oi(Er¢s—1)| ++: log lor(Er+s—1)| 2 log |rı (Er+s-1)| “++ 2log I7s(Er+s—1)] 
1 
Vr+s n Vr+s Vr+s O Vr+s 

0 
0 

The sum of the column vectors is , so the volume equals yr + s times 
0 

Vr+s 


the absolute value of the determinant of any of the (r + s — 1) x (r + s — 1)-minors 
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of the matrix 


logloi(e1)|_ s+ log jor(€x)| 2log|ri(é1)| = 2log |rs(e1)| 
log|oi(€2)| ++- log |or(€2)| 2 log |7 (€2)| 2 log |r5(€2)| 


logloi(Er¢s—1)| ++: log|or(€r4s—1)| 2log |T1(Er+s-1)| +++ 2log |7s(Er+s—1)| 


5.52 Definition. The absolute value of the determinant of an (r+-s—1) x (r+s—1)- 
minor of the above matrix is called the regulator of (€1,...,€r4s—1). Notation: 
Reg(€1,...,€p4s—1). For (€1,...,€p+s—1) a fundamental system of units this num- 
ber is called the regulator of the number field K. The notation for this number 
is Reg(K). More generally, for X a subgroup of O% of finite index we define the 
regulator of X as the regulator of a maximal free subgroup of X. It is denoted by 
Reg(X). 
So by definition of the regulator: 

5((X)) = Vr +s-Reg(X). 
In particular 

6(W(Ox)) = vr +s: Reg(K) 
and we have 

Reg(X) = (Y(Ok) : Y(X)) - Reg(K). 


Alternatively, Reg(€1,...,Er+s—1) can be defined more symmetrically as the abso- 
lute value of 
log|oi(e1)| > log |or-(ex)| 2log |ri(e1)| + 2log |rs(€1)| 
log|oi(e2)| +++ log |or-(e2)| 2log |rı(e2)| + 2 log |rs(€2)| 
log |o; (Er+s-1)| vee. log lor (Er+s—1)| 2 log |71 (Er+s-1)| sae 2log [Ts (Er+s—1)| 


By analytic methods (chapter 8) so-called class number formulas are derived. These 
formulas are in fact formulas for h(K)Reg(K), the product of the class number 
h(K) = #(Œ(K)) and the regulator of a number field K. 


5.53 Examples. 


1. The regulator of Q and also of imaginary quadratic number fields is the 
determinant of a 0 x 0-matrix, which is taken to be equal to 1. 


2. The regulator of a real quadratic number field equals the absolute value of 
the logarithm of the fundamental unit. The same holds for cubic fields with 
one real embedding. 
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Exercises 


EXERCISES 


10. 


11. 


12. 


13. 


14. 


. Let K = Q(V2, /—3). Show that Ox is a principal ideal domain. 


. Show that Z[¢7 + ¢7"] is a principal ideal domain. 


Let a € R be such that a? =a +7. Show that Z[a] is a principal ideal domain. 
Let K = Q(¥/17). Show that Ox is a principal ideal domain. 

Let K = Q(/19). Compute Cé(K). 

Prove that Z[¢9] and Z[¢y + Cy *] are principal ideal domains. 


Let K be a number field. 


(i) Let a be a nonzero ideal of Ox and m be the order of [a] in C(K). Then a” 
is a principal ideal of Ox, say a” = aOx. Put L = K( Va). Show that aOz 
is a principal ideal of Or. 


(ii) Show that there is a finite extension L : K such that aQz is principal for 
every ideal a of Ox. 

(iii) Let K = Q(./—21). Find a finite extension L : K such that aOz is principal 
for every ideal a of Ox. 


Let K = Q(a), where a € C such that af + 4a? + 2 = 0. Compute 


Ox, C(Ox), Ox and Reg(K). 


Compute Z[¢5]*. 


: V6+V—-6 
Let K = Q(i, V6). Put a = vetv, 


(i) Show that the set { (5,o(a) + 1) | o € Gal(K : Q) } consists of all four prime 
ideals above 5. 


(ii) Compute Cé(K). 
(iii) Show that (i+ 1) = (2+ V6) = (2, V—6), the ideals being ideals of Ox. 
(iv) Compute Ok and Reg(K). 


Compute the fundamental unit of Q(+/3). 


Let a € R be such that a* + a — 3 = 0. Compute the fundamental unit of Q(a). 


Let a € R be such that a* — 2a +3 = 0. Compute the fundamental unit of Q(a). 


Let K = Q(#), where V = 67 + G7". 
(i) Show that V and 3? — 1 are units of Z[v]. 
(ii) What is the image of Z[J]* in (Z[W]/(13))* ? 
(iii) Show that the index of (9, — 1) in Z[¥]* is finite. 
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15. Show that the alternative definition of the regulator on page 128 agrees with the 
definition given in Definition 5.52. 


16. Let L be a CM-field and K its maximal real subfield. Show that Q(L) Reg(L) = 
2” Reg(K), where r = [K : Q|-1. 
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6 Localization of Dedekind Domains 


In commutative algebra localization forces given elements of a commutative ring 
to become invertible. In section 6.3 for Dedekind domains a slightly more general 
type of localization is described. The idea is to force maximal ideals to become the 
unit ideal. For its formalization discrete valuations are used. A first application of 
localization is a description of residue class rings of a Dedekind domain. In the last 
section some terminology is introduced for the case of rings of integers of number 
fields. 


6.1 Discrete valuations 


6.1 Definition. Let K be a field. A surjective group homomorphism v: K* > Z 
is called a discrete valuation on K if 


v(a +b) > min(v(a),v(b)) for alla,be K. 
Here it is understood that v(0) = oo and that oo > n for all n € Z. So v is actually 
seen as being a map K > ZU {oo}. 


Each maximal ideal of a Dedekind domain determines a discrete valuation on its 
field of fractions: 


6.2 Proposition. Let R be a Dedekind domain, K its field of fractions and p € 
Max(R). The p-adic valuation vp: K* —> Z, defined in Definition 2.37, is a discrete 
valuation on K. 


PROOF. Since p? Æ p, there is a m € p\ p°. So the group homomorphism vp is 
surjective: v(m) = 1. Let a,b € K* such that a +b #0. There is a nonzero c € R 
such that ca,cb € R. Then 


(ca+cb)R C caR + cbR. 
Hence by Proposition 2.14 


Up(c) + Up(a + b) = vp (cla + b)) = vy ((ca + cb) R) > vp(caR + cbR) 
= min(v, (ca R), vp(cbR)) = min(vp (c) + vp (a), vp (c) + Up (b)) 
= vp(c) + min(vp (a), »p(0). 
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So up(a +b) > min(vp(a), vp(b)). If one of the elements a, b and a+ b equals 0, 
then this inequality is trivially true. 


The p-adic valuation of an element is by definition the p-adic valuation of the 
fractional ideal it generates. On the other hand the p-adic valuation of a fractional 
ideal is determined by the p-adic valuations of its elements. 


6.3 Proposition. Let R be a Dedekind domain, K its field of fractions, p € Max(R) 
and a € I(R). Then 


v(a) = min v(a). 
PROoF. We can assume that a € I*(R). Clearly, vp(a) < vp(a) for all a € a. 
By Proposition 2.28 there is an ideal b in the inverse of the class of a such that b 
and pa are comaximal. Then ab = cR for a c € a and, since vp(b) = 0, we have 
vp(a) = vp(ab) = vp (cR) = vp(C). 


6.4 Proposition. Let R be a Dedekind domain with field of fractions K. Then 


R= {a€ K | v(a) > 0 for all p € Max(R) }. 
and 


R* = {a € K | vp(a) = 0 for all p € Max(R) }. 


PROOF. Because R is integrally closed and Noetherian, we have 


R={aeK|aRCR} and R*={ace kK |aR=R}. 


6.5 Proposition. Let v be a discrete valuation on a field K. Then the valuation 
ring 

R, := {ae K | v(a) > 0} 
is a local subring of K. 


PROOF. From the definition of discrete valuation it follows that R, is a subring of 
K and that the set m = {a € K | v(a) > 0} is an ideal of R,. Since R, \ m = Rž, 
it is a local ring with maximal ideal m. 


6.6 Corollary. Let vu be a discrete valuation on a field K and a,b E K such that 
v(a) Æ v(b). Then 
v(a + b) = min(v(a), v(b)). 


PROOF. Let R, and m be as in the proposition. Suppose that v(a) < v(b). Then 
a #0 and v(a +b) = v(a)u(1 + 2) = v(a), because 1+ € Ry \ m= Rž. 


6.7 Definition. An integral domain Rẹ, as in Proposition 6.5 is called a discrete 
valuation ring. 
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A more intrinsic characterization of a discrete valuation ring is given by: 


6.8 Proposition. Let R be a local integral domain with maximal ideal m. Then the 
following are equivalent: 


a) R is a discrete valuation ring; 

b) R is a principal ideal domain; 

c) R is a Dedekind domain. 
PROOF. 


a)=b) Let v be a discrete valuation on a field K such that R = R,. Let a bea 
nonzero ideal of R. Put k = minaca v(a) and let ao € a such that v(ao) = k. 
Then for all nonzero a € a we have v(2-) = v(a) — v(ao) 2 0 and so % € R. 
It follows that a € ao R for all a € a. Since ag € a, we have a = ao R. 


b)=c) Principal ideal domains are Dedekind domains. 


c)=a) Let K be the field of fractions of R. The maximal ideal m determines the dis- 
crete valuation vm on K. By Proposition 6.4 we have that R is the valuation 
ring of Um. 


So an alternative definition for ‘discrete valuation ring’ is: a discrete valuation ring 
is a local Dedekind domain. 


The monoid I*(R) of nonzero ideals of a discrete valuation ring is isomorphic to 
the additive monoid N: if p is the unique maximal ideal, then the nonzero ideals 
are p?(= R), pt (= p), p?, p?, .... They are all principal: p” = (a) for any a € R 
with v(a) = n. In particular, if m € R satisfies v(m) = 1, then p” = (1). 


6.9 Definition. Let v be a discrete valuation of a field K and let 7 € K satisfy 
v(t) =1. Then 7 is called a uniformizer of the discrete valuation v. 


So the uniformizer of a discrete valuation generates the unique maximal ideal of 
its valuation ring. 


6.2 Localization at a prime ideal 


In commutative algebra we have the notion of localization. Here we consider only 
localization for integral domains. 


6.10 Definition. Let R be an integral domain. A multiplicative system in R is a 
submonoid of the multiplicative monoid R \ {0}. Le. a multiplicative system is a 
subset of R \ {0} which is closed under multiplication and contains 1. 
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For S a multiplicative system in an integral domain R with field of fractions K we 
can extend R by allowing elements of S as denominators. This yields the ring 


sr={*|aeRandses}. 

s 

It is a subring of K and since R C STIR C K, the field K is the field of fractions 
of STIR as well. 


6.11 Examples. Let R be an integral domain. Examples of multiplicative systems 
in R: 


a) Submonoids § of the group R*. For such S it is clear that STIR = R. 
b) S= R\ {0}. The ring S~1R is the field of fractions of R. 


c) Let p be a prime ideal of R. Then S = R \ p is a multiplicative system by 
definition of prime ideals. 


Let’s have a closer look at the last example. 
6.12 Definition and notation. Let R be an integral domain, p a prime ideal of R 
and S = R \ p. Then the ring S~'R is called the localization of R at p. Notation: 
STIR = Ry. 
The localization at a prime ideal is a local ring: 
6.13 Proposition. Let R be an integral domain, p a prime ideal of R. Then: 
(i) aRp={% |a €a and s ¢ p} for each ideal a of R; 

(ii) Rp is a local ring with maximal ideal p Ry; 

(iii) Rp/pRp ts the field of fractions of R/p. 
PROOF. 


(i) Obviously, = a - + € aRy. The extended ideal aR, consists of finite sums 


of elements a? with a € a, r € R and s ¢ p. Such a sum clearly is equal to 
a 


an £ witha € a and s ¢ p. 


S 


(ii 


Wa 


From (i) it follows that 


Rp \pR = {4 |ts Ep} =(Rp)*. 


This implies that pRp is the unique maximal ideal of the ring Rp. 


Wa 


(iii) The inclusion R C Ry induces a ring homomorphism 


R/p — R,/pRy. 


From pRp N R = p follows that we have an embedding of the integral domain 
R/p in the field Rp/pRp. An element of this field represented by + is the 
quotient of the images of the classes represented by r and s. 
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For Dedekind domains the localization at a maximal ideal is a discrete valuation 
ring: 


6.14 Proposition. Let R be a Dedekind domain, p € Max(R) and K the field of 
fractions of R. Then Ry is the valuation ring of the discrete valuation vp of K. 
Moreover, the inclusion R C Ry induces an isomorphism R/p + Ry/pRy. 


PROOF. Forr€ Rand s ¢ p we have vp(4) = vp(r) > 0. So the localization at p 
is contained in the valuation ring of vp. Let x € K* be in the valuation ring of vp. 
For the fractional ideal xR we have zR = ab~!, where a and b are nonzero ideals of 
R and we may assume that p f b. Take b € b \ p. Then bR = be for an ideal c of R. 
We have ac = bab-! = brR. So bz € R and £R = ab™! = ac(bc)-1 = 4 R. Hence 
x € Ry. Since R/p is a field, the last assertion follows from Proposition 6.13(iii). 


So the localization of a Dedekind domain at a prime ideal is a discrete valuation 
ring; it is a local Dedekind domain. We will show that, conversely, a Noetherian 
domain for which the localizations at the maximal ideals are discrete valuation rings 
is a Dedekind domain. This is another characterization of Dedekind domains. 


6.15 Lemma. Let R be an integral domain. Then R = A meMax(R) Rm. 


PRrooF. Clearly, R C [lmemax(R) Rm. Let x € [lmemax(R) Rm. To prove that 
x € R. We will assume that « 4 0. Consider the ideal b = {b € R|bz € R}. We 
will prove that b = R. Let m € Max(R). Because x € Rm, there exists a b € R\m 
such that bz € R, that is (R\m) Nb # 0 and this means that b Z m. This holds 
for all m € Max(R). So b = R. 


6.16 Theorem. Let R be a Noetherian integral domain. Then R is a Dedekind 
domain if and only if Rm is a discrete valuation ring for all m € Max(R). 


ProoF. By Proposition 6.14 and Theorem 2.43 it remains to prove that if Rm is 
a discrete valuation ring for all maximal ideals of R, the ring R is integrally closed 
and that nonzero prime ideals are maximal. So assume that all localizations Rm 
are discrete valuation rings. First we prove that R is integrally closed. Let a € K* 
be integral over R. Then a is integral over Rm for all maximal ideals of R. Discrete 
valuation rings are integrally closed, so a € A memax(R) Rm. By Lemma 6.15 we 
have a € R. This means that R is integrally closed. 


Let p be a nonzero prime ideal of R and m a maximal ideal such that m D p. Then 
pRm is a prime ideal of Rm: if a.b = £ with a,b € R, c € p and s,t,u € R\m, then 
abu = cst € p and so a € p or b € p. The ideal mR, is the unique prime ideal of 
the discrete valuation domain Rm. It follows that pRm = MRm. Let a € m. Then 
a E€ pRm, so a = È with b € p and s € R\m. From as = b € p and s ¢ p follows 


that a € p. Hence p = m. So the nonzero prime ideal p is a maximal ideal. 


We will have a closer look at the residue class ring R/a of a nonzero ideal a of a 
Dedekind domain R. The Chinese Remainder Theorem implies that we can focus 
on the case of a being the power of a maximal ideal: if a = po .. për with py,...,pr 
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different maximal ideals and k1,..., kr € N*, then the maps R > R/p* induce an 
isomorphism 
R/a > R/p® x ++» x R/phr. 


So we consider R/p* for R a Dedekind domain, p € Max(R) and k € N*. We will 
construct a convenient system of representatives of R/p*. 


6.17 Proposition. Let R be a Dedekind domain, p a maximal ideal of R andk € N*. 
Then inclusion R —> Ry induces an isomorphism R/p* + Ry/(pRy)*. 


PROOF. The induced ring homomorphism R/p* —> Ry/(pRy)* is an isomorphism 
if and only if RN (pR,)* = pë and R+(pR,)* = Ry. The first identity follows 
from 


RA (pRy)* = RN {xE K | up(z) > k} = {x E R | v(x) > k} 


and for the second let ¢ € Rp, where a € R and s € R\p. Since vp(s) = 0, the 
ideals (s) and p* of R are comaximal. So there are b € R and c € p* such that 
a=bs+c. Then £=b+£ER+(pR,)*. 


Let’s consider first the special case of a discrete valuation ring. 


6.18 Proposition. Let R be a discrete valuation ring with maximal ideal p, 7 E€ R 
such that p = TR, k € N*, x € Rand S C R a system of representatives of R/p. 
Then there are unique so,...,Sk-1 E S such that 


C= so sits + sgin! (mod p*). 


ProoF. For k = 1 this is trivially true. Suppose for some k € N* there are unique 
80,--+-;Sk-1 E S such that 


B= So + S17 +-+ + Span”! (mod p*), 


that is 


k— 
gz — (so + sim +-+- + Sk-ıT 1) € pf, 


say 
z — (so + sın +-+ + sp_10*—1) = yr” 


with y € R. For the unique sp € S with y = sp (mod p) we have 


gz — (so +sıt +--+ Span) = spn" (mod p 


KEY, 


In general we have: 


6.19 Theorem. Let R be a Dedekind domain, p € Max(R), n € R such that 
v(t) = 1, k € N*, x € R and S C R a system of representatives of R/p. Then 
there are unique so,...,Sk—-1 E S such that 


£ = s0 Hsin +- + spin"! (mod p*). 
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ProoF. This follows from Proposition 6.18. Note that S is a system of represen- 
tatives of Ry/pR, as well. 


The class 7 is invertible in the local ring R/p” if and only if x ¢ p and this is 
equivalent to so ¢ p. If the representative of p is chosen to be 0, then the condition 
becomes so # 0. 


6.20 Example. Let p be a prime number and k € N*. Take S = {0,1,...,p—1}. 
Then for each x € Z there are unique s0,..., 5,1 E S such that 


£ = sotsipt+---+s,_1p* + (mod p*). 


This unique way or representing classes modulo p* can be used for counting ar- 
guments. For example the class of x is invertible in the ring Z/(p") if and only if 
so # 0, from which it follows that #(Z/(p*))* = (p — 1)p*-1. 


Theorem 6.19 provides alternative proofs of some of the results on Dedekind do- 
mains in chapter 2, in particular of Proposition 2.17 and its consequences like the 
multiplicativity of the norm of ideals in the case of number fields. 


6.3 Localization at a collection of prime ideals 


For p a maximal ideal of a Dedekind domain R, the valuation ring of vp is the 
localization of R at the prime ideal p. The unique prime ideal of the Dedekind 
domain Ry is the ideal pR,. In this section we generalize this to an arbitrary 
collection P of maximal ideals of a Dedekind domain R: we will extend R inside 
its field of fractions to a Dedekind domain Rp with Max(Rp) ={pRp|pe P}. 


In this section R is a Dedekind domain, K the field of fractions of R and P is a 
subset of Max(R). 


6.21 Definition. The subring 
Rp = {a € K | vp (a) > 0 for allpe P} 


is called the localization of R at P. 


Note that Rp C Rg if P 2 Q. For any P the ring R is a subring of Rp. Here are 
some (extreme) examples: 


6.22 Examples. 
a) Rg = K. 
b) By Proposition 6.4: Rmax(r) = R. 


c) Let p € Max(R). Then Rip} = Rp, the valuation ring of the discrete valuation 
Up. 
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Note that the localization of R at P is an intersection of discrete valuation rings: 


Rp = [| Rp. 


peP 


We will compare ideals of R and ideals of Rp. If a is an ideal of R, the ideal of Rp 
generated by a is aRp. If b is an ideal of Rp, then bN R is an ideal of R. Thus we 
have extension and restriction of ideals: 


at >aRp 
extension : 
ideals of R ; ideals of Rp 
restriction 
bn R< 16 


For the extension of the restriction we have: 
6.23 Proposition. Let b be an ideal of Rp. Then (b N R)Rp =b. 


PROOF. We can assume that b is not the zero ideal. The ideal (b N R)Rp is the 
ideal of Rp generated by the subset b N R of the ideal b. So (b N R)Rp C b. Let 
b € b. We will prove that b € (6M R)Rp. The principal fractional ideal bR of 
R can be written as aja, L where a, and a2 are comaximal ideals of R. Since 
a =a- bR C R-bR=bR C b, we have a; C bN R. For each p € P we have 
vp(a1) = Vp(ag) + Vvp(b) > vp(a2) and so vp(a2) = 0. It follows that ay’ C Rp. 
Thus b € bR = maz C (bN R)Rp. 


This can be used to show that the localization of a Dedekind domain is a Dedekind 
domain: 


6.24 Theorem. Let P be nonempty. Then Rp is a Dedekind domain. 


ProoF. The ring Rp is not a field since P is nonempty: for p € P andr € R 
with vp(7) = 1 we have 7m € Rp and Ł ¢ Rp. Let bı and bz be nonzero ideals of 
Rp such that bı D by. We will prove that bı | b2. For the ideals bı N R and b2 ON R 
of the Dedekind domain R we have bı N R D ba A R. There is an ideal a of R such 
that (bı N R)a = b2 N R. It follows that (bı N R)Rp-aRp = (b2 N R)Rp and so by 
Proposition 6.23: bı -aRp = bg. In particular by | be. 


6.25 Proposition. Let a be a nonzero ideal of R. Then 


aRp = {x E€ K | vp(x) > vp(a) for allp € P}. 


PROOF. For x € K the following are equivalent: 


x € aRp, 
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xcR Cap, 

oa" C Rp, 

Up(y) > 0 for all y € xa~' and all p € P, 

Up(za~") > 0 for all p € P (Proposition 6.3), 
Up(x) > v(a) for all p € P. 


So for the restriction of the extension we have: 


6.26 Corollary. Let a be a nonzero ideal of R. Then 


aRpOR= || p>. 
peP 


ProoF. By Proposition 6.25 


aRp N R= {zx E R| vp(x) > vp(a) for all p € P}. 


Two special cases are worth mentioning: 
6.27 Corollary. Let a be a nonzero ideal of R. 


(i) If pE P for allp |a, then aRp N R =a and the inclusion R — Rp induces 
an isomorphism R/a 5 Rp/aRp. 


(ii) If p ¢ P for allp |a, then aRp = Rp. 
PROOF. 


(i) By Corollary 6.26 aRp N R = a, so the homomorphism R/a + Rp/aRp is 
injective. For surjectivity we need Rp = R+aRp. Let b € Rp with b £ 0. 
It suffices to prove that bR C R+aRp. Write bR = a az" with a, and ag 
comaximal ideals of R. Since bR C Rp, we have vp(az) = 0 for all p € P. It 
follows that a2 + a = R and from this bR = bag + ba =a, +ba C R+aRp. 


(ii) By Corollary 6.26 aRp N R = R, so R C aRp and hence 1 € aRp. 


The following proposition describes the maximal ideals of a localization of a 
Dedekind domain R at a set P of maximal ideals. 


6.28 Proposition. The map 
Max(Rp) > Max(R), q> q40R 


is injective and its image equals P. The maximal ideals of Rp are the ideals pRp 
with p E€ P. 


139 


6 Localization of Dedekind Domains 


Proor. By Proposition 6.23 (q O R)Rp = q for all q E€ Max(Rp). In particular 
qN R is a nonzero prime ideal of R, that is qN R € Max(R). It also follows that 
the map Max(Rp) + Max(R) is injective. 


For p ¢ P by Corollary 6.27 we have pRp = Rp. Let q € Max(Rp). Then 
qN R € P, since otherwise q = (q O R)Rp = Rp. So the image of the map 
Max(Rp) > Max(R) is contained in P. For p € P and a maximal ideal q 2 pRp 
of Rp we have by Corollary 6.27 qN R 2 pRp AN R =p and so qN R = p, since p is 
maximal. By Proposition 6.23 we have in fact q = pRp. 


6.29 Proposition. Let x € K*. Then v(x) = up(x) for p € P and q = pRp. 
PROOF. Since vp and vg are homomorphisms from K* to Z we may assume that 
x € R. By Corollary 6.26 

tRpnR= II pr? (2) 


peP 


and so by Proposition 6.23 


eRp = («Rp R)Rp = [| (pRp)””™ 
peP 


So the exact sequence (2.2) on page 44 for the Dedekind domain Rp is the sequence 


1 — Rb Ful aiai 
peP 


Therefore, the ker-coker exact sequence of the commutative triangle 


K* i Dyemax(R) 


S 


1 — R* — Rb — z — (R) — (Rp) — 1. (6.1) 
pP 


is as follows: 


The effect of localizing at P is that the group of units becomes larger and that the 
ideal class group becomes smaller in the sense that the ideal classes represented by 
prime ideals outside P are killed. 
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6.4 Localizations of rings of integers of number fields 


For the ring of integers of a number field K we use special notations. We already 
introduced in section 2.3 the notations Cé(K), I*(K), I(K) for (Ox), I*(Ox), 
I(Ox) respectively. 


6.30 Notations. Let A be a number field and P C Max(Ox). The following 
notations are used: 


Kp the localization (Ox) p, 
Ip(K) the subgroup of I(K) generated by all p € P. 


By Proposition 6.28 the map Ip(K) > I(Kp) given by p +> pKp on base elements, 
is an isomorphism. The exact sequence (6.1) on page 140 becomes 


1 — Ok — Kp QZ > CU(K) — Ce(Kp) — 1. 
pP 


The group Cé(K) is finite and O% is an abelian group of finite rank. So the group 
K% is of finite rank if and only if the group BD» ¢P Z is, that is if the complement of 
P in Max(O,x) is finite. Dirichlet’s Unit Theorem leads to the following theorem 
on the structure of K$. 


6.31 Theorem. Let K be a number field and P C max(Ox) such that the comple- 
ment of P in Max(Ox) is finite. Then K% is a finitely generated abelian group of 
rank r + s + #(Max(Ox) \ P)-1. 


In this chapter our starting point was a Dedekind domain R. The maximal ideals 
of R correspond to discrete valuations of the field of fractions K of R. The local- 
izations of R correspond to subsets of this set of discrete valuations. In chapter 10 
we will see that for a number field there are no more discrete valuations than those 
coming from maximal ideals of the ring of integers. In this case its ring of integers 
is a convenient starting point because a maximal collection of discrete valuations 
of the number field is involved. 


EXERCISES 


1. Let K be a number field, p € Max(Ox) and k € N*. 


(i) Prove that N(p¥) = N(p)* using Theorem 6.19. Show that this implies that 
N is multiplicative: N(a)N(6) = N(ab) for nonzero ideals a and b of Ox. 


(ii) Prove that #((Ox/p*)*) = N(p)* (1 wo) 
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(iii) Let a be a nonzero ideal of Ox. Show that 


#((Ox/9)") =No -TIC - sy): 
pla 


. Let k be a field. The polynomial ring k[T] is a Euclidean domain and the rational 


function field k(T) is the field of fractions of k[T]. For f € k(T)* the degree deg( f) 
of f and the leading coefficient lc(f) are defined as follows: put f = g/h with 
g,h € kT], then 


deg(f) = deg(g) — deg(h) and le(f) = le(g)/le(h). 
(i) Show that the map 
væ: k(T)* >Z, f= —deg(f) 


is a discrete valuation on k(T). 


(ii) Let R be the valuation ring of væ, m its maximal ideal and f € R\ {0}. Show 
that f = lc(f) (mod m). 


(iii) Prove that the inclusion k C R induces an isomorphism k + R/m. 


Let K be a number field. Show that there is a subset P of Max(Ox) such that 
Max(Ox) \ P is finite and the localization Op is a principal ideal domain. 


In Example 4.32 it was shown that structure of the ideal class group of K = 
Q(v—222) is Cg x Cz. Let S be a finite set of maximal ideals of Z[,/—222] such 
that for P = Max(Z|v —222]) \ S the ideal class group Clp (K) is trivial. 


(i) Show that #(S) > 2. 
(ii) Find two prime ideals p and q such that for S = {p,q} the ideal class group 
Cé(K p) is trivial. (Use exercise 12 of chapter 4.) 
Let p be the maximal ideal (3, 1 + /—5) of K = Q(V/—5). 
(i) Show that K, is a principal ideal domain. 
(ii) Show that Ky = (-1,2— V—5). 
Let p be the maximal ideal (6 + /—5) of K = Q(/—5). 
(i) Show that K, is not a principal ideal domain. 
(ii) Show that Ky = (-1,6 + V—5). 
(iii) Prove that the Dedekind domain Kp is not the integral closure of a principal 
ideal domain. 


Show that there are Dedekind domains with all maximal ideals nonprincipal. 


Let R be a Dedekind domains which is not a principal ideal domain. Show that 
there are infinitely many nonprincipal prime ideals of R. 


Let R be a Dedekind domain such that each ideal class of R contains a prime ideal. 
Show that for any nonempty P C Max(R) nonprincipal ideal classes of Rp contain 
prime ideals. 


10. 


11. 


Exercises 


Let K be a number field. An element a € Ox is called totally positive if o(a) > 0 
for every embedding o: K > R. Let K* denote the subgroup of K* of all totally 
positive elements of K. Let Pt (K) be the subgroup of I(K) of all principal fractional 
ideals aOx with a totally positive. The factor group Ct (K) := I(K)/P*(K) is 
called the narrow ideal class group of K. So we have an exact sequence 


1 — Ok NK? SR? — I(K) So (K) — 1. 


Let [a]" denote the class of a € I(K) in Œ*(K) and [a] its class in CŒ(K). 
(i) Show that the group homomorphism 


Cet (K) > CK), [alt > [a] 


is surjective and that its kernel is an elementary abelian 2-group. 


(ii) Show that Of% N K* is a free abelian group of rank r+s—1 if K has at least 
one real embedding. 


Let K be a real quadratic number field and € the fundamental unit of K. Show 
that 
2-#(Cl(K)) ife is totally positive, 


#(«*(K)) = #(Cl(K)) otherwise. 


In the following exercises the localization of a Dedekind domain in the sense of commuta- 
tive algebra is compared with the localization as defined in this chapter (Definition 6.21). 


12. 


13. 


14. 


15. 


Let R be a Dedekind domain with field of fractions K and S a multiplicative system 
of R with 0 ¢ S. Let P be the collection of maximal ideals of R disjoint from S: 


P={p|pnS=6}. 


(i) Show that S~'R C Rp. 


(ii) Let b an ideal of R satisfying p { b for all p € P. Prove that there exists a 
b € b such that b ¢ p for all p € P. 


(iii) Show that Rp C S7'R. 


Let R be a Dedekind domain, P a finite nonempty collection of maximal ideals of 
R and S = R\ Uep P- Prove that S is a multiplicative system in the ring R and 


that Rp = SHR. 


Let R be a Dedekind domain, P a nonempty collection of maximal ideals of R and 

S = R\ Upep P- Assume that CE(R) is a torsion group. Prove that Rp = STIR. 

Let R be a Dedekind domain such that Cé(R) contains elements of infinite order. 
(i) Show that there exists a p € Max(R) such that [p] € C(R) is of infinite order. 


(ii) Let P = Max(R)\{p}, where p is as in (i). Assume there exists a multiplicative 
system S in R such that STR = Rp. Show that qN S = Ø for all maximal 
ideals q Æ p of R. 


(iii) Show that pN S = 0. 
(iv) Show that there is no multiplicative set S such that S~'R = Rp. 
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T Extensions of Dedekind Domains 


In chapter 3 the splitting behavior of prime numbers in the ring of integers of a 
number field K was studied. This ring Ox is the integral closure of Z in K. More 
generally we can consider extensions L : K of number fields, the so-called relative 
extensions, extensions K : Q being called absolute. In the relative case the ring 
Oy, is the integral closure of Ox in L. Our point of view in this chapter is even 
more general: we start with just a Dedekind domain R and consider the splitting 
behavior of prime ideals of R in the integral closure of R in a finite separable 
extension of the field of fractions of R. Results of chapter 3 will be generalized, 
using more general notions of norm and discriminant. Many examples are given, 
most of them concern number field extensions. 


Particularly important are the Galois extensions. The action of the Galois group 
on the set of prime ideals above a given prime ideal of the base field determines 
subgroups of the Galois group and hence, by the Galois correspondence, interme- 
diate fields of the extension. This is studied in the sections 7.3 and 7.5. In this 
last section a chain of subgroups of the Galois group related to a ramifying prime 
is considered. This will be used in chapter 9 in a proof of the Kronecker-Weber 
Theorem. Further on, in chapter 17, these groups are of fundamental importance. 
In section 7.7 the Frobenius automorphism of a prime ideal is introduced. This is 
a first step towards class field theory: in the abelian case it connects an ideal to 
an automorphism of the extension. 


7.1 Ramification index, residue class degree 


Our aim is to generalize Theorem 3.4 to the relative case: for L : K an extension 
of number fields an analogous theorem on the splitting of a p € Max(Ox) in L. In 
fact, we will consider the even more general situation of an extension of a Dedekind 
domain. 


For this section we fix the following: 


R a Dedekind domain, 
K the field of fractions of R, 
L:K a finite separable field extension, 
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n the degree of L: K, 
S the integral closure of R in L. 


By Theorem 2.43 the ring S is a Dedekind domain. So for each p € Max(R) the 
ideal pS of S has a unique decomposition as a product of prime ideals of S. 
7.1 Lemma. Let q € Max(S) and p =qN R. Then p € Max(R) and q | pS. 


PROOF. Since q is a prime ideal of S, the ideal p is a prime ideal of R. It is not 
the zero ideal: for 0 4 a € q we have N4 (a) € qN K*. Because q D p we have 
q 2 pS and so, since S' is a Dedekind domain, q | pS. 


7.2 Definitions. A q € Max(S) is said to be above p if qN K =p. It is then also 
said that p is below q. For q E€ Max(S) above p € Max(R) the number v,(pS) is 
called the ramification index of q over K. By Proposition 1.36 and Lemma 2.44 
S is a finitely generated R-module, so the field extension $/q : R/p is finite. Its 
degree is called the residue class degree of q over K. Notations: ex(q) = vq(pS) 
and fx (q) = [S/q: R/p]. 


Thus the ideal pS of the Dedekind domain S has a factorization 


pS = J] a=, (7.1) 


alps 


where the product is taken over the q € Max( S) above p. 


For a tower of field extensions it follows directly from the definitions that we have 
the following (exercise 3). 


7.3 Proposition. Let also M : L be a finite separable field extension and T the 
integral closure of R in M. Then M : K is a finite separable field extension and T 
is the integral closure of S in M. Let q E€ Max(T). Then 


ex(q) = er(g)ex(qN S) and frla) = f(a) frían sS). 


For P a collection of maximal ideals of R, the ring Rp is a Dedekind domain and 
so is its integral closure in L. For the collection Q of all maximal ideals of S' above 
the maximal ideals in P the ring Sg is a Dedekind domain and is the obvious 
candidate to be the integral closure of Rp in L, but this still requires a proof. First 
some lemmas. 


7.4 Lemma. Let p be a maximal ideal of R and y E€ S such that y ¢ q for all 
maximal ideals q of S above p. Then NẸ (y) ¢ p. 


PROOF. Let M : K be the normal closure of L : K and T the integral closure 
of S in M. Then y is not in any of the maximal ideals of T above p. Because 
NM (7) = NE (y)M4], we may assume that L : K is a Galois extension. In that 
case we have N4 (y) = [][, (7), where the product is over all o € Gal(L : K). 
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Suppose NŁ (y) € p. Then for any q above p we have N£ (y) € q. This implies that 
a(y) € q for some o. But then y € o~!(q). Contradiction. 


7.5 Lemma. Let p be a maximal ideal of R and Q the collection of primes of S 
above p. Then Sg = Rys. 


PROOF. From Rp, 8 C SQ follows that RyS C Sg. Let y € Sq. Then yS = § for 
ideals a, b of S such that vg(b) = 0 for all q € Q. By Lemma 2.28 there exists an 
ideal c of R such that ¢ is in the inverse ideal class of b and vg(c) = 0 for the finitely 
many q in Q. Then ac and bc are principal ideals, say ac = aS and bc = BS with 
a,b € S. Then yS = § = j = GS and v,4(8) = 0 for all q € Q. Hence y = F 
with v € S*. Let o1,...,0, be the K-embeddings of L in a normal closure of L : K 
and take gı to be the identity on L. Then NE (8) = 86, where 5 = 02(8)-++on(8). 
So 


av avô 


8” NEO) 
Then avô € S and by Lemma 7.4 NẸ (8) ¢ p. Hence y € Rp5. 


7.6 Lemma. Let A and B be R-submodules of L such that RpA C RB for all 
p € Max(R). Then AC B. 


PROOF. Let a € A. For each p € Max(R) there exists an ry E€ R \ p such that 
rpa € B. The ideal of R generated by all rẹ is the unit ideal. So there are rz, € R 
such that all but a finite number of them 4 0 and 1 = a Zprp. Multiplying by a 
yields 


a= S > aprpa EB. 
p 


7.7 Theorem. Let P be a collection of maximal ideals of R and Q the collection of 
all maximal ideals of S above the maximal ideals in P. Then Sg = RpS. Moreover, 
Sq is the integral closure of Rp in L. 


Proof. We apply Lemma 7.6, using the Dedekind domain Rp instead of R. Both 
Sg and RpS are Rp-submodules of L. The maximal ideals of Rp are the ideals 
pRp with p € P. Note that the localization of Rp at pRp coincides with the 
localization of R at p. Denote the collection of maximal ideals of S above p by Qp. 
By Lemma 7.5 we have RyS = Sg,. Let p € P. Then 


RySq = RpSSq = So, So = Sa, = RpS = RpRpS. 


The ring Sg is integrally closed and the elements of RpS are integral over Rp. So 
Sg is the integral closure of Ry in L. 
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A generalization of Theorem 3.4: 


7.8 Theorem. 
do ex (a) fx (a) = [L: K], 
alps 
the sum being taken over all maximal ideals q of S above p. 
PROOF. Let Q be the set of maximal ideals of S above p. By Theorem 7.7 (or 


Lemma 7.5) the ring Sg is the integral closure of Rp in L. The factorization (7.1) 
becomes 


pSq = | [ aSo). (7.2) 
q|ps 


By Corollary 6.27(i) we have commutative squares with horizontal ring isomor- 
phisms 


8/q —— SQ/qSq S/pS —> Sq/pSq 
R/p —— R,/pRp R/p —— Rp/pRp 


From the first square it follows that the dimension of the R,/pR,-vector space 
Sq/qSq is equal to the dimension of the R/p-vector space S/q. The second square 
tells us that the dimension of the Rp/pRp-vector space Sg/pSg is equal to the 
dimension of the R/p-vector space S/pS. The ring Ry is a discrete valuation ring 
and in particular a principal ideal domain, so by Corollary 1.38 the latter dimension 
equals n. 


For every ideal a | pSg the ring Sg/a is an Rp-module and also a homomorphic 
image of the Rp/pRp-vector space Sg/pSg. Therefore, Sg/a is an R,/pRpy-vector 
space as well. The theorem follows by repeated application of Proposition 2.17 
using the identity (7.2). 


7.9 Definitions. 


e p is said to remain prime in L if fx(q) = n for some q € Max(S) above p. 
By Theorem 7.8 q is the unique prime ideal of S above p. 


e pis said to ramify in L if ex(q) > 1 for some q € Max(S) above p. It totally 
ramifies in L if ex(q) = n for some q E€ Max(S) above p. If this is the case, 
then by Theorem 7.8 q is the unique prime ideal of S above p. 


e p splits completely in L if ex(q) = fx(q) = 1 for all q € Max(S) above p. By 
Theorem 7.8 there are exactly n such prime ideals q. 
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e For R/p of characteristic p 4 0: a q E€ Max(S) above p is said to be wildly 
ramified over K if p | ex(q). Otherwise q is called tamely ramified over K. 


Note that with this definition unramified implies tamely ramified. As this ter- 
minology suggests, wild ramification is much more difficult to handle than tame 
ramification. 


Next we derive a generalization (Theorem 7.12) of the Kummer-Dedekind Theorem 
(Theorem 3.6). 


7.10 Lemma. Let R be a discrete valuation ring. Suppose there is aV € S such that 
S = Rð] and let f € R[X] be the minimal polynomial of Ò over K. Let g € R[X] 
be a monic polynomial such that g € (R/p)[X] is an over R/p irreducible divisor 
of f € (R/p)[X]. Then q = pS + 9(V)S is a maximal ideal of S above p. 


Proor. The surjective ring homomorphisms 


(R/p)[X] RIX] > S 


h ihi h(d) 


induce isomorphisms 
(R/p)[X]/(G) —— R[X]/(pR[X] + gR[X]) ——— 5/4. 


Since g is irreducible over R/p, the ring on the left is a field. It follows that $/q is 
a field and hence q is a maximal ideal of S. 


7.11 Aig peace Under the assumptions and in the notations of Lemma 7.10: let 
Jf =g- -gE be the factorization of f, where the polynomials gi € R|X] are monic 
such that k is irreducible over R/p. Then the factorization of pS into maximal 
ideals of S is 

pS = qia", 
where qi = pS + gi(0)S. The residue class degree of qi over R equals deg(g;). 


ProoFr. By Lemma 7.10 the q; are maximal ideals of S. Their residue class degree 
equals [(2/p)[X]/(g;) : R/p] = deg(g;). We have 


qi’ sss de” = (pS + gi(v)S)* --- (pS + g-(8)S)* 
C pS + g1(9)* --- gr (0) S = pS + f(9)S = pS. 


For i Æ j the maximal ideals q; and q; are different: take a(X), b(X) € R[X] such 
that a(X)g,(X)+6(X)g;(X) = 1 € (R/p)[X]. Then a(d)9;(9) +(0) 9; (0) € 1+ pS 
and so 1 € q;+q,. Since e1 fi +---+e,f, = e1 deg(g1) +: +er dest) = deg(f) = 
|L : K], by Theorem 7.8 we actually have an equality: pS = qj' ---qé". 
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7.12 Theorem. Let J € S be such that L = K(0) and p € Max(R) such that Ry [ù] 
is the integral closure of Ry in L. Let f be the minimal polynomial of Ù over K and 


f =g- -JE the factorization of f € (R/p)[X] with g1,- .., gr monic polynomials 
over R. Put qi = pS + gi(V)S fori = 1,...,r. Then the ideals qi,...,qr are 
different maximal ideals of S and the factorization of the ideal pS in the Dedekind 
domain S' is 


pS = qy' <q," 
The residue class degree of qi over R is equal to deg(g;). 


PROOF. Let Q be the set of maximal ideals of S above p. Then Sg = R,[U]. By 
Proposition 7.11 the factorization of pSg is 


PSQ = (PSQ + g1 (9) SQ)" (PSQ + gr (V) SQ). 
Restriction of the ideals to the ring S' yields 
pS = qy'---q,", 
where qi = (pSq + gi(8)Sq) N S = (pS + gi(0)S)SQNS = pS + g:()S. 


Of course it depends on the element J € S to which of the maximal ideals p of R 
the theorem is applicable. In any case the theorem is applicable to all but a finite 
number: for d = disc(f) € R we have by Proposition 1.36 that d- R|] C S, so the 
theorem applies to all p € Max(R) with d ¢ p, ie. all p for which f € R/p[X] has 
no multiple roots. It is possible that there is no V € S such that S = R/V], or even 
for a given p that there is no ® € S such that Sg = Rp[V] (exercise 5). 


For L: K a Galois extension the following generalizes Theorem 3.11. The proof is 
a straightforward generalization. 


7.13 Theorem. Let L : K be a Galois extension. Then the group Gal(L : K) 
operates transitively on the set of prime ideals of S above p. 


PROOF. Put G = Gal(L : K). Let q and q’ be a prime ideals of S above p. 
Suppose o(q) # q’ for all o € G. By the Chinese Remainder Theorem there is an 


a € S such that 
0 (mod q’), 
a= 
1 (modo(q)) for alla € G. 


Then a ¢ o(q), that is o~*(a) ¢ q, for allo € G. So Ng (a) = [Jeeg o(a) ¢ q 2 p. 
However, N4 (a) € q N K =p. 


Again we have: 


7.14 Corollary. Let L : K be a Galois extension. Then all prime ideals of S above 
p have the same ramification index over K and they also have the same residue 
class degree over K. 


For Galois extensions the following terminology will be used. 
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7.15 Definitions and notations. Let L : K be a Galois extension. The ramifi- 
cation index of p in L is the ramification index ex(q) of any of the q € Max($) 


above p. Notation: e) = ex (q). Similarly we have the residue class degree iy 


of p in L. The number of q above p is often denoted by rP., Then Theorem 7.8 
reads rP e pa =|L: K]. 


7.16 Example. In chapter 3 the splitting behavior of Q(Cm) 

prime numbers in cyclotomic fields was studied (Theo- 

rem 3.16). Proposition 7.4 provides an alternative way VA \ 

for this. Let m € N* with m > 2, p a prime number Q(¢pr) Q(Cino ) 
and m = p’mpo with p { mo. The prime p totally ram- \ ra 

ifies in Q(Cpr), so ep7? = [QGpr) : Q] = pp"). By 

Proposition 3.14 F250)? = f, where f is the order of 
D in (Z/mo)*. The prime number p does not ramify in 
this subfield and the number of prime ideals of Z[¢,,| above p is y(mo)/f. By 
Proposition 7.4 and Corollary 7.14 


(Cm QSm pr m 
rimo?) | PAm) fA moD | PAUD and eD | elm), 


and because 


oe a pP) F | Qn) Gm) FOG) = Oln) : Q] 


we have equality in all three cases. 


7.17 Example. Let L = Q(a,¢3), where a = \/2. Then Gal(L : Q) & $3. It is 
generated by o and 7 defined by 


o(a) = ĝa, n T(a) =a, 
ae ap = ee = 2. 


By the Galois correspondence L has a unique quadratic subfield and three (pure) 
cubic subfields: 


L =Q(G), LT =Q(a), L77=Q(Ga) and L” = Qla). 


Application of relative traces to a y € Oy yields: 


y+ aly) +.07(7) € Zi], 
y+ ry) € Zio], 
yt+or(y) € Z[Gal, 
y +0°T(7) € Zeal. 
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So 3y+NG(7) € Z[¢3] + Zla] + Z[C3a] + Z[CZo] and hence 3y € Z[¢3, a]. The prime 
number 3 totally ramifies in both Q(¢3) and Q(a). Since the degrees of these fields 
are relatively prime, the prime number 3 totally ramifies in Q(¢3,a) = L, say 
(3) = pê, where p is the unique prime ideal of Oz above 3. From p? = (1 + 2¢3) 
and p? = (a + 1) follows that p is the principal ideal generated by 6 := 


ons ae 
We compute Oz. Let 8 = go + Buc, with bo, 61 € Zia]. From 
BEOL => Trga (b), Nga (8) € Zla] 
follows that 6 € Oz if and only if 
289 — 61 € 3Z[a] and 65 — 8o41 + By € 9Zla]. 
Let 6; = 269 — 3y with y € Zla]. Then 
Bo — Bobs + Bi = 385 — 9oy + 9°. 
So 362 € 9Z[a] and hence bo € (a + 1)°Z[a] and bı = 289 — 37 € (a + 1)°Zfa]. 


Put Ee = aH and 2 = 2 with yo, 71 € Zla]. Then 


2 
B —_ Yo | Yi E E Yo x Yo ¢ 


etl atl’ a+1 a+1 


3 — Y3 = od — Yz. 


Hence, (6, ad, a76, (3, a3, a7¢3) is an integral basis of L. The identities 
ad =14+2¢63-6 and a?6 =a+2a3— ad 
imply that also (1, a, ô, (3, a€3,a?¢3) is an integral basis. Since 
35 = (a? — a + 1)(1 + 2¢3) = 1 — a + 263 — 2st 2630”, 
we have for the discriminant of L (using Proposition 1.33): 
dise(L) = disc(1, a, 6,¢3,a¢3,07C3) = § disc(1, a, a7, C3, a3, a7¢3) 
= į disc(Q(a))? disc(Q(¢3))? = $(—4 - 27)?(—3)® = —24 - 37. 


Because the discriminant of this field of degree 6 is small, the Minkowski bound 
is (very) small, i.e. less than 6. The only prime ideal of norm < 5 is the principal 
ideal p, so the ring Oz is a principal ideal domain. 


Let’s compute OF. Taking relative norms instead of relative traces yields: 
(0})? C Z* - Z[¢s}* - Zla]* - Zisa]* - Z[CZa}* = (—¢3,a — 1, ga — 1). 
Let v € O}. Then 


v= (—¢3)"° (a — 1)" (Ga — 1)" 
with ko, kı, k2 € Z. We look for units v ¢ (—¢3,a — 1, 3a — 1). So we can assume 
that ko, kı, k2 € {-1,0,1}. Clearly u(L) = (—¢3), so ky and ke are not both 0. 
Using the action of the Galois group on OF together with z > 27! it suffices to 
consider four cases: 
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(1) v3 = a—1. There is no such v, since otherwise œ — 1 would not be a 
fundamental unit of Q(a). 


(2) v’ = ¢3(a — 1). Then (vr(v))? = (a — 1)? and this also contradicts the fact 
that a — 1 is a fundamental unit of L. 
(3) v’ = ER The elements a + 1 and Csa + 1 both generate the ideal p? of 


OL. So csatl € OF. We compute its cube: 


e e a a-—1 
atl -32 +3a+3 GĠa-1' 


(4) v’ = GE. This is not possible in L, since in combination with (3) it 
would lead to the existence of a primitive 9-th root of unity in L. 


So the group generated by the units of proper subfields is of index 3 in OF and 


a 


O; = (-G,0-1, 
L 3,a sai 


In this example the prime 3 totally ramifies in L: (3) = p®. For 6 we have vp(ô) = 1 
(and even p = (ô)). Its minimal polynomial over Q is easily computed: 


2_ (14+ 2¢3)? 3 atl atl 


(Q+ (a+1?2 “a+ ao+atl 
==(@+1)(@-—1) = -a° +1 


and so 


(6? — 1)? = —a® = -4, 
Hence the minimal polynomial of 6 over Q is 
X° — 3X44 3X? +3. 
It is an Eisenstein polynomial: 
7.18 Definition. A polynomial 
F(X) =X" +a X! +--+ an 1X t+ an € R|X] 


is called a p-polynomial if a1,...,an E p and an Eisenstein p-polynomial if, more- 
over, an É p°. 


Eisenstein polynomials are irreducible. More precisely: 


7.19 Lemma. Let f be an Eisenstein p-polynomial. Then f is irreducible over K. 
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PROOF. Let L be a splitting field of f over K. The zeros of f in L are integral and 
so they are elements of S. It follows that monic divisors in K[X] of f have coeffi- 
cients in R. By reduction modulo p it is easily seen that divisors of p-polynomials 
are p-polynomials as well. The constant term of a product of two p-polynomials is 
divisible by p? and is, therefore, not an Eisenstein p-polynomial. 


For total ramification we have the following characterization in terms of a minimal 
polynomial: 


7.20 Theorem. The mazimal ideal p totally ramifies in L if and only if there 
exists a V € S such that L = K(0) and the minimal polynomial of 0 over K is an 
Eisenstein p-polynomial. 


PROOF. Assume that p totally ramifies in L, say pS = q” with q € Max( S). Take 
V € S such that vg(v) = 1 and let 


F(X) =X" +a X"! +--+ + an_1X + an € R|X] 
be the characteristic polynomial of Ý over K. Then 
vr = —(a,0" "| +-+ an- + an) 
and for 1 < j < n with a; 4 0 we have 
vg(aj9"~7) = n - vp(aj) +n — j = —j (modn), 
all different modulo n. So by Corollary 6.6 
valar bT! + +++ + n-19 + Qn) = men -Up(aj) +n — j. 
If vp(aj) = 0 for some j, then vala”! + +--+ a,) < n—j <n. However, 
vq(0") =n. It follows that vp(a;) > 0 for all j, that is f is a p-polynomial. Since 


Uq(8” + an) = v(a 0"! +--+ an0) = min n- vp(aj) +n —J>n 


we have vq(@n) = n, that is vp(a,) = 1. So f is an Eisenstein p-polynomial. 
Conversely, let L = K(V) with V € S and let the minimal polynomial 
f(X) =X" + aX) +--+ an-1X + an € R[X] 


of Ý over K be an Eisenstein p-polynomial. Let q be a prime ideal of S above p. 
Then v € q because 


dé” = — (a0! paet] An—10 an) ps. 


Put e = ex(q). We have to prove that e = n. Since v,(v) > 1, we have 
Uq(aj0" 7) > e+1 for 1 <j <n. The identity 


yr + Qn = — (a19! o a ie n an—10) 


yields vg(U" + an) > e + 1 and since vg(an) = e, because f is an Eisenstein p- 
polynomial, it follows that v,(J”) = e. So n | e and, therefore, e = n. 
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Note that the V in the Theorem can be any element of S with vq(v¥) = 1, where q 
is the prime ideal above p. 


Locally we have: 


7.21 Theorem. Let R be a discrete valuation ring. Suppose that p totally ramifies 
in L. Then S = R[v] for any 0 € S with v4(0) = 1 for q the prime ideal of S above 
p. 
PROOF. By (the proof of) Theorem 7.20: L = K(v). Clearly R[v] C S. Let 
Co,- --,Cn—1 E€ K such that 

Co bee fo Hena E S. 


Then to prove that vp(c;) > 0 for i = 0,...,n — 1. Suppose that vp(c:) < 0 for 
some i. Let i be the least such that vp(c;) < 0. Then 


CO +e + ent E S. 


Since 7 < n, we have 51 € S and multiplication by this element yields 


T 


g THT E Cipanth Hi ES 


Ci 


and so ¢; 5 € S. However, 


7.2 Ramification and discriminant 


This section is about a generalization of Theorem 3.30. In this section 


is a Dedekind domain, 
the field of fractions of K, 
: K a finite separable field extension, 


RH RD 


the integral closure of R in L. 


Since R is in general not a principal ideal domain we need a more general notion 
of discriminant. The discriminant of S over R will not be an element of R, but an 
ideal of R: 


7.22 Definition. The discriminant of S over R (or the R-discriminant of L) is the 
ideal of R generated by all disc(aj,...,@n), where (a1,...,Q@n) is a K-basis of L 
with ay,,...,@, E S. Notation: dp(L). 
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Note that the ring S is determined by R and L. This is reflected in the notation 
dR(L). The discriminant of a number field K is disc(ai,...,a@n), where (a1,..., Qn) 
is an integral basis of K. The Z-discriminant of K is the ideal (disc(a1,...,an)) of 
Z. In the terminology for number fields, as will be explained in Terminology 7.31: 
de(K) = (disc(K)). 


Under localization the discriminant behaves as expected: 


7.23 Proposition. Let P C Max(R) Then 


dR(L)Rp = 0R,(L). 


PROOF. Let Q be the set of maximal ideals of S' above maximal ideals in P. 
The ring Sg is the integral closure of Rp in L (Theorem 7.7). If the elements 
of a K-basis of L are in the subring S, then they are in Sg, so the generators of 
the ideal dR(S) of R form a subset of the generators of the ideal dr, (L) of Rp. 
Hence 0p”(L)Rp C drp (L). Let aj,...a, be a K-basis of L with ay,...,an E Sq. 
We have to show that disc(aj,...,@,) E Jr(L)Rp. By Proposition 6.25 this is 
equivalent to vp(disc(ai,...,Qn)) > Up(OR(L)) for all p € P. For a given p € P 
take t € R such that v(t) = 0 and tay,...,ta, E S. Then disc(tai,...,tan) = 
t?” disc(a1,...,@n) and, therefore, vp(disc(a1...,Qn)) = Up(disc(tay,...,tan)) > 
vp(On(L))- 


It follows that the discriminant is determined locally: 


7.24 Corollary. 02(L)= [| on, (L)NR. 
pe Max(R) 


PROOF. For p € Max(R) denote pR, by p’. By Proposition 6.23, Corollary 6.26 
and Proposition 7.23 we have for all p € Max(R): 
Up (OR, (L) N R) = vy (OR, (L) N (R)rp) = vy (OR, (L)) = vp On(L) Rp) 
= Up(0R(L)). 


7.25 Theorem. Let (a1,...,Qn) be a K-basis of L with ay,...,Q@n, E S. Then 
(Q1,.--,Qn) is an R-basis of S if and only if dr(L) = disc(ayz,...,an)R. 


PROOF. Suppose (a1,...,@n) is an R-basis of S. The ideal dR(L) is generated 
by all disc(61,..., Bn) such that (61,...,8n) is a K-basis of L and 61,..., Bn € S. 
Let (81,..., Bn) be such a basis. Then by Proposition 1.27 


disc(B1,..., Bn) = det(M)? disc(ay,...,an), 
where M is the transition matrix from ($1,...,8n) to (a1,...,Qn). Because 


(a1,---,;Q,) is an R-basis of S, the entries of M are in R. It follows that 
disc((1,..., Gn) E disc(ai,...,Q@n,)R. Hence e(L) = disc(a1,. .. , an )R. 
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For the converse suppose that drR(L) = disc(a1,...,an)R. Let p € Max(R) and 
Q the set of prime ideals of S above p. Then by Proposition 7.23 dr, (L) = 
IR(L)Ry = disc(ay,...,a,)Rpy. Since Ry is a discrete valuation ring, Sg has an 
Ry-basis, say (81, .-., 8n) and for this basis we have disc((1,..., Bn) Rp = dR, (L). 
Hence disc(a1,...,Q@n)Rp = disc((1,...,8n)Rp. Again by Proposition 1.27 


disc(a1,...,Qn) = det(M)? disc(B1,..., Bn), 


where M is the transition matrix from (@1,...,@n) to (G1,...,8n). It follows that 
det(M) € Rý. This implies that (a1,...,Q) is an Rp-basis of Sg. Let x € S. 
Then there are unique b1,...,bn € K such that x = ba; +--+: + bnan. Since 
(a1,-..,Qn) is an Ry-basis of Sg, we have b1,...,bn € Rp. This holds for all 
p € Max(R). Hence b),...,b, € R and so (a1,...,@n) is an R-basis of S. 


In particular we have the following. 


7.26 Corollary. Let € S be a primitive element of L : K and f € R[X] the 
minimal polynomial of 0) over K. Then dr(L) = disc(f)R if and only if S = 
Riv). 


The following generalizes Lemma 3.29. 


7.27 Lemma. Let p E€ Max(R) and ay,...,Q, E€ S such that (@7,...,@,) is an 
R/p-basis of S/pS. Then p | dr(L) if and only if disc(ai,...,Qn) € p. 


PROOF. Put vp(0R(L)) = k. Then dp(L)Ry = p*Ry. Proposition 7.23, with 
P = {p} gives 


p|dR(L) ==> PR, |dR(L)Rp => PR, | dp, (L). 


Let Q be the set of maximal ideals of S above p. The ring Rp is a principal 
ideal domain. So L has a K-basis (61,...,8n) which is an R,-basis of Sg and by 
Theorem 7.25 we have 

dp, (L) = disc(£1,. . . , Bn) Rp. 


Let T be the transition matrix from (a1,...,@n) to (81, ---, Bn). Then T € Mn (Rp) 
and 
disc(a1,...,Qn) = det (T)? disc(81,. - - , Bn). 


Since (@7,...,@n) and ((1,...,B8n) both are Rp/pRp-bases of Sg/pSg, we have 
det(T) € R}. So we have 


dp, (L) = disc(A1,...,8n) Rp = disc(a,..., An) Rp. 


Therefore, 


p|o0n(L) => pRy, | dz, (L) => disc(ai,...,an) E pRp OR =p. 
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The proof of Theorem 3.30 now easily generalizes to a proof of the following theorem 
using Lemma 7.27. 


7.28 Theorem. Let p € Max(R). Then 


p ramifies in L <=> p|dp(L). 


PROOF. First assume that p does not ramify in S, say pS = qi:--q, with 
q1,---,q, the different maximal ideals of S above p. Put fi = fr(q;) fori =1,...,r. 
As in the proof of Theorem 3.30 one constructs a K-basis 


(Bits 4s, Oia Q213- -3 Dee ns cng bia we cicplitee ) 


of L consisting of elements of S such that (@i7,...,@77,) is an R/p-basis of S/q; for 
i=1,...,7; moreover, aijaxj; € pS, and so Trý (aijax1) € p. Then again for the 
matrix A = (Trý (aijagı)) we have det(A) = det(A;)-det(A2) ---det(A,) (mod p), 
where the A; are the fi x f;-matrices (Trý (aijau)). Since the @;1,..., Qiş, form 
modulo p a basis of S/q;, we have in R/p: 


Tre (aijai) = Te ( Magan) = Tr( Mazar). 


So det(A;) is the discriminant of the R/p-basis of S/q;. By Corollary 1.30 it follows 
that det(A;) 4 0, that is det(A;) ¢ p. By Lemma 7.27 we have p { dp(L). 


Assume now that p ramifies in S. Then there is a q E€ Max(S) above p such that 
pS = qa, where a is an ideal of S with q | a. Choose ana €a\pS. The ring S/pS 
is an R/p-vector space of dimension n = [L : K]. The image @ of a in S/pS is not 
0, so there are a1,...,@, E€ S such that (@,...,@,) is a basis of the R/p-vector 
space S/qS and a,j = a. The discriminant of (a1,...,@,) is the determinant of 
the matrix (Trý (aja;)). As in the proof of Theorem 3.30 the entries in the first 
row of this matrix are all in p. Therefore, 


disc(a1,...,Qn) = det(Tr(a;a;)) € p. 


From Lemma 7.27 follows that p | dp(L). 


7.29 Proposition. Let R be a principal ideal domain, Lı and Lz intermediate fields 
of L: K such that L = Lı Lə and |L : K| = [Lı : K][L2: K]. Then 


@r(L1) +dr(L2))S C 9192. 


PROOF. Let Sı and Sə be the integral closures of R in Lı and Lə respectively. 
By Corollary 1.38 there are K-bases a1,...,@n, and ĝ1,..., no of Lı and Lo 
respectively such that Sı = Ra; +--:+ Ran, and Sg = RB, +---+ Ren, Put 
dı = disc(aj,...,Qn,) and dz = disc({1,..., Gn). By Theorem 7.25 0e(L1) = Rdi 
and 0r(L2) = Rd. As in the proof of Theorem 1.50 we have 


dı S C S1 S2 and d2 9S C S1 So. 
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7.30 Theorem. Let Lı and Lz intermediate fields of L : K such that L = Lı Lə 
and |L : K] = [Li : K][L2: K]. Suppose that p € Max(R) ramifies in Lı and does 
not ramify in Lə. Then 


vp(OR(L)) = vp @r(L1)) P. 


PROOF. Let Sı and S2 be the integral closures of R in Lı and Lə respectively. 
First we prove the theorem under the extra assumption that R is a discrete valua- 
tion ring and use the notations in the proof of Proposition 7.29. By Proposition 1.33 
the discriminant d of the K-basis of the products a;ß; equals d}? d3*. By Theo- 
rem 7.28 dr(L2) = (1), so Proposition 7.29 implies that S = Sı Sz and it follows 
that the elements a;ĝ; form an R-basis of S. We have 


Dr(L) = Rd = (Rd1)™” (Rd2)™ = (Or(L1))"™ @r(L2))™ = Or(L1))”. 


The general case is done by localization. Let P = {p} and Q, Qı and Q2 the sets of 
prime ideals of respectively S, Sı and Sz above p. Then dpr, (L2) = dr(L2)Rp = Ry. 
The ring Rp is a discrete valuation ring, so we have 


dR(L)Rp = @r(L1))"? Rp. 


The theorem follows from Proposition 6.29. 


7.31 Terminology for number fields. For a number field extension L : K the 
discriminant of L over K is the discriminant dop (L). Notation: dg(L). So we 
have: p € Max(Ox) ramifies in L if and only if p | dx (L). 


7.32 Example. In Example 7.17 it is shown that the prime number 3 totally 
ramifies in L = Q(a,¢3), where a = V2. The prime ideal of Oz above 3 is the 
principal ideal p = (ô). On page 153 the minimal polynomial f of 6 over Q has 
been computed: f = X°—3X4+4+3X?+3. By Theorem 7.21, Proposition 7.23 and 
Corollary 7.26 we have 

u3(disc(L)) = v3(disc(f)). 


Indeed, by the computation in Example 7.17: v3(disc(Z)) = 7 and 


disc(f) = -NE (687 — 125° + 65) = 6° -NG(d) - N5(6* — 267 + 1) 
= 6° -3-NG(s? — 1)? = 2°- 37 . Ng(6 — 1)? -NG(6 + 1)? = 2"4 - 37. 


Of course 3 { N&(5* — 252 + 1), because 64 — 267 +1 ¢ p.) 
Q 


In Example 7.17 the discriminant of L was computed using the computation of an 
integral basis. For a computation of the discriminant it is not necessary to have 
an explicit integral basis. One can argue as follows. Since 2 and 3 are the only 
prime numbers ramifying in L, the discriminant is of type +2%3!. The sign is —1 
by Proposition 1.46, the above computation shows that l = 7 and by Theorem 7.30 
we have k = 2 - va(disc(K)) = 4. 
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7.3 Decomposition groups and inertia groups 


We consider the splitting of a prime ideal in a Galois extension. For this section 
we fix the following notations: 


R a Dedekind domain with the property that 
all its residue class fields are finite, 


K the field of fractions of R, 

L: K a Galois extension, 

G = Gal(L : K) the Galois group, 

S the integral closure of R in L, 

q € Max(S) a maximal ideal of S, 

p=qnk the prime ideal of R under q, 

Q the set of prime ideals of S above p, 

f= FO the residue class degree of p in L, 

e= et) the ramification index of p in L, 

r= rih the number of prime ideals of S above p, 


G = Gal(S/q : R/p) the Galois group of the residue class field extension. 


The extension S/q : R/p is a Galois extension since it is an extension of finite fields. 
For R the ring of integers of a number field the condition of residue class fields being 
finite is satisfied. Without this condition it still follows that this extension is normal 
(exercise 1). Therefore, most of the results in this section hold under the weaker 
condition of residue class fields being perfect. In section 7.7, however, it is essential 
that the residue class fields are finite. 


By Theorem 7.13 the group G operates transitively on Q. Consequently, we have 
the equality of ramification indices and of residue class degrees of the prime ideals 
in Q over K (Corollary 7.14). 


7.33 Definition. The stabilizer of q under the action of G on the set Q is called 
the decomposition group of q over K. Notation: Z = Zg (q). So, 


ZK (q) = Stabe (q). 


The intermediate field L4 is called the decomposition field of q over K. (The Z 
stands for Zerlegung, which is German for decomposition.) 


7.34 Proposition. #(Zx(q)) =ef. 


PrRooF. The map 
G>Q, oH o(q) 
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is surjective by the transitivity of the action of G. It induces a bijection from the 
set of left cosets of Zg (q) in G to the set of primes above p. Hence, 


(G:Z)=r. 


From n = ref it follows that #(Zg(q)) = ef. 


7.35 Proposition. re =i, ee = eP and Te = P. In a diagram: 


L q 
f ramification index = e 
$ residue class degree = f 
L7 q” 
ramification index = 1 
r 
residue class degree = 1 
K p 


PROOF. For allo € Z we have o(q) = q. Since Z acts transitively on the set of 
primes of L above qf, it follows that ae = 1. The proposition follows from 


[L : L7] = #(Z) =ef, paree el? |e and A 


The elements of Zg(q) are the automorphisms ø € G which induce an automor- 
phism of $/q. The map 
Zg(q) —> G, ooo 


clearly is a group homomorphism. Its kernel consists of all o € Z with o = 1, that 
is o(a) = a (mod q) for all a € S. 


7.36 Definition. The subgroup of Z of all o € Z with 

ola) =a(modq) forallaceS 
is called the inertia group of q over K. Notation: T = Tx(q). (Tragheit is German 
for inertia.) 


Since T is the kernel of the group homomorphism Z — G, it is a normal subgroup 
of Z. In Theorem 7.40 we will see that the homomorphism is surjective. Decom- 
position groups and inertia groups of prime ideals above the same prime ideal of 
the base field are related as follows. 


7.37 Proposition. Let o € G. Then Zx(o(q)) = oZK(q)o ! and Tx(a(q)) = 
oT (q)o~ 
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PROOF. For all 7 € G: 


1 


TE ZK (o(q)) = Tola) =o) = o Tolqa) =4 


<> 0 '10 € Zk(q) > TE 0ZK(q)o t 


and 


TE TK(o(q)) <> Tla) =a (modo(q)) for alae sS 


<> o '1r(a) = o~t (a) (modq) for all a € S 


<> o '1ra(a) =a (modq) for all a € S 


= 


< o 't0 €TK(q) <> 7 EC oTK(qQ)o 


It follows that the decomposition group only depends on the prime ideal p if this 
group is a normal subgroup of the Galois group. Similarly for the inertia group. 


7.38 Definition and notations. If Zķ(q) < G, the group Zg (q) is also called the 
decomposition group of p in L. Notation z., Similarly, if Tg (q) < G, the group 
Tg (q) is also called the inertia group of p in L. Notation Te), 


7.39 Lemma. The prime q? of LË totally ramifies in L. 


PROOF. Since re = 1 (Proposition 7.35), it remains to show that ie = 1, that 
is [S/q : ST /q?] = 1. Let a € S and consider 


Aa(X) = [[« _ a(a)), 


o€T 


the characteristic polynomial of a over LT. From o(a) = a (mod q) for all o € T 
it follows that 
Aa(X) = (X =a) € ($/q)[X]. 


Since A,(X) € ST[X] we have in fact 
(X — a)? e ($7 /q")[X]. 


The extension $/q : S7/q’, being an extension of finite fields, is separable. There- 
fore, X — g is the minimal polynomial of @ over S?/q”. Hence a@ € ST /qf for all 
aes. 


7.40 Theorem. The group homomorphism Z — G induces an isomorphism 
Z/T 3G. 
Proor. The homomorphism Z/T — G is injective by definition of T. By 


Lemma 7.39 and Proposition 7.35 we have a? = f, and so #(Z/T) = [LT : L7] > 
f. 
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Summarizing: 


7.41 Theorem. For the primes p, qf, q? and q we have: 


L q 
rien der =e tat rams in L) 
i q7 
ramification index = 1 Z ; Se oe. FT 
f residue class degree = f remains prime mL 
i qf 
7 ramification index = 1 
residue class degree = 1 
K p 


7.42 Example. Let L = Q(a,¢3) and K = Q, where a = V2, see also Exam- 
ple 7.17. There Oz, disc(L) and OF have been computed. Only the primes 2 and 
3 ramify in L. Since G = Gal(L : Q) is not cyclic no prime number remains prime 
in L. Let’s look at the factorization of the primes 2, 3, 5 and 7. 


p =2: 2 totally ramifies in Q(a): (2) = (a)?. So 3 | eP, On the other hand 2 
remains prime in Q(¢3). Hence the prime ideal factorization in L is (2) = p3, 
where pz = (a). Since #(T) = eS’ = 3, we have LT = Q(¢3). Clearly Z = G 
and so LZ = Q. The prime 2 remains prime in Q(¢3) and subsequently totally 
ramifies in L. 


p= 3: In Example 7.16 it was shown that 3 totally ramifies in L: (3) = (6)®. In 
this case G = Z = T and so L? = LZ = Q. 


p= 5: The prime ideal factorization of (5) in Q(a) is: 
(5) = (5,a + 2)(5, a” — 2a — 1). 


This implies that 2 | sP and f # 6. So Ff = 2. Take a prime q above the 
prime (5,0+2) of Q(a). Then #(T) = eP =1, #(Z) = #(Z/T) = fi =2. 
Therefore, LT = L and, since r € G with t(a) = a and T Æ 1 satisfies 
T(q) = q, we have Z = (r), that is L7 = Q(a). So the prime (5,a + 2) of 
Q(a@) remains prime in L. Note that, however, 5 does not split completely in 
LZ. 


p=: 7 remains prime in Q(q) and splits completely in Q(¢3). So for any of the 
two prime ideals of Oz above 7 we have LT = L and LŽ = Q(3). 


7.43 Example. Let L = Q(¢m), p a prime number and m = p’mo with p { mo. 
According to Theorem 3.16 (or Example 7.16) we have el) = y(p"). Since p does 
not ramify in Q(¢m,), prime ideals of Z[¢m,] above p totally ramify in L and it 


follows that LT = Q(6m,)- 
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For K’ an intermediate field of L : K, the decomposition group and the inertia 
group of q over K’ are the intersections of respectively Z and T with Gal(L : K’): 


7.44 Proposition. Let H be a subgroup of G. Then Zra (q) = HO ZK(q) and 
Tra (q) = HOT «K(q). 


Proor. Fora ø € G we have: 


o € Zra (q) — > co €H and o(q) =q — o €H ando € Zg(q) 


and 
o €Trx(q) <=> co € H and o(a) = a (modq) for all a € S 
<> c € H and o € Tg (q). 
L 7.45 Corollary. Let K' be an intermediate field of L : K. 
~ IT Then for Z' = Zg: (q) and T’ = Tg (q) we have 
S $ 1 
pr L? =L7K' and L” = 17K’. 
if 
5 < PROOF. Apply Proposition 7.44 for H = Gal(L : K’) and 
L | use the Galois correspondence. 
K' 
wee 


For L’ an intermediate field of L : K such that L’ : K is a Galois extension, the 
decomposition group and the inertia group of q N L’ over K are the images of 
respectively Z and T in Gal(L’ : K). More precisely: 


7.46 Proposition. Let N be a normal subgroup of G. Then the isomorphism 
G/N 5 Gal(L^ : K), oNvolzpy 
induces isomorphisms 


Zx(q)/(NOZx(q)) > Zx(q™) and Tx(q)/(N OTK(q)) 4 Tx(q™). 


PROOF. Under the group homomorphism 
f: G> Gal(L^ : K), trol 


the subgroups Zx (q) and Tx (q) are mapped to Zg(q™) and Tg(q™) respectively. 
Indeed, if o € Zg (q), then o(q) = q and hence o(q¥) = a(q) No (LN) = qN LN = 
q, that is f(c) € Zg (q™), and similarly, if o € Tg (q), then o(a) = a (mod 1) for 
all a € S, and so also o(a) = a (mod q”) for all a € SN, that is f(o) € Tg(q™). 
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It suffices to show that the induced homomorphisms 
Zx(q) > Zka), or oly 
Tr(a) > Tr(a”), om olby 
are surjective. 


Surjectivity for the decomposition groups. Let T € Zg (q^). Then there is a o € G 
such that o|,~ =7. Choose o’ € Gal(L: LY) = N such that o'(q) = o(q). Then 


(o) toq) =q and (o) tolen =T. 
Surjectivity for the inertia groups. Let r € Tx(q%). Since we have surjectivity 
for the decomposition groups, there is a o € Zg(q) such that o|pn = 7. This 
automorphism o induces a g € G with O|gy/gv = T = 1. It follows that o € 


Gal($/q : SY /q%). Choose ao’ € N such that o’ =o. Then 


(o') to € Te(q) and (o0')~'o|py =T. 


7.47 Corollary. Let L’ be an intermediate field of L : K such n L 
that L' : K is a Galois extension. Then for Z' = ZK (qn L’) p 
and T’ = Tg (qN L’) we have | A 
$ rd L 
(L) aint af =LA. Kr 
(L’) 
PROOF. For N = Gal(L: L’) we have | LZ 
ie 
(L = (L^) = LZ = LZ ALIN = LZ AL, (L')2’ 
and similarly for the inertia groups. > K 


Decomposition groups and inertia groups are convenient tools when studying the 
splitting behavior of a prime ideal in an extension. 


7.48 Theorem. Suppose Z < G. Let K’ be an intermediate field of L: K. Then 
p splits completely in K' — > K' C sae 


Z i ; : (L7) (L7) 
Proor. L* : K isa Galois extension. By Theorem 7.41 we have ep ` = fp = 
Z 
1. Hence rh l= [LZ : K]. So p splits completely in LZ and it does so in any 
intermediate field of L4 : K. 


Conversely, suppose p splits completely in K’. Put H = Gal(L : K’). Then 
e =e and te =f: 


Hence, 
#(Zrs (q)) = #(4). 
By Proposition 7.44 we have H D Z, that is K’ C LZ. 
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7.49 Corollary. Suppose Z < G and T < G. Then p splits completely in LZ into 
primes that remain prime in LT and which subsequently totally ramify in L. 


7.50 Theorem. Let Lı and Lo be intermediate fields of L: K. Then: 


a) If p does not ramify in both Lı and Lə, then p does not ramify in Lı Lə. 
b) If p splits completely in both Lı and Lə, then p splits completely in Lı Lə. 
PROOF. 


a) Put Hı = Gal(L : Lı) and Hə = Gal(L : Lo). Then Gal(L : Lı Lə) = ANA. 
Let p’ € Max(S#142) be any prime ideal above p and choose q € Max(9) 
above p’. Then eg(q™) = 1 and eg (q™®) = 1. Hence oe =eand ee, 


Therefore, 


=e. 


#(Trm (q)) = #(T) and #(Tra2(4)) = #(T). 


By Proposition 7.44 we have Hı D T and Hə D T. Hence Hı N Hə D T. It 
follows that Tz, z,(q) = T and so ex(p’) = 1. 


b) As (i) with Z instead of T. 
7.51 Corollary. Let L: K be the normal closure of a field extension K' : K. Then 


a) p does not ramify in K' <> p does not ramify in L, 


b) p splits completely in K' <=> p splits completely in L. 


PROOF. The field L is the composition of the fields o(K’), where o € G. 


7.4 The splitting of a prime ideal in an extension 


In this section we consider the splitting of a prime ideal in a finite separable ex- 
tension. The results will be used in the chapters 8, 15 and 18. A finite separable 
extension is a subextension of a Galois extension. So let’s fix for this section the 
following notations: 


R a Dedekind domain, 

K the field of fractions of R, 

DL: kK a Galois extension, 

K':K an intermediate field of L: K, 

S the integral closure of R in L, 

G = Gal(L : K) the Galois group, 

H =Gal(L: K’) the subgroup of G corresponding to K’, 
R' = 9# the integral closure of R in K’, 
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q E€ Max(S) a prime ideal of S, 

Z = ZxK(q) the decomposition group of q over K, 
T = Tx(q) the inertia group of q over K, 
p=qnk the prime ideal of R under q. 


The splitting behavior of p in K’ will be described in terms of the subgroups H 
and Z of G. The group G acts on the right on the set {Ho | o € G} of right 
cosets of H in G by 

(Ho,T) > Hor. 


A group homomorphism f: G —> S(X) from a group G to the group S(X) of 
permutations of a set X corresponds to a left action of G on X: define g-x = f(g)(z). 
A left action is a map 

GxX>X, (9,4) 9-2 
such that g- (h- x) = (gh): x and 1- x = z for all g,h € G and z E€ X. A right 
action of G on X is a map 


XxG>X, (x,g9)>z-g 


such that (x - g)- h = x - (gh) and z - 1 = z for all g,h € G and z € X. A right 
action of a group can be seen as a left action of the opposite group. When we say 
that a group acts (or operates) on a set, we will mean, unless indicated otherwise, 
that it acts on the left. 


The group Z, being a subgroup of G, acts on the right on the right cosets of H in 
the same way. Let {Ho | o € G}z denote the set of orbits of this action of Z. 
The orbit of Ho is denoted by [Ho]. 


7.52 Lemma. #([Ho]) = (Z:(ZNo0~'Ho)). 


Proor. The map Z > [Ho], which sends p to Hop, is surjective and for p1, p2 € 
Z we have Hop; = Hops if and only if o~'Hop; = o` tHopz. So the number of 
elements in the orbit of Ho under Z equals the number of left cosets of ZN a~!Ho 
in Z. 


7.53 Theorem. The map 


G — Max(R’), omol nK 


induces a bijection 


{Ho |o € G}z — {q € Max(R') |q NK =p} 
and for each o € G we have 
ex(o(q) N K’) fx(o(q) n K’) = (Z : (ZN o~ Ho)) = #([Ħ0]) 
and 


ex(o(q) N K’) = (T : (TNa'Ho)). 
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PROOF. The map defined on G factors through { Ho | o € G}z: for r € H and 
p E€ Z we have 


top(q) N K’ = 7t0(q)N K' =T(ol) NK) =o) NK. 


Surjectivity of the induced map follows from the transitivity of the action of G on 
the set of prime ideals of S above p. For the proof of injectivity, let 01,02 € G 
satisfy o1(q) O K’ = o2(q4) O K’. The prime ideals o1(q) and o2(q) of S are above 
the same prime ideal of R’, so there is a r € H such that tTo1(q) = o2(q). Then 
Op T01 € Z. So To, = o2p with p € Z. Therefore, Ho, = Hop, which implies 
that [Ho] = [Ho]. 


Finally we compute ex(a(q) N K’)fx(o(q) O K’). It is equal to the quotient 
ex (a(q) fx(a(q))/ex:(o(q)) fx: (o(q)). By Proposition 7.44 we have 


ex(o(q)) fx (o(4)) = #ZK/(0(q)) = #(ZK(o(4)) N H) = #(0Zo* N H) 
= #(ZNo'Ha) 


and similarly 
ex:(o(q)) = #(T NoHo). 


So by Lemma 7.52 


| n ex(ol@)fclo@) #2) 
lAN Ee ZA Ea] 
= #((Ho}) 
and 
ex(ol@) #0) 


ex(o(q) N K’) = 


exi(a(q)) #T NoHo) 


The prime ideal q of SZ has residue class degree 1 over K. If LZ : K is a Galois 
extension, that is if Z is a normal subgroup of G, then p splits completely in LZ. 
So in that case the number of prime ideals of S% above p with residue class degree 
1 is equal to [LZ : K] = #(G/Z) = (G : Z). In the following proposition this is 
generalized. 


7.54 Proposition. The number of prime ideals of S% above p with residue class 
degree 1 is equal to (Ng(Z) : Z). 


The group Ng(Z) is the normalizer of Z in G: 
Ne(Z) ={0 €G|oZo* =Z}, 


the largest subgroup of G having Z as a normal subgroup. 
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PROOF. By Theorem 7.53 the splitting behavior of p in LZ is given by the action 
of Z from the right on the right cosets of Z in G. The primes of LŽ above p of 
residue class degree 1 over K correspond to right cosets Zo fixed by the action of 
Z on the right. By Theorem 7.53 and Lemma 7.52 this is precisely the case when 
oZo~ = Z. So this number of right cosets is (NG(Z) : Z). 


7.5 Ramification groups 


Ramification groups are subgroups of the inertia group and provide information 
on the structure of the inertia group. They will be used in chapter 9 and also 
in chapter 17. In chapter 9 in the proof of the Kronecker-Weber Theorem, which 
states that abelian number fields are subfields of cyclotomic fields; in chapter 17 
for the proof of the Conductor-Discriminant Formula of class field theory. The 
notations used in this section are the same as in section 7.3. In this section the 
residue class fields are assumed to be finite. 


7.55 Definition. Let q € Max(S) be above p € Max(R) and let i € N. The 
subgroup 


Vi = Vila) = Vala) = {0 € Zx(q) | o(a) = a (modq'*") for all a € S} 
is called the i-th ramification group of q over K. (Note that Vo is the inertia group.) 


7.56 Proposition. For alli € N we have Vi(q) < Zg(q) and Vi+ı < Vi. There is 
an io E N such that Vio = {1}. 


PROOF. Clearly V; < Z, since V; is the kernel of a homomorphism: 
V; = Ker(Z > Aut($/q'*")). 


The inclusion V;;1 C V; follows directly from the definition. Since G is finite, there 
is an ig € N such that V; = Vi, for all i > iọ. Let øo € Z with o #1. Then there is 
an a € S such that o(a) # a. Let k = vg(o(a) — a). Then o(a) —a ¢ g**!, which 
implies that o ¢ Vp. Therefore, o ¢ V;,. Hence V;, = {1}. 


So we have a chain of groups 


ZT VEVD- D Vp = {Il}. 


We will study the factor groups V;—1/V; for i € N*. Theorem 6.19 on the unique 
representation of residue classes modulo powers of q will be used. Let 7 € S 
with v4(7) = 1 and let X be a system of representatives of S7/q’. Since the 
inclusion ST — S induces an isomorphism ST /q? 3 S/q, the set X is a system 
of representatives of S/q as well. For each a € S and each i € N there are unique 
do,...,a; in X such that 


a= ao +a +: + an’ (modq’**). 
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Furthermore we assume that 0 € X, that is 0 is the representative of q. Then for 
k with 0 < k < i and a € S we have 


vala) =k ao =: -< = ak—ı = 0 and a, £0. 


For o € T the element o (r) alone determines to which ramification group ø belongs: 


7.57 Proposition. Leto € T. Then 


o EV; => olr) =r (modq'*?). 


PROOF. Suppose o(7) = m (modq’t!) and let a € S. Then there are unique 
do,---,a@; E X such that 


a = ao +ar +: + ayn" (mod qt). 


o(a) = alao + ayn +--+ + ain’) (mod q’t") (since o(q) = q) 
= ao +a (T) +++ + ajo(m)* (mod q‘*") (since a; € X C S7) 
G) 


= ao + aT +: + an (modq (since o(m) = 7) 


So o(a) = a (mod q'*?) for all a € S, that is o € V;. 


7.58 Proposition. T/V, is isomorphic to a subgroup of (S/q)*. 
PROOF. Leto € T. Then o(z) € q and there is a unique a € X \ {0} such that 
o(m) = ar (mod q’). 


So we have a map 
f:T > (S/q)*, oa. 


We will show that f is a group homomorphism. Suppose f(c) = @ and f(T) =b 
with a,b € X. Then 


T(r) = br (mod q?) 


ot(m) = a(br) (mod q?) (since o(q) = q) 
= bo(m) (mod q?) (since b € ST) 
= bar (mod q?) (since f(o) =@). 


If c € X with ør(r) = em (modq?), then ab = @ and so f(or) = f(o)f(T). 
Furthermore Ker(f) = Vi, since o € Ker(f) = o(r) =r (mod q?). 


7.59 Proposition. Leti > 2. Then Vi—ı/V; is isomorphic to a subgroup of the 
additive group S/q. 
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PROOF. Let ø € Vj-1. Then o(7) = r (modq'). There is a unique a € X such 
that 
a(t) — rT = atr’ (modq’*’). 

So we have a map 

g: Vi S/q, OHT. 
We will show that it is a group homomorphism. Suppose f(a) = @ and f(T) = b 
with a,b € X. Then 


T(T)— r = br’ (mod q'**), 
ot(m) — o(m) = o(bn*) (mod qt) (since o(q) = q) 
= bo (r)! (mod q‘*") (since b € ST) 


REY 


ar(rt)— r -— ar = b(t + art) (modq 
= brf (mod q+!) (since i > 2). 


If c € S with or(r) =m + cr’ (modq'‘**), then a +b = T and so f(or) = f(o) + 
f(r). Furthermore Ker(f) = V;, since o € Ker(f) 4> o(m) =r (modq't?). 


The maps f and g in the proofs of the propositions 7.58 and 7.59 can also be defined 
by mapping ø to the residue classes of respectively aca and ZT in the discrete 
valuation ring Są modulo its maximal ideal qSq. 


In case the group Z/V, is abelian, Proposition 7.58 can be strengthened to the 
following. 

7.60 Proposition. Let Z/Vı be abelian. Then T/V, is isomorphic to a subgroup of 
(R/p)*. 


PROOF. We will prove that the image of the map f: T — (S/q)* constructed in 
the proof of Proposition 7.58 is contained in the subgroup (R/p)*. Let o € T and 
put N = #(R/p). Then to prove that f(a) = f(c), that is a’ = a (modp), 
where a € X is such that o(7) = ar (mod q?’). 


For all 8 € q we have o(8) = aß (modq?): if 8 = br (mod q?) for a b € X, then 
a(b) =a(br) = ba(t) = abr = aß (modq’). 


The map Z — G is surjective. Take y € Z such that its image in G is the generator 
x= aN of G. Since y € Z, we have y~!(m) € q and therefore 


o(p"*(m)) =a: p™+(r) (mod q’). 
Application of y yields 
(pop) (T) = p(a)r = a™r (mod q?). 
Since Z/V, is abelian we have (yoy~')(m) = a(r) (mod q?) and so 


a’ = a (modp). 
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The propositions in this section have consequences for the structure of the groups 
Z, T and Vi: 


7.61 Theorem. Let p be the characteristic of R/p. Then 
(i) The group Vı is a p-group. 
(ii) The group V, is the Sylow p-subgroup of T. 
(iii) The group Z is solvable. 
PROOF. 
(i) This follows from Proposition 7.59: the group S/q is a p-group. 
(ii) By (i) and Proposition 7.58: p { #(S/q)*. 
(iii) The factor groups of the chain 


Z> T V > VD- > Vp = {1} 


are all abelian. 


In particular we have: 


7.62 Corollary. The prime ideal q of S is wildly ramified over K if and only if the 
group Vı is nontrivial. 


The group V is also known as the wild inertia group of q over K. 


For K’ an intermediate field of L : K, the ramification groups of q over K’ are 
simply the intersections of the ramification groups over K with Gal(L : K’): 


7.63 Proposition. Let H be a subgroup of Gal(L : K) andi € N. Then Vru i(q) = 
Vi i(q) OFA. 


PROOF. For ø € ZK (q) we have 


o € Vrn (q) 4> o € H and o(a) = a (mod qt!) for all a € S 
<— c € H and o € Vx j(q). 


7.64 Example. Let p be an odd prime and r € N*. The prime p is the unique prime 
which ramifies in the cyclotomic field L = Q(¢pr). In fact, p totally ramifies in L 
and the unique prime ideal of Oz = Z[¢,] is the ideal p = (1 — pr). We compute 
the ramification groups of p over Q. The group G = Gal(L : Q) is isomorphic to 
the cyclic group (Z/p")* of order y(p") = p! (p— 1). Let a € Z be such that 
a € (Z/p")* is of order p — 1. The element I +p € (Z/p")* is of order p”™!1. It 
generates the subgroup 1 + (p). A descending chain of subgroups is 


(Z/p")* > 1+ (p)> 1+ (p>: -51+ 1+ (= {1}). 
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The corresponding chain of subgroups of the Galois group G is 


Gp Gal(L : Q(G)) > Gal(L : Q(C,2)) > +++ > Gal(L : Q(Gr-1)) > {1}. 


For m € N* the kernel of the ring homomorphism Z/p™*! > Z/p™ is the ideal 
(p™)/(p™*"). For the multiplicative groups of these local rings we have the short 
exact sequence 


LSet Oy ie — (Z/P) — 1. 


The group (1 + (p)™)/(1 + (p)™*") is of order p and is generated by 1+ p™. Put 
V; = Vo,;(p). Since p totally ramifies, we have Vo = G. The Propositions 7.58 and 
7.59 imply that Vı = Gal(L : Q(G,)) and that for j > 2 the indices (V;_1 : V;) 
are either 1 or p. Let m < r. The group Gal(L : Q(Cpm)) is generated by the 
automorphism 14pm: Cpr > ee We have 


orem (Cpr) — Gor = Gt” — Gor = Cpr (Chr — 1) = Cpr (Gorm — 1). 


It follows that Up(F14pr (1 = Cpr) = (1 = Cpr) = Up(T14pr (Cpr) = Cpr) = p™. By 
Proposition 7.57 
yi eV 


This implies 
Vj =Gal(L: Q(Gpm)) if p™ <j <p™-1. 


So the jumps in the descending chain of ramification groups are at p™ — 1 for 
m=0,...,r—1. (A jump at j meaning that V;41 4 V;.) 


7.6 Norms of fractional ideals 


For rings of integers of number fields we have the notion of norm of a nonzero ideal. 
This easily generalizes to a notion of norm of a fractional ideal. It will take values 
in the group of positive rational numbers. This group is isomorphic to the group 
of fractional ideals of Z. We generalize this further. In this section 


is a Dedekind domain, 
the field of fractions of R, 
: K a finite separable field extension, 


nnay 


the integral closure of R in L. 
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7.65 Definitions and notations. We have homomorphisms 
je: 1(R) 3 1(S) and NJ: 1(S) > (R). 


The first one is defined by j£ (a) = aS, the second one is called a norm map and is 
defined on basis elements q € Max(S) by N3(q) = (qN K)f, where f = fx(q), the 
residue class degree of q over K. The inclusion K* — L* will be denoted by j#. 


Clearly, the map jë is injective, because for each p € Max(R) the homomorphism 
(p) — (q | q above p), p> pS is injective: 


(p) — (q | q above p) 


Z —> Daips 2 


For a tower of extensions we have: 


7.66 Lemma. Let also M : L be a finite separable field extension and T the integral 
closure of R in M. Then 


jeje =j: I(R)—> I(T) and NẸNẸ = N}: I(T) > I(R). 


7.67 Proposition. The following diagrams commute: 


L* —> I(S) L* —— I(S) 
it] E ne [a 
K* —> I(R) K* —> I (R) 


The horizontal maps are the homomorphisms which map an element to the principal 
fractional ideal it generates. 


PRooF. It is obvious from the definition that the first square commutes. For the 
second let’s assume first that L : K is a Galois extension. Let a € L*. Then to 
prove that N$ (aS) = N% (a)R. This means that vp(N}(aS)) = vp(N¥(a)) for all 
p € Max(R). So let p € Max(R). We have 


Up(NR(aS)) = vp (NE (II q) ) Za (Ilia A KID) 
q q 
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= p(T] pr) = SP Pag (a) = 19 Yo a 


q|ps alps q|ps 


Let q E€ Max(S) above p. Put G = Gal(L : K) and Z = {a0 € G | o(q) = q}. Then 
o(q) = T(q) if and only if o and 7 are in the same left coset of Z in G. Therefore, 


vaNk la) = va(T] o(@)) = E vlel) = SO vola) = E vola) 


o€G o€G o€G o€G 
L L 
= X Y vw la) = Y #(C)- vla) = eP AP Y vala). 
CEG/ZoEC q|ps q|ps 


Hence, vp (NE (a)) = SI” Naipg vala). So indeed vp (NF (aS)) = vp(N&(a)). 


In general, let M : K be the normal closure of L : K. Put t = [M : L] and let T 
be the integral closure of Rin M. Since M : K is a Galois extension, by the above 
we have NZ (aT) = N¥ (a)R for all a € M*. So in particular for a € L*: 


Nz (aT) = NR(Ng (aT)) = NÈ(NY (a)S) = NÈ (a'S) = NR (aS)' 


and 
NY (a)R = NE (a")R = (NE(a)RY. 


Since the group I(R) is torsion free, it follows that N (aS) = N4 (a)R. 


7.68 Definition and notations. In the notation of Proposition 7.67: the map 
NÊ induces a homomorphism Cé(9) > Cé(R), [b] ++ [N%(6)]. It is called the 
transfer from Ce(S')) to Cé(R) and is denoted by tr}. The inclusion map jë induces 
a homomorphism Cé(R) > Cé(S), [a] + [aS]. It is denoted by jË as well. 


For a € K* we have NŁ (a) = alt]. In other words the composition Ni. j* is 
raising to the power [L : K]. For fractional ideals we have: 


7.69 Proposition. Let a € I(R). Then NẸjE(a) = al*). If L: K is a Galois 
extension with Galois group G, then j3NẸ (b) = J] ea a(b) for all b € I(S). 


PROOF. It suffices to prove that the composition NẸ jË raises base elements p € 
Max(R) to the power [L : K]. For such p we have by Theorem 7.8 


NS jE(p) = na(II q0) = |] prO = pe, 
alps alps 


The second assertion follows directly from the splitting behavior of prime ideals in 
case of a Galois extension: for q € Max(S), p € Max(R) under q and f = FO we 
have 


i8Na(a) = jS (p) = (pS)! = TT ofa). 


o€G 
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7.70 Corollary. tr? j£ ([a]) = [aj!4**! for alla € 1*(R). 


Number fields are the fields of fractions of their rings of integers. This is reflected 
in the terminology and notation in the number field case. 


7.71 Notations. Let L: K be a number field extension. The maps J95 and NGE 
are denoted by j# and N& respectively. Thus we have homomorphisms 

jk: 1(K) > 1(L) and N&:1(L) > 1(K) 
and similarly 


jh: CUK) + C&L) and trk: Cé&(L) > CUK). 


Though the maps j£: K* — L* and j@: I(R) — I(S) are injective, the induced 
map j@: Cl(R) —> Ce(S) need not to be so. The following theorem gives a class of 
extensions for which this map is injective. 


7.72 Theorem. Let m € N* with m > 2, L = Q(Cm) and K = Q(Cm + Gn). Then 
the map 
ip: (K) + CL), [a] > [a7] 

is injective. 
PROOF. We may assume that m Æ 2 (mod 4). Let a € I+(K) such that aO; is 
principal. Then to show that a is a principal ideal of Og. Complex conjugation 
induces an automorphism 7 of L and we have L7 = K. Let a € Oz generate aQ_. 
Then 

aOr = a0zr = T(a)Or = T(a0L) = T(a0L) = T(a)OL. 


Hence zay € Oj. For each o € Gal(L : Q) we have 


a o(a) lela) 
l(a) | = arial - |ra(a)| 


So by Lemma 5.45 -fy € u(L). We distinguish two cases. 


Case 1: m is not a prime power. The proof of Theorem 5.51 shows that in this 
case the map OF > p(L), v => aa is surjective. So there is a v € OF such 
that RO = TO For 8 = at(v) we have 7(8) = T(a)v = ar(v) = 8. Therefore, 
B € OK. So 


iE (a) = a0; = bOr = jf (80x). 
Since j¥# : I(K) > I(L) is injective, it follows that a = BOK. 


Case 2: m is a prime power, say m = p”. From T(1— Cm) = —G;,'(1— Gm) follows 
that ey generates u(L). Since z(a ÍS a root of unity, there is a k € Z such 
that i 

Q (1— Cm) 


Tr(a)  T(L— Cm)" 
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So at(1—Gm)* € Ox. The prime p totally ramifies in L. Put q = (1—¢m)Oz and 
let p be the prime of K under q. Then pO; = (1 — m)” Or = q” and pO; = 0°, 
where n = [L : Q] = v(m). Because at(1 — Cm)! € Ox, we have 


valar(1 — Gn) = 2-u,(ar(1— Gat 


and 
vala) = vy(aOz) = 2- vp (a), 
hence 2 | vq(T(1 — Gm)*) = k - vq(1 — Gn) = k. We have 


GE (ar (1 — Gn)*Ox) = ar (1 — Gm)*On = aOz - q" = jÉ (ait (W°?) = jÉ (ap*””). 


Hence, by injectivity of jE, a(1—¢m)*Ox = ap*/?. Because q is a principal ideal, 
so is p: 
p = NK (1) = NK ((1 — Cm)OL) = NK (1 — Gm) On- 


So also in this case a is a principal ideal of Ox. 


For an arbitrary quadratic extension of number fields by Corollary 7.70 the com- 
position trk jf: C(K) — Cé(K) sends each class to its square, so the kernel of 
jE: CO(K) > Ce&(L) is contained in the subgroup 2Cé(K) of classes having trivial 
squares. On the ‘odd parts’ of the ideal class groups the map 7} is injective. So 
the extra information in the theorem is that ideal classes of order 2 of Q(¢m + Gn‘) 
do not vanish in Cé(Q(Gn)). 


7.7 The Frobenius automorphism of a prime ideal 


We will use the notations of section 7.3. Note that in particular the residue class 
fields are finite. In this section there is the extra assumption: 


q is unramified over K. 


This means that the map Zg (q) > G is an isomorphism. Because the residue class 
field R/p is finite, the group G is generated by the automorphism x +> «#(*/P) of 
S/q. In other words: 


7.73 Proposition. There is a unique y € Gal(L: K) such that 


=a" ( 


p(a) =a" (modq) foralla €S, 


where N = #(R/p). This y generates Zg (q). 


7.74 Definition. The unique ọ in Proposition 7.73 is called the Frobenius auto- 
morphism of q over K. Notation: yx(q). (So we have Zg (q) = (yxK(q)).) 


Let o: L + L’ be a field isomorphism and put $’ = o($). Then L’ is the field of 
fractions of the Dedekind domain S’ and the following are equivalent: 
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yK(q)(a) = a (modq) for alla € S, 
\(a) = o(a)" (modoa(q)) for all a € S, 
o~*)(6) = BN (modoa(q)) for all 8 € S. 
So we have: 
7.75 Proposition. Leto: L + L’ be an isomorphism of fields. Then 


Yok) (o(4)) = opg (q)o*. 


In particular if o € Gal(L : K), then 


=l 


eK ((4)) = cpr (a)o 


7.76 Corollary. If, moreover, L: K is abelian, then pg (q) satisfies 
yx(q)(a) =a (modpS) for alla € s. 
PROOF. By Proposition 7.75 and the transitivity of the action of Gal(Z : K) on 
the set of prime ideals of S above p: 
x(q) = eK(q) for all q’ € Max(S) above p. 


Since p does not ramify in L, the ideal pS is the product of the prime ideals above 
p. 


For abelian extensions a Frobenius automorphism of a prime ideal q depends only 
on the prime ideal below q in the base field. In this case we use a special notation. 


7.77 Definition and notation. For L: K abelian and p € Max(R) unramified in 
L put pP = pg (q). The automorphism pP € Gal(L : K) is called the Frobenius 


automorphism of p in Gal(L : K). 


7.78 Example. Let m € N* and p a prime number with pf m. Then p does not 
ramify in the cyclotomic field Q(¢,,). The automorphism of Q(m) with m > CP, 
is the Frobenius automorphism of p in Gal(Q(¢m) : Q), since 


l NP 
Laco D auti = (Y ut,) (mod pZ[6). 
In particular fP is equal to the order of p in (Z/m)*. 


7.79 Quadratic Reciprocity Law. The splitting behavior of primes in a cyclotomic 
field leads to another proof of the Quadratic Reciprocity Law. Let p be an odd 
prime number. Put p* = (—1)?~1/2p. Then K = Q(,/p*) is the unique quadratic 
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subfield of Q(¢,). Let q be a prime number # p and let f be the order of q in Ff. 
Let Z be the decomposition group of q in Q(¢,). Then 


—1 — 1 
(2) =1 = ais a square modulo p = f 2 = 
p 


<> KCQG)* <— q splits completely in K. 


For q 4 2 this is equivalent to (=) = 1. Hence, for odd q 
q 


P 


Ore Oe) ses 


For q = 2 we get: 


2 
(=) =1 <> 2 splits completely in K <> p* = 1 (mod8) 
P 

2 


<> p= 1,7 (mod8) <=> P is even. 


So (=) Sire | 


Finally, for future reference we consider the behavior of Frobenius automorphisms 
under a change of the base field. We do so only in the number field case. 


7.80 Proposition. Let L: K be a Galois extension of number fields and K’: K a 
number field extension. Let q be an over K unramified prime ideal of Or and q' 
a prime ideal of OrK: above q. Then q' is unramified over K’ and yx: (q')\_, = 
eK (q)!, where f = fx(q' A K’). 


PROOF. By Galois theory restriction of automorphisms in Gal(LK’ : K’) to L 
yields an isomorphism 


Gal(LK’ : K') —> Gal(L: LA K’) C Gal(L: K). 
By definition of inertia and decomposition groups this restricts to isomorphisms 
ZK (d) — Zing (q) © Zx(q) and Tr(q') > Tank’ (a) € Tr(a). 


Since Tx (q) is trivial, so is Tg (q’), that is q’ is unramified over K’. Put p’ = QK’ 
and p = q N K(= qN K). The Frobenius automorphism of q’ over K’ satisfies 


yx(q')(a) = alr’) (modq’) for all a € Oryx. 


In particular this holds for all a € Oz. The Frobenius automorphism of q over K 
is characterized by 


yK(q)(a) = aN) (modq) for all a € Oz. 


The proposition follows from N(p’) = N(p)/. 
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In particular for abelian extensions we have the following. 


7.81 Corollary. Let K': K be a number field extension, L : K an abelian extension 


of number fields, p a prime ideal of Ox which does not ramify in L and p’ a prime 


ideal of Ox: above p. Then gE), = (oP), where f = fx(p’). 


7.8 Galois groups of polynomials and reduction 
modulo a prime ideal 


In chapter 5 it was shown that in every number field there is a prime ideal which 
is ramified over Q, or in other words: there are no unramified extensions of Q. In 
this section we show that for other base fields the situation can be quite differ- 
ent: in Example 7.82 an unramified extension of a quadratic number field will be 
constructed with Galois group As, the symmetric group on 5 elements. 


Let K be a number field and f € Ox[X] a monic polynomial of degree n without 
multiple roots. Then disc(f) is a nonzero element of Ox. Let L be the splitting 
field of f over K, say f = (X — aı)--- (X — an) with ay,...,a@, € Or. Then 
L = K(ay,...,@,) and L: K is a Galois extension of number fields. The Galois 
group G = Gal(L : K) acts by restriction on the set A = {aj,...,@,} and since 
an automorphism of L : K is determined by its action on A, this restriction is an 
injective group homomorphism 


k: G> S(A), o lA, 


where S(A) is the full permutation group of A. The subgroup «(G) of S(A) is by 
definition the Galois group Galg (f) over K of the polynomial f. 


Let p € Max(Ox) and assume that disc(f) ¢ p. Choose q € Max(Oz) above p. 
For a € Oz its class in the residue field Oz /q is denoted by a. In (Oz; /q)[X] we 
have 
f = (X = a1): (X — a), 
and since disc(f) = disc(f) 4 0, the polynomial f has no multiple roots as well. 
The subfield F = (Ox /p)(@i,...,@n) of Ox /q is a splitting field of f over Ox/p. 
The composition 
ZK (q) >G > Gal(F : Ox/p) 


of surjective homomorphisms is injective: if 7 € Zg (q) induces the identity on A = 
{ai,...,@n}, then also on A. Therefore, both homomorphisms are isomorphisms 
and this implies that q is unramified over K (and since L : K is a Galois extension, 
p doesn’t ramify in L) and that Oz/q is a splitting field of f over Ox /p. 


The group G is generated by the automorphism x +> £N), It induces a per- 
mutation of A and the Frobenius automorphism of q over K induces the ‘same’ 
permutation of A: if aN) = aj, then yx(q): a; > aj. 
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7.82 Example. Let f = X°—X+1 and let F be a splitting field of f over F5. Then 
F : Fs is a Galois extension and Gal(F : F5) is generated by the automorphism 
xr a>. A root x € F of f is mapped to zë = z — 1. So the automorphism is 
of order 5. This means that f is irreducible over F5. From this it follows that 
f is irreducible over Q. Let A = {a1,...,a5} be the set of roots in C and put 
K = Q(a), where a = ay. Let L: Q be the normal closure of K : Q, that is L is 
the splitting field of f over K. The group Gal(L : Q) is isomorphic to Galg(f), a 
subgroup of S(A). Since [L : Q] is a multiple of [K : Q] = 5, the group Galg(f) 
contains an element of order 5, which must be a 5-cycle of the set A. For instance, 
the Frobenius automorphism of a q € Max(Oz) above 5 induces such a 5-cycle. 


We have 
disc( f) = NG (5a* — 1) = -NŠ (5a® — a) = —NG (4a — 5) = —4°NG (a — 3) 
= 4°. ((3)? — 341) =5° — 4* = 2869 = 19- 151. 


Since disc(f) is squarefree, it follows that Ox = Z[a]. Only the primes 19 and 151 
ramify in K. The factorization of f € F[X] is 


f=(X? +X +1)(X? +X? +1). 


So Galg(f) contains a permutation which is the disjoint product of a 2-cycle and 
a 3-cycle. The third power of this permutation is a 2-cycle (a transposition). 
Because the subgroup Gal(f) of S(A) contains a 5-cycle and a 2-cycle, we have 
Gal(f) = S(A) = S5, in particular [L : Q] = 5! = 120. The group Ss has a 
unique subgroup of index 2, the group As of even permutations. So L has a unique 
quadratic subfield, and since \/disc(f) € L, it is the field K’ = Q(/19- 151). The 
extension L : K’ is a Galois extension of number fields and its Galois group is 
isomorphic to As. We show that it is an unramified extension. Since only the 
primes 19 and 151 ramify in K, these are also the only primes which ramify in the 
normal closure L. It follows that prime ideals of Ox, different from (19, v19 - 151) 
and (151, /19- 151) do not ramify in L. We have to show that e4) = e4) = 2. 
Since Ox = Zia], the factorization of 19 and 151 in Ox can be computed by 
factorizing f modulo 19 and 151 respectively. The factorization as product of 
maximal ideals is as follows: 


(19) = (19, a — 6)?(19, a? — 7a” — 6a + 9) 
(151) = (151, a — 39)?(151, a — 9) (151, a — 64a + 61). 


The prime ideals p = (19,a — 6) and q = (151, a — 39) have ramification index 2 
over Q. We will show that they do not ramify in L. The field L is a splitting field of 
f over K and also a splitting field of fo = x ~ € On[X] over K. This polynomial 
has no multiple roots. The discriminant of fz is the product of all (a; — aj)? with 
i, j E {2,3,4,5}, i > j. It follows that 

deac disc( f) — 19-151 19-151 


Ilaia)? f'(a)?  4a-5 


Zla]. 
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Since Nf (4a — 5) = 19 - 151, the ideal (4a — 5) of Ox = Z[a] is the product of an 
ideal of norm 19 and an ideal of norm 151. We have 


4a —-5=4-6—5=19=0 (modp), 
4a — 5 =4-39—5 = 151 = 0 (mod q). 


Hence (4a — 5) = pq. It follows that disc( f2) p,q. So p and q do not ramify in 
K (a2); therefore, they do not ramify in the splitting field L of fo over K. 


EXERCISES 


1. Let R be a Dedekind domain, K its field of fractions, L : K a Galois extension, S 
the integral closure of R in L, q E€ Max(S) above p € Max(R). 


(i) Let a € S. Show that the characteristic polynomial of a over K is a monic 
polynomial over R which splits over L. 


(ii) Prove that S/q:R/p is a normal extension. 


2. Let R be a Dedekind domain, K its field of fractions, L : K a Galois extension, S$ 
the integral closure of R in L, q € Max(S) and p € Max(R). Show that 


qn K =p 4 qNR=p q| ps. 


3. Prove Proposition 7.3. 


4. Let L: K be an extension of number fields and let a and b be nonzero ideals of Ox 
such that aOz | bO,. Show that a | b. 


5. (i) Give an example of a biquadratic number field in which 2 splits completely 
and also one in which 3 splits completely. 
(ii) Let K be a biquadratic field in which 2 or 3 splits completely. Show that 
there is no a € Ox such that Ox = Z[a]. 
6. Let R be a Dedekind domain, K its field of fractions, L : K a finite separable field 
extension and S the integral closure of R in L. 
(i) Let (a1,...,Q@n) be a K-basis of L with ai,...,an € S. Show that 


Up(disc(a1,...,Qn)) = Vp(OR(S)) (mod 2) 


for all p € Max(R). 
(ii) Prove that the ideal class of 0r(S) is a square in Cé(R). 


7. (i) Show that the extension Q(V2, V5) : Q(V/10) is unramified. 


(ii) Prove that p € Max(Z[V10]) splits completely in Q(V2, v5) if and only if p 
is a principal ideal. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Exercises 


Let L be a biquadratic number field. Suppose that 2 ramifies in each of the quadratic 
subfields. Show that 2 totally ramifies in L. 


Let a € R such that a? = a + 1. Show that the extension Q(a, /—23) : Q(V=23) 
is unramified. 


Let L: K be a Galois extension of number fields. Assume there is a p € Max(Ox) 
which remains prime in L. Show that the group Gal(L : K) is cyclic. 


Let L : K be a Galois extension of number fields with Galois group G. Suppose 
p € Max(Ox) ramifies in L, but does not ramify in intermediate fields 4 L. 
(i) 
(ii) 
(iii) Prove that H is a normal subgroup of G. 
) 


i 
(iv 


Prove that there is a unique smallest nontrivial subgroup H of G. 


Show that #(G) is a prime power. 


Show that #(H) is a prime number and that H is a central subgroup of G. 


Let L : K be a Galois extension of number fields with Galois group G. Suppose 
p € Max(Ox) does not split completely in L, but does so in every intermediate 
field A L. Prove the same (i), (ii), (iii) and (iv) as in the previous exercise. 


Let L : K be a Galois extension of number fields with Galois group G. Suppose 
p € Max(Ox) does not remain prime in L, but does so in every intermediate field 
# L. Prove that G is cyclic of prime power order. 


Give a detailed proof of Corollary 7.49. 


Let K be a quadratic number field. Show that odd prime divisors of disc( K) ramify 
tamely in Ķ and that 2 ramifies wildly if and only if 2 | disc(). 


An elementary proof of a weaker version of Theorem 8.37 of the next chapter. 

(i) Let f = aoX™ +---+aiX +am € Z[X] be of degree m > 1. Show that there 
are infinitely many primes p such that f € F,[X] has a root in Fp. (Consider 
f(n!) in case am = 1. For the general case look at f(a@mX)/am.-) 

(ii) Let K be a number field. Prove that there are infinitely many p € Max(Ox) 
such that fo(p) = 1. 

(iii) Let L : K be an extension of number fields. Prove that there are infinitely 
many p € Max(Ox) which split completely in L. 


Let R be a Dedekind domain with finite residue fields, K its field of fractions, 
L: K a Galois extension of degree n and S the integral closure of R in L. Suppose 
p € Max(R) totally tamely ramifies in L: pS = q” with q E€ Max(S). 

(i) Show that R/p* contains a primitive n-th root of unity and that the group 

Gal(L : K) is cyclic. 

Assume that also K contains a primitive n-th root of unity. Then by some Galois 
theory one shows that there exists a 8 € L such that L = K(8) and 8” € K. See 
also Proposition 15.9 in the section on Kummer extensions. 


(ii) Put v4(8) = k and write 8 = 7", where v(m) = 1. Prove that k = 1 (modn). 
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(iii) Show that there is a 8 € L such that L = K(f), 8” € K and v,(8) = 1. 


Let L : K be a Galois extension of number fields and p a maximal ideal of Ox 
which totally ramifies in L. Let q be the prime ideal of Oz above p and m € Oz 
such that vg(m) = 1. Show that vp(N&(7)) = 1. 


Let p be an odd prime and K the unique subfield of degree p of Q(¢,2). Compute 
disc(K). 


Let K be a quadratic number field in which the prime number 2 ramifies. Put 
K = Q(/m) with m € Z squarefree. Then m = 3 (mod 4) or m = 2 (mod 4). Let 
q E€ Max(Ox) be above 2. There is a unique t € N such that Vi(q) \ Vi+i(q) is 
nonempty. Compute t for both cases. 


Let K = Q(./—2, V3). The prime 2 totally ramifies in K, see Example 5.23. Let p 
be the prime ideal of Ox above 2. Compute Vo,i(p) for all i € N. 


Let K = Q(W2,¢3). The prime 3 totally ramifies in K, see Example 7.17. Let p be 
the prime ideal of Ox above 3. Compute Vo,i(p) for all i € N. 


In Example 7.64 the ramification groups of an odd prime p in Q(¢pr) have been 
computed. Compute the ramification groups of 2 in Q(2r) 


8 Analytic Methods 


The splitting behavior of primes in a number field K determines a complex analytic 
function, the Dedekind zeta function ¢x(s). It is defined by an infinite series (a 
Dirichlet series) determined by the sequence (jx (n))n>1, where jx (n) denotes the 
number of ideals of Ox of norm n. For the convergence properties we will need the 
asymptotic behavior of sequences like these and this is studied in section 8.2. It is 
based on estimates in section 8.1 for the number of lattice points inside a bounded 
domain in a real vector space. It is remarkable that deep properties of a number 
field are hidden in its Dedekind zeta function and, therefore, are determined by 
the splitting behavior of primes in the number field alone. Dirichlet series are 
considered in general in section 8.3. An important example is the Riemann zeta 
function, the Dedekind zeta function of the number field Q. In section 8.5 the 
notion of Dirichlet density is introduced. It is a measure for collections of prime 
ideals in a number field. A positive density implies that the collection contains 
infinitely many of them. 


8.1 Counting lattice points in a bounded domain 


Let D be a bounded measurable domain in the standard Euclidean space R” and 
let the boundary OD be not too wild: lets assume that it is covered by the images 
of a finite number of Lipschitz maps f1,..., fp: [0,1]"~! > R”. 


A map f: [0,1]"~* —> R” is a Lipschitz map if there is an upper bound for the 
quotients || f(z) — f(y)||/||2 — y||. The condition on the boundary prevents it to 
have a complicated fractal structure, i.e. to have a fractal dimension > n — 1. 


Let, furthermore, A be a lattice in R”. Since D is bounded, by Proposition 5.3 the 
set DNA is finite. Our aim is to estimate the number of elements of DM A, more 
precisely to give an estimate of #(aD N A) as a function of a € [1, 00). Note that 
#(aDN A) = #(DN 4A). Since D is measurable, it will follow that 


lim 6(4A)- #(DN 4A) = vol(D). 


a—-oo 


So an estimate for the number #(a DNA) is aes a”. We will see that the condition 


on the boundary of D implies the following for the error term. 
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8.1 Proposition. Let D, a and A be as above. Then for #(aDN A) as a function 
of a we have 
vol(D) 


#(aDN A) — SA) 


a” = O(a"-). 


PROOF. Let F be the mesh of A determined by a Z-basis (v1,...,Un) of A and 
let v be the center of F: v = (vı +-+++ un). The Euclidean space is covered by 
the translates of F centered at lattice points: 


R” = LU (@-v+F). 


cel 
For a € [1,co) put 
S-(a)={xEA|x—vt+FCaD}, N (a) = #(S' (a)), 
St(a)={xEA|(x-v+F)NaD FB}, Nt (a) = #(St(a)), 
S(a) = AnaD, N(a) = #(S(a)) 


S~ (a) C S(a) C S*(a). 
and so N- (a) < N(a) < N+ (a). We have 
N~(a)6(A) < N(a)6(A) < NF (a)ô(A) and N7~(a)d(A) < vol(aD) < N? (a)ô(A). 


Therefore, 
|N(a)8(A) — vol(aD)| < (N+ (a) — N~ (a))ô(A). 


For x € A we have 
xe Sta) \ ST (a) = (4@-v+F)nNAaD) FO. 


This and the condition for 0D will be used for estimating (N+ (a) — N- (a))ô(A). 
Let OD be covered by Lipschitz maps f1,..., fe: [0,1]"~' > R”. Take A > 0 
such that || fi(x) — fi(y)|| < Alle — y|| for i = 1,...,k and for all x,y € [0,1]"~?. 
Divide [0,1] into |a| segments of equal length 1/|a|. The n-cube [0,1] is sub- 
divided into |a|"~! cubes with edges of length 1/|a|. The boundary 0(aD) is 
covered by the images of the maps af),...,af,. Let c be any of these cubes. Put 
d = diam((0,1]""!) = /n—1. Then diam(c) = d/|a] and so diam(af;(c)) < 
aàd/|a| < 2Ad for i = 1,...,k. It follows that af;(c) is contained in an n-ball 
with radius Ad. Let r be the radius of an n-ball with center v and contained in 
F. Comparison of volumes yields that the number of disjoint n-balls with radius 
r contained in an n-ball with radius Ad is less than (Ad/r)”. It follows that the 
number of x € A with af;(c) N (x — v + F) £0 is less than (Ad/r)”. The number 
of small cubes is k(|a])"~+, so 


N+(a)— N- (a) < k(la})"—?- (ey < e amt, 


Te r 


186 


8.2 The distribution of ideals over the ideal classes 


Hence N(a)6(A) — vol(aD) = O(a"~?), ie. 


vol(D) 
(A) 


#(aD NM A) -— 


8.2 The distribution of ideals over the ideal classes 


Given an ideal class of a number field K and an N € N*, in this section we estimate 
the number of ideals of Ox of norm < N in the given ideal class. 


8.2 Notations. Let K be a number field of degree d. It determines an arithmetic 
function 


jk: N* >NCC, ne #{a] ais an ideal of Ox with N(a) =n} 


and a corresponding sequence of partial sums (Jx(N))w>1: 


N 
Ix(N) = So ix(n) = #{ ae I*(K) |1< N(a) < N}. 


n=1 


This counting of ideals will be done for ideal classes separately. For that purpose 
we introduce the following notations, where C is an ideal class of K: 


N 
jo(n) =#{aeC|N(a)=n} and Jo(N) =>) jo(n). 


n=1 


Clearly 


x(n) = Sojc(m) and Jg(N) =} Jo(). 
C 


Cc 


We will see that Jco(N) tends for N —> oo asymptotically to a constant times N, 
the constant being equal for all ideal classes, see Theorem 8.3. Moreover, the error 
term will be of order N'~¢. For Jk(N) it follows that asymptotically it tends 
with an error term of the same order to a constant times N as well, the constant 
being the constant for Jc(N) multiplied by the class number. 


Fix b € C71. Then we have a correspondence 


ideals a in C — principal ideals (œ) C b 
with N(a) < N — with |N§ (a)| < N - N(b) and a 40 
a — ab 


ab-t <4 (a) 
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So instead of counting ideals we can count principal ideals: 
Jo(N) = #{a | a a nonzero principal ideal, a C b, N(a) < N - N(6) }. 


Generators of principal ideals are determined up to a unit factor. The idea is 
to have a domain in R” x C5, the R-vector space in which Ox is embedded as 
a lattice, containing exactly one generator for each nonzero principal ideal. The 
group O} embeds as a subgroup of (R” x C*)* = (R*)” x (C*)* and acts on it by 
multiplication. In principle we want a fundamental domain for this action. It is, 
however, easier to use the subgroup of Oj, generated by a fundamental system of 
units. It is a free abelian group of rank r + s — 1, mapped under w isomorphically 
to the lattice Y(O%) in the subspace H of R’tS. A fundamental domain of its 
action on R*" x C** contains exactly w(K) := #(u(K)) elements of 1(O%,). 


Choose a fundamental system (€1,...,E€r+s—1) of units and let F be the fun- 
damental parallelotope spanned by w(€1),...,W(Er4s—1). Put vk = wW(ex) for 
k=1,...,r+s-—1, then 


r+s—1 


rely w |O< te <1}. 


k=1 


r S 


pE =n 
Let v = (1,...,1,2,...,2) € R"+5. Then v ¢ H and 
D = L!(F + Rv) CR* x C** 


is a fundamental domain for the action of (€1,...,E€r+s—-1) on R*” x C**. For 
positive reals a put Da = {x € D | |N(a)| < a}. The advantage of the particular 
choice of v is the homogeneity of Da in the sense that 


D, = Ya Di, 


which implies that vol(D,) = a-vol(D,). The counting of ideals of norm < N in 
a given ideal class comes down to counting lattice points in a bounded domain: 


We will apply Proposition 8.1. A parameterization of D’ := Dı N ((0, 00)" N C5) 
will be given. It will show that 0D’, and by symmetry also 0D, is Lipschitz 
parameterizable. The parameterization will be used for a calculation of vol( D’). 
Then again by symmetry vol(D,) = 2” vol(D’). Thus we have 


188 


8.2 The distribution of ideals over the ideal classes 


z = —y c=yYy 
r = —e?y D' x = ery 
zy =-—1 zxy=1 


Figure 8.1: Dı and D’ for real quadratic number fields 


and by Corollary 5.8 

2"+s vol(D') 
w ẹ/| disc(K)| 
The v; are vectors in R™+’. We will use the notation 


Uk = (vw, ina ott), 


Jc(N) = +O(N'~2). (8.1) 


Then (21,...,21,-..) € D’ if and only if there are t),...,t,45 € [0,1) and u € 
(—oo, 0] such that 


r+s 


log zı = © Ta +u 
k= 


TTS 


log zy = © teok?) +u 


k=1 


2log zı = (~~ Ti + 2u 
k=1 


r+s 


2log zs = © wat) + 2u. 
k=1 
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Now put zj = pjet®i and t,4, = e”. Then for 


(z1, aus Er, pie, pes pe*) = D' 
we have 
G) 
Lj = tryse% trv (forl<j<r), 
pj = try ge? EVR (for r +1 <j<rts), 
Vj = 2rtr4j forr+1<j<r+s). 
j +5 J 


Thus we have a parameterization of the interior of D’ and for the computation of 
vol(D’) it can best be seen as the composition: 


(0, 1)4 44 RT x RS 4 RT x RS 43 R” x (0,00) x R: “4 R" x CS. 


These maps are defined as follows: 


Ai (fa, tee ita) = (tı, sey bpps— 1, log(t rts) trtst1y--- steels 
U1 
Ao(u1, U2) = (ui M, u2), where M is the (r + s) x (r + s)-matrix : i 
Ur+s—1 
v 
A3(a1,..-,@r,b1,...,053C1,---,€s) = (e°1,..., 6%; eè!/2,...  ebs/2: 2m6... 2TCs), 


; é = iw 10 5 
Aa Wy 2505 Bs Digests Bay Pig taxa Us) Ea (£1, -, Er, p1e EEIE ). 


The volume of D’ can be computed by standard calculus techniques. In the com- 
putation occurs a Jacobian determinant 


s eee oe 
= E L Ps det(M). 
tr+s 
Also note that log zı +--+ 2log pı ++: = ru + 2su = d- u and so z1: p? = 
eT“ = (e)? = t4, .. Furthermore, for the matrix M we have by the formula on 


page 128: |det(M)| = d- Reg(K). 
vol(D’) =| pı: Ps d1- dzrdp1: - dpsdù ... ds) 
=f pr pslIltn taldi dta 
[0,1}¢ 
£1 ppt p? 
= 7*| det(M)| L E_S dti- dta 


[0,1]4 tr+s 


= 7°*| det(M fa toy} dti -++ dta = 47°|det(M)| = 1° Reg(K). 
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8.3 Theorem. Let K be a number field of degree d. Then for every ideal class C 
of K we have 

2" (27)* Reg(K) 
w(K),/| disc(K)| 


Jo(N) = N+O(N1-2) 


and hence 


_ 2°(2m)*h(K) Reg(K) | 


w(K),/| disc(K)| ae 


Ix(N 


where h(K) = #(Cé(K)), the class number of K. 


ProoFr. The parameterization of D’ satisfies a Lipschitz condition because the 
partial derivatives are bounded. Restriction to the 2% faces of the d-cube is a 
Lipschitz parameterization of 0D’. So the formula for Jco(N) follows from the 
above computation of vol(D’) and formula (8.1). 


In particular the number of ideals of a given norm N tends asymptotically to a 

constant times N for N — oo: 

2” (277) h(K) Reg(K) 
w(K),/| disc(K)| 


Jk(N)~ -N for N > co. 


8.4 Examples. 
1. For K imaginary quadratic, say K = Q(,/m) with m < —3 and squarefree, 
we have 
h(K 
Jg(N) = 2 4) -N+0(VN). 


2. For K real quadratic, K = Q(.\/m) with m > 1 and squarefree 


_ 2h(K)loge 
D 


where € is the fundamental unit of K. 


Jg(N) -N+O(VN), 


8.3 Dirichlet series 


Power series can be seen as generating functions of sequences of numbers. Another 
type of generating function is the Dirichlet series. This type of function is espe- 
cially useful in case we are dealing with a multiplicative arithmetic function, see 
Definition 8.15. 
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Figure 8.2: Domain used in the proof of Proposition 8.8 


8.5 Definition. A series of type 


with an € C and s € C is called a Dirichlet series. The terms % (= aye oe”) of 
such a series are functions in the complex variable s. 


8.6 Notation. When dealing with Dirichlet series one traditionally denotes the 
complex variable by s instead of z. One also writes s = ø + it with o,t € R: the 
real and imaginary part are denoted by ø and t respectively. 


8.7 Example. An important example of a Dirichlet series is 0°, + (= ¢(s)), 


the Riemann zeta function. Since 5l = a, it converges on the half-plane o > 1, 
and—as we will see—to an analytic function on this half-plane. 


8.8 Proposition. Let the Dirichlet series X = converge for s = so. Then it con- 


ns 


verges on the half-plane R(s) > R(so) to an analytic function. 


ProoF. Under translation a Dirichlet series transforms into a Dirichlet series: 
replacement of s by s + so in a term f% gives ann- So we may assume that 
so = 0, meaning that ` an converges. Then to prove the convergence for all s 
with ø > 0. We will prove that 7 %2 converges uniformly on the domain 


{s| larg(s)| < 3—8} 


for arbitrary small 6, see Figure 8.2. Then it follows that the sum is an analytic 
function on this domain and, since 6 was arbitrary, it is so on the half-plane o > 0. 
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Put 
N N 
Ay = >> an and AM,N = 5 an (=0if M>N). 
n=1 n=M 


Let € > 0. Choose No such that |Am,n| < £ for all N > M > No. Such an No 
exists because the series Sam an converges. For N > M > No we then have 


N N N N-1 
y an _ y Amin — ÅM,n-1 _ Ja Amin y Amun 
ns ns ns (n+ 1)§ 
n=M n=M n=M n=M-1 
N-1 
Am,Nn 1 1 
= — Amun | — - ———- } . 
Ns + 2 M, ns (n+ 1)8 
n=M 
From 
T sdz [fl aan 1 1 
no wetl [ae] ont (n+1)8 
follows: 
1 1 2 m |s|da |s] m odr |s| (1 1 
ns (n+1)§|~ J, goth o Ja rot o (n0. (n+1))j' 


If | arg s| < z — ô, then lel, < C for some constant C. So: 


N N-1 
An |Am N] 1 1 
ail Ss - F |Am,nl 
2 n? |N“ 2 i (n+ 1) 
N-1 
E 1 1 E 1 1 
< — +C = C| — — — 
= We a (= aor) we Tf (a7 =} 
< aa tela <«(C +1) 


8.9 Corollary. There is a unique oo E RU {—00, co} such that X, = converges for 
all s with R(s) > co and diverges for all s with R(s) < oo. 


8.10 Definition. The unique co in Corollary 8.9 is called the abscissa of conver- 
gence of the Dirichlet series 7“. 


8.11 Example. The series ¢(s) = }> + diverges for s = 1, so a9 > 1. It converges 
for all real s with s > 1. So the abscissa of convergence is 1. 


8.12 Theorem. Let a € R with a > 0 such that sae an = O(N®%). Then the 
abscissa of convergence co of the Dirichlet series X` “" satisfies co < a. 
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PROOF. It suffices to show convergence for o € R with o > a. Put An = 
pape an. Then |Ay| < BN® for some B > 0. For partial sums of the Dirichlet 


n=l 
series we have 


ne ™\ ne (n+1)¢ No 


Since ø > 0 we have 


Convergence now follows from o > a: 


N 
an 
D 


n=1 


N 
< BN®-° + Ba 5 noe, 
n=1 


8.13 Theorem. lim,)i(o — 1)¢(c) = 1. 


PROOF. The function f,: «++ + is monotone decreasing on the interval (0, 00). 


So, see Figure 8.3: 


It follows that ¢(0) — 1 < -4 < ¢(o), and so 1 < (ø — 1)¢(a) < o. Therefore, 
lime: (o — 1)¢(o) = 1. 


The Riemann zeta function has a continuation to a meromorphic function on C, 
also denoted by ¢(s). Here we confine to a simple proof that shows it has a 
continuation to the half-plane R(s) > 0. This suffices for our purposes: we will 
focus on its behavior near s = 1. 


8.14 Theorem. The Riemann zeta function has a continuation to a meromorphic 
function on R(s) > 0 which is analytic for all s # 1 and has a simple pole in s = 1. 
Its residue in s = 1 equals 1. 


PROOF. The series ¢2(s) = 1— 4+ 4—4 +- converges for all s with R(s) > 0, 


because pa an = O(1). There is absolute convergence in the half-plane R(s) > 1. 
In this domain we have 


cals) = 68) -2( E+E +--+) =c) ac. 
So 
=z = 
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Figure 8.3: Proof of Theorem 8.13 


The function 1 — 5+ is analytic on C and ¢2(s) is analytic on the half-plane 
ao > 0. Thus we have continued ¢(s) to a meromorphic function on this half-plane. 
By Theorem 8.13 it is clear that it has a pole of first order in s = 1 with residue 
1. We will show that there are no other poles. Poles can only occur in the zeros 
of 1 — s44, so if 2-1 = 1, that is s— 1 = 24 with k € Z. If we also consider 


log 2 
(s) = (1+ 3 =) ($ =F a E) +--+, then we get 
¢3(s) 
ae a 
35-1 


This is another description of the (unique) continuation of ¢(s) to a meromorphic 


function on the half-plane ø > 0. We have 1 — geet = 0 for s— 1 = oes with l € Z. 


If s with R(s) > 0 is a pole, then s — 1 = in = Tea that is 3° = 2!. Then k = 0 


and so s = 1. So the meromorphic function ¢(s) on the half-plane ø > 0 is analytic 
for alls £1. 


As remarked above ¢(s) has a continuation even to a meromorphic function on 
C, analytic for all s # 1. The construction uses the gamma function I'(s), a 
meromorphic function on the complex plane extending the function (n — 1)! on N*; 


for R(s) > 0 it is defined by 
I'(s) = f ery W, 
(o) y 


The gamma function has no zeros and the only poles are simple poles at s = —n 
with n € N. The residue at s = —n is -4. The function 
Z(s) =m ?1(5)C(s) (8.2) 
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is called the completed zeta function. It is a meromorphic function satisfying the 
functional equation Z(s) = Z(1 — s) and its only poles are simple poles at s = 0 
and s = 1. The residues at these poles are —1 and 1 respectively. The Riemann 
zeta function has ‘trivial’ zeros in —2, —4, —6,---. The famous Riemann Conjecture 
states that all other zeros are located on the line o = L. See section VII.1 of [31] 
for details. 


8.15 Definition. A sequence a: N* —> C is also called an arithmetic function. Such 
a function is called multiplicative if a(mn) = a(m)a(n) for all m,n € N* with 
gcd(m,n) = 1. If a(mn) = a(m)a(n) holds for all m,n € N* it is said to be 
completely multiplicative. 


For a multiplicative arithmetic function its Dirichlet series is an infinite product, 
known as the Euler product of the Dirichlet series: 


8.16 Theorem (Euler product). Let a: N* — C be multiplicative and let the 


Dirichlet series X` a(n) be absolute convergent for an s E€ C. Then for this s the 
series is representable by an infinite product: 


X aln el k 


p kao P 


(The product is over all prime numbers p.) 


k 
ProoF. Note that for each prime p the series Sao epa converges absolutely: 


oo k lee) 
a(p") a(n) 
k=0 n=l 


P 


The first term (for k = 0) of the series J>} o ap is 1. The infinite product 
converges absolutely. This follows from 


DE | D5] O <o 


n=1 


An infinite product []~_, bn is said to converge if the sequence [];_, bk of partial 
products converges to a number # 0. If the partial products converge to 0 the 
infinite product is said to diverge to 0. 


An infinite product []7~_,(1 + an) with 1+ an 4 0 for all n is said to be absolute 
convergent if [[°_,(1+ |an|) converges and this is equivalent to X>% |an| being 
convergent. Absolute convergence implies convergence. 


Let R be the set of all maps 


m: {prime numbers} +N, pro mp 
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with mp # 0 for only finitely many primes p. By unique factorization the map 
n => (p++ v,(n)) is bijection from N* to R. In the domain of absolute convergence 


of the Dirichlet series > atn) we then have 


X a(n) alJ], p” 
ae: See ee 


MER MER MER p 
Now let N € N*. Then for Ry the set of all maps 


m: {prime numbers < N} >N, p= mp 


and Ay = {n € N* | vp(n) = 0 for all p > N } we have 


yl. y g- 


nEAN MERN pı N p<N k=0 


From 


be 


= | ns 
n>N 


I a(n) 


and the convergence of Jp |“ 


S[ ele 
ngin ngan 


it then follows that 


8.17 Corollary. Leta be a completely multiplicative arithmetic function and s € C 


. Then 
a(n) 1 
x ns T JI 1 a(p) 
n=l P pa 


PROOF. For each p the series 


is a converging geometric series. Its sum is O 
-4 


8.18 Corollary. For the Riemann zeta function ¢(s) we have foro > 1: 
1 
9s] 
P p? 


In particular, C(s) does not vanish in the half-plane o > 1. 
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The factor a 2I(8) in (8.2) can be seen as the ‘Euler factor’ at the prime oo. 


As we know since Euclid, there are infinitely many prime numbers. This is also 
implied by this product representation of the Riemann zeta function: if there were 
only finitely many, then ¢(s) would not have a pole at s = 1. This is of course 
a far from elementary way of reasoning. However, it will be helpful when looking 
at special collections of prime numbers or prime ideals. The first steps in this 
direction will be made in section 8.5. 


8.4 The Dedekind zeta function of a number field 


With each number field we associate a Dirichlet series which contains a lot of 
information on the number field. 


Since in the context of Dirichlet series a complex variable is denoted 
by s, the notations for the numbers of real and complex primes of a 
number field K will be r(K) and s(K) instead of simply r and s. 


8.19 Definition. Let K be a number field. The Dirichlet series of the arithmetic 
function 


jk: N* >NCC, ne #{a| a is an ideal of Ox with N(a) =n}, 


considered in section 8.3, is called the Dedekind zeta function of K; notation: 
g(s). So 


Given an ideal class C of K we have the partial Dedekind zeta function of the ideal 
class C 


determined by the function 7¢ which only counts ideals in the class C. Obviously, 


cxls)= So Gols). 


CECE(K) 


The Dedekind zeta function generalizes the Riemann zeta function: ¢(s) = Cg(s). 
By Theorem 8.3 our jc(n) = O(N), so by Theorem 8.12 the series converge 
for ø > 1. Theorem 8.3 contains more detailed information on the asymptotic 
behavior of Jc(N) and Jx(N). This leads to: 
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8.20 Theorem. Let K be a number field of degree d with r real embeddings and s 
pairs of complex embeddings. Then for each ideal class C the partial zeta function 
Co(s) has a continuation to a meromorphic function on the half-plane R(s) > 1-4 
with one simple pole in s = 1 and so has the Dedekind zeta function Cx(s). The 
residue of Co(s) at s = 1 equals 


2"(K) (27)8(*) Reg(K) 
w(K),/| disc(K)| 


and the residue of ¢x(s) at s = 1 equals 


24) (27) ACK) Reg(K) 
w(K),/| disc(K)| 


27(K) (27) 8(*) Reg(K) 
w(K),/| disc(K)| 


A jc(n) — 


PROOF. Put k= and consider the Dirichlet series 


By Theorem 8.3 we have 


N 
S“(ie(n) — «) = Jo(N) — KN = O(N1~4). 


n=1 


So by Theorem 8.12 the Dirichlet series converges to an analytic function on R(s) > 
1— L, On the other hand we have 


cap ENE EEE E = (P RE) 5-60). 


The theorem now follows from Theorem 8.14. 


The real number 
w(K)y |disc(K)| 

IK) (2r) O 
is, motivated by an analogy with function fields, known as the genus of the number 
field K. So, with this notation, the residue at s = 1 of the Dedekind zeta function 
is 


g(K) = log 


h(K)Reg(K) 
eg(K) 


As for the Riemann zeta function, there is a completed Dedekind zeta function 


Zr (s) = Zoo(s)Cx(s) 
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satisfying the functional equation Zg (s) = ZK (1—s). It is a meromorphic function 
with only poles at s = 0 and s = 1. These are simple poles with residues 


2"FO n(K) Reg(K) — CORAK) Reg(K) 
w(K) w(K) 


The factor Z..(s) depends on a higher-dimensional gamma function Ig (s): 
Zoo(8) = |dise(K)|? 17? Ix (§). 
For details see the sections 4 and 5 of Chapter VII of [31]. 


8.21 Definition and notation. For ø > 1 the Dedekind zeta function converges 
absolutely. It easily follows that for such o there is no ambiguity in writing 


acl+(K) 


More generally, for a given b: It(K) > C we have an arithmetic function a given 
by 


a(n) = 5 b(a) 
acIt(K) 
N(a)=n 


and we define the Dirichlet series of the function b: I+ (K) > C by 


b x a(n 


acI+(K) 


If the Dirichlet series $., a(n) is absolutely convergent, the Dirichlet series of b is 


absolutely convergent with respect to any ordering of its terms. In this case it is 
said to be absolutely convergent as well. 


The next theorem is a straightforward generalization of Theorem 8.16. First we 
generalize the definitions of multiplicative and completely multiplicative. 


8.22 Definition. Let K be a number field. We call a function b: IT(K) > C 
multiplicative if for all comaximal a,,q2 € I*(K) we have b(a,a2) = b(a,)b(a2). 
The function is called completely multiplicative if b(a1a2) = b(a1)b(a2) for all a,b € 
I*(K). 


8.23 Theorem. Let K be a number field, b: I+ (K) > C multiplicative and s € C 
such that the series 


N(a)* 


acl+(K) 
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converges absolutely. Then the series is representable by an infinite product: 


bla) _ Ty Le") 
>» (ajs » N(p)#s" 


acl+(K) p k=0 


where the infinite product is over all p E€ Max(Ox). 


PROOF. As in the proof of Theorem 8.16 use unique factorization. In this situa- 
tion the unique factorization of nonzero ideals as a product of prime ideals. 


8.24 Corollary. Let K be a number field and let b: I*(K) — C be completely 
multiplicative. If the series X-a wet converges absolutely in s € C, then for this s 


b(a) 1 
2, TOC = II 120: 


N(p)§ 


we have 


8.25 Corollary. For the Dedekind zeta function of a number field K we have 
1 


CK (s) = I] I 


PEPE 
p N(p)5 


for R(s) > 1. 


The formula 
2r) (27)s) h(K) Reg(K) 


w(x) \/| disc(x)| 
is known as the class number formula. Especially in connection with Corollary 8.25 
it gives information on the product h(i) Reg(K). 


cog 


We have continued the Dedekind zeta function of a number field K to a meromor- 


phic function on the half-plane R(s) > 1 — KT For our purposes this suffices, 


but more is possible: it has a continuation to a meromorphic function on the entire 
complex plane. Also this continuation has just one pole, the simple pole at s = 1. 


8.5 Dirichlet density 


For P a collection of nonzero prime ideals of the ring of integers of a number field 
K consider the series j 


peP 
It is the Dirichlet series of the function 


1 if ais a maximal ideal, 


It(kK) > C, = 
(E) į f otherwise. 


201 


8 Analytic Methods 
The series converges absolutely in the half-plane o > 1: 
1 1 1 
eae ee 
ZING) Z NO) N(a) 


acl+(K) 
The Dirichlet density of the collection P is determined by its behavior near s = 1: 


8.26 Definition. Let K be a number field and P a set of nonzero prime ideals of 
Ox. The set P is said to have Dirichlet density 5(P) if 


1 

5(P) = lim peP NG) 
= TE, 

ut p Np): 


provided that the limit exists. 
Rules for a density are satisfied by the Dirichlet density: 


8.27 Proposition. Let K be a number field and let P, P' C Max(Ox) both have a 
Dirichlet density. Then: 


(i) 5(Max(Ox)) = 1. 
(ii) 6(P) ER and 0 < 6(P) <1. 

(iii) If PA P' =Q, then 6(PU P’) = 6(P) + 6(P’). 
(iv) If PC P’, then 5(P) < 5(P’). 


PROOF. (i) and (iii) are obvious and for (ii) restrict the domain to (1,00). For 
(iv) apply (iii) to P’ \ P and P. 


8.28 Notation. The notation f ~ g is used to express that the difference f — g of 
functions f,g defined on ø > 1 is bounded in a neighborhood of s = 1. 


8.29 Definition. Let K be a number field. A function x: I*(K) —> C is called an 
ideal character of K if 
1. y(ab) = x(a)x(b) for all a,b € I*(K), 
2. |y(a)| = 1 or x(a) = 0 for all a € I+ (K). 
So an ideal character of K is a completely multiplicative map x: I‘(K) > C in 


the sense of Definition 8.22 which satisfies the second condition above. An ideal 
character is determined by the values y(p) for p € Max(Ox). 


An ideal character x determines a set P = { p € Max(Ox) | x(p) = 0} and induces 
a group homomorphism 

x’: I (K) + C*, 
where I?(K) = {a € I(K) | vp(a) = 0 for all p € P}. The homomorphism y’ is a 
character of the group I” (K) with values in the unit circle in C. 
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8.30 Convention. The complex function log always stands for the principal branch 
of the logarithm: for r, V € R, r > O and —r < V < a we have log(re””’) = logr+i¥, 
where the last log denotes the real natural logarithm. 


8.31 Proposition. Let K be a number field and y an ideal character of K. Then 
the series X ae converges absolutely for R(s) > 1 and in this half-plane the 
series is representable by an infinite product 


a 1 
N(a)s sll x(p) ` 


1— N(p)5 


Moreover, >, wet converges absolutely on the half-plane R(s) > 1 and 


x(a) x(p) 
loe( Nas) ~ — N(p)s 


PROOF. >, | x Ra and yp go | both are dominated by the Dedekind zeta func- 
tion of K, a series converging absolutely on the half-plane R(s) > 1. The product 
representation on R(s) > 1 follows from Corollary 8.24. 


In a neighborhood of s = 1 we have 


x(a) 1 1 
lor (De Nay) = 'e(I] Ta y) o pole — 


and for each p 


Hence 


and this is bounded for ø > 4. 


In particular we have: 


203 


8 Analytic Methods 


8.32 Corollary. Let K be a number field. Then 


1 
log g(s) ~ 3 Noy 


8.33 Proposition. Let K be a number field. Then 


1 
lim nF _ y 
st1 —log(s — 1) 


PRooF. For the Dedekind zeta function of K we have by Theorem 8.20 
lim(s — 1)¢x(s) = K £0, 
sol 

where « is the residue of Çg (s) at s = 1. The last identity implies that 


log Cx (s) ~ log(s — 1). 


By Corollary 8.32 the function f(s) = X, NON + log(s — 1) is bounded in a 
neighborhood of s = 1. So we have 


Le NGF _ f(s)—log(s-1) _,_ #9 


>1 fors tl. 


—log(s — 1) —log(s — 1) ~ log(s — 1) 


8.34 Corollary. Let K be a number field and P C Max(Ox). Then 


1 1 
iim peP NO): iim per OMe 
s41 Er Ney st1 —log(s — 1) 


(If one of the limits exists, then so does the other.) 


So an alternative definition of the Dirichlet density is 


1 
= Jim peP N(p)* 
st1 —log(s—1)° 


6(P) 


8.35 Corollary. Let K be a number field. Finite sets of nonzero prime ideals of 
Ox have Dirichlet density 0. 


Proor. For P finite 2T P RON is a finite sum of functions which are analytic 


ins=1. 


The Dirichlet density is often used to show the existence of infinitely many prime 
ideals that satisfy certain conditions: if a collection of prime ideals has a nonzero 
Dirichlet density, the collection is infinite. 
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The absolute residue class degree of a prime ideal of a number field is its residue 
class degree over Q. It equals 1 if and only if the norm of the prime ideal is a prime 
number. Prime ideals of absolute residue class degree > 1 do not contribute to the 
Dirichlet density. This follows from the following proposition. 


8.36 Proposition. Let K be a number field and P, the set of prime ideals of OK 
of absolute residue class degree 1. Then 6(P,) = 1. 


PROOF. Let Q be the set of all prime ideals of K of absolute residue class degree 
> 1. It suffices to prove that ae. NON ~ 0. For p € Q we have N(p) > p°, 
where p is the prime number below p. For each prime number p there are at most 


[K : Q] prime ideals of Og above p. Therefore, for o > 1 we have 


8.37 Theorem (Kronecker). Let L:K be a Galois extension of number fields 
and P the collection of prime ideals of Og which split completely in L. Then 


6(P) = TKT: 


PROOF. Let Q be the set of prime ideals of Oz above prime ideals in P and 
Qı the set of prime ideals of L having absolute residue class degree 1. Prime 
ideals in Qı \ Q are ramified over K and so they are finite in number. Hence 
6(QN Q1) = 6(Q1) = 1 and since Q 2 QN Qı it follows that 6(Q) = 1, that is 


1 
iiti daeQ NO 
s}1 —log(s — 1) 


Because 


qEQ pEP TR peP peP 
qnK=p 
we now have 
6(P) =1 Der NO l 


8.38 Corollary. Let Lı : K and Lz: K be Galois extensions of number fields and 
P; the collection of prime ideals of Og which split completely in Li (for i = 1,2). 
Then Lı C Lo < P, 2 Py. 
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ProoF. If Li C Lə, then clearly P D Po. So assume P, D P> and consider the 
extension DL; Lz: K. By Theorem 7.50 the prime ideals which split completely in 
IL are precisely the prime ideals which split completely in both Lı and Le, so 
this set of prime ideals is P, N P2 = Pp. By Theorem 8.37 we have 


[Li Lə : K] = = [L2 x K] 


and hence Lı Lo = Lə, that is Ly C Lo. 


This is an interesting result: Galois extensions of a number field K are determined 
by the collection of prime ideals of Ox which split completely in the extension field. 
It was conjectured by Kronecker and proved by M. Bauer in 1903. It does not tell, 
however, which are the prime ideal collections that occur as such collections. For 
abelian extensions the solution of this problem is given by class field theory. It is 
described in chapter 13 and the proof is completed in chapter 15. 


8.6 Frobenius Density Theorem 


There are various theorems on the Dirichlet density of collections of prime ideals 
with a given splitting behavior in a field extension. The simplest, but important, 
one is Theorem 8.37 in the previous section. Much more advanced is Chebotarev’s 
Density Theorem proved in section 15.4. A weaker version of this theorem is the 
Frobenius Density Theorem. First we consider the case of an abelian extension. 


8.39 Theorem. Let L: K be an abelian number field extension. Let Z be a cyclic 
subgroup of Gal(L : K) of order n and P the collection of nonramifying prime 


ideals of Og which satisfy (ph) = Z. Then 6(P) = a 


Proor. The proof is by induction on n. For n = 1 the theorem reduces to 
Theorem 8.37. So let’s assume that n > 1 and that the theorem is true for smaller 
cyclic subgroups of the Galois group. The collection P consists of nonramifying 
prime ideals with their Frobenius automorphism in Z, but not in a proper subgroup 
of Z. Subgroups of Z correspond to divisors of n. Let Zq be the subgroup of 
Z of order d and P4 the collection of nonramifying primes p with (ph) = Za. 
Then Zn = Z and P, = P. Let Q be the collection of nonramifying primes p 
with pP € Z. Then p € Q if and only if p splits completely in L4. Hence by 
Theorem 8.37 6(Q) = IZK] = tr: The set Q is the disjoint union of all Py 
with d | n. By induction hypothesis all P; with d Æ n have a Dirichlet density, so 
P has a Dirichlet density as well and we have 
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If there is a prime ideal which remains prime in a Galois extension, then the Galois 
group of this extension is cyclic. We now have: 


8.40 Corollary. Let L : K be a cyclic extension of number fields of degree n and 
P the set of prime ideals of Ox which remain prime in L. Then 6(P) = ew, In 
particular infinitely many prime ideals of Og remain prime. 


We generalize Theorem 8.39 to the case of a Galois extension of number fields. 


8.41 Definition. An equivalence relation ~ in G is defined by 


=i 


oi x02 <= > (01) = o (02)0 for some o € G. 


The equivalence classes are called divisions of G and the division represented by 
o € G is denoted by [o]. 


8.42 Lemma. Let G be a finite group, o € G of order n and Z = (o). Then 
#(Llo]) = e(n)(G : Ne(2)). 


PROOF. The number of subgroups of G conjugate to Z is (G : Ng(Z)). Gen- 
erators of different subgroups conjugate to Z differ and each of them has y(n) 
generators. 


8.43 Frobenius Density Theorem. Let L: K be a Galois extension of number 
fields, G = Gal(L : K), D a division in G and P the collection of prime ideals p 
of Ox for which there is a prime ideal q of Oz above p with px(q) € D. Then 


(P) = FER) 


PROOF. Let p € P and q a prime ideal of Oz above p with yx(q) € D. Put 
o = yx(q) and Z = (a). By Proposition 7.54 the number of prime ideals of Ozz 
above p with residue class degree 1 is equal to (G : Na(Z)). For the set P’ of prime 
ideals p’ of Ozz above a prime ideal p € P with fx(p’) = 1 we have 


5(P’) = (Na(Z) : Z)-6(P). 


For the set Q of prime ideals p’ of Ozz which do not ramify in L and satisfy 
gy € D we have by Theorem 8.39 


where n = o(c). Because P’ C Q and Q \ P’ consists of prime ideals with residue 
class degree over K equal to 1 and a finite collection of ramified primes, the sets 
P’ and Q have equal Dirichlet density. Hence by Lemma 8.42 


TOE a E 
WelZ) : Z) ` (No(Z):Z) 
> om __ øn) _ on) (G: Ne(Z)) #0) 
n: WeZ): Z)  #(Ne(Z)) #@) L: Ky 
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EXERCISES 


1. Compute the residue at s = 1 of the Dedekind zeta functions of the fields 


Q(V—2, v3), Q(V2,V3) and Q(i, V6). 


2. Compute at s = 1 the residue of the Dedekind zeta functions of the fields 


Q.v2), Q(V7) and Q(V11). 


3. Compute the residue at s = 1 of the Dedekind zeta function of the field Q(¢5). 


4. The class number formula is based on counting ideals in ideal classes. What is the 
effect on the formula if narrow ideal classes are used? Narrow ideal classes were 
introduced in exercise 10 of chapter 6. 


5. Determine the Dirichlet density of the set of prime numbers for which 2 is a square 
modulo p. What about 2 a cube modulo p? And 2 a fourth power modulo p? 


6. Let K be a number field, g € Ox[X] monic and irreducible over K, L the splitting 
field of g over K and a € L such that g(a) = 0. 

(i) Prove that for all but finitely many p € Max(Ox) the following are equivalent: 
g has a root modulo p, 
fx(p’) = 1 for some p’ € Max(Ox q)) above p, 
Zx(q) C Gal(L : K(a)) for some q E€ Max(Qz) above p. 

(ii) Assume that deg(g) > 1. Prove that g has no roots modulo p for infinitely 

many p € Max(Ox). 


7. Let K be a number field and f € Ox[X] monic, irreducible over K and of prime 
degree. Prove that f is irreducible modulo p for infinitely many p € Max(Ox). 
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In section 9.1 the Kronecker-Weber Theorem is proved: every abelian number field 
is contained in a cyclotomic field. As we have seen in the previous chapter, for the 
splitting of primes in cyclotomic fields there is a simple description. As a conse- 
quence the same is true for any abelian number field. This leads in section 9.3 to 
the notion of Dirichlet character. These characters describe the splitting behavior 
of primes in an abelian number field. In section 9.4 it is shown that abelian number 
fields correspond to finite groups of Dirichlet characters. Since Dedekind zeta func- 
tions of abelian number fields are determined by this splitting behavior, Dirichlet 
characters are particularly useful in the study of these zeta functions. A Dirichlet 
character determines a Dirichlet series, the [-series of the character (section 9.5). 
Via Gauß sums of Dirichlet characters this leads to applications concerning class 
numbers of abelian number fields and units of cyclotomic fields, described in the 
last section. 


In this chapter and later chapters the terminology of categories and functors is 
used. However, more advanced category theory is avoided. 


9.1 The Kronecker-Weber Theorem 


The first complete proof of the Kronecker-Weber Theorem was Hilbert’s in 1896. It 
made use of the theory of ramification groups, here described in section 7.5. Let p be 
an odd prime and r € N*. The cyclotomic field Q(¢,r+1) contains a unique subfield 
K of degree p”. The prime p is the only prime that ramifies in K. We will see that 
this is the only number field of degree p” with this property (Proposition 9.5). For 
the prime 2 we will derive a similar result (Proposition 9.8). The main ingredient 
for the odd prime case is the next proposition. The Kronecker-Weber Theorem 
will follow by reduction to these special cases. 


9.1 Lemma. Let p be an odd prime and K an abelian number field of degree p 
in which p is the only ramifying prime: pOg = pP? with p € Max(Ox). Then 
Vo(p) = {1} and disc(K) = p7». 


Proor. There is a unique t € N* such that V;(p) = Gal(K : Q) and Vi4i(p) = 
{1}. We will prove that t = 1. Take r € Ox with v(m) = 1 and let f € Z[X] be 
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the minimal polynomial of m over Q. Then deg(f) = p. Let o be a generator of 
Gal(K : Q). Then 


FX) = (X -7)(X —o(n)) (X — 0? Um) (9.1) 
and so 
f(r) = (a — o(r)) (r — 0*(m)) -+ (m — 0? “*(m)). 

We have V;\Vi41 = {0,07,...,0?7'} and so vp(m—o'(1)) = t+1 fori =1,...,p—1. 
Hence 

vp(f'(7)) = (t+ 1)(p — 1). 
Put f(X) = X? +a, X”! +aQXP-7 +--+ + ap_1X + ay with a1,..., ap € Z. From 
identity (9.1) it follows that 

F(X) = X? € (Ox/p)[X]. 


(In fact, by exercise 20(i) of chapter 3 the polynomial f is an Eisenstein p-poly- 
nomial; see also Theorem 7.20.) We have a1,..., ap E pO Z = pZ, say vp(a;) = ni 
with n; € N* or n; = œ. Then vp(a;) = nip. Apply vp, to 


F(T) = pr®* + ai(p—1)n? 7 +--+ ap-1. 
The valuations of terms on the right hand side are subsequently 
p+(p—1), nip + (p—2), nap + (p— 3), ..-, np—1P. 


Some, but not all, of these might equal oo. The others are all different, because 
they differ modulo p. It follows that 


(t+1)(p— 1) = min(2p — 1,nıp + (p — 2), ..., np—1p) < 2p — 1, 
that is (t — 1)p < t and so, since p > 3, we have 2t < 3. Hence, t = 1. 


By Proposition 7.21 (Ox)p = Zp;[7]. Since K is totally real and p is the only rami- 
fying prime, we have Ox = Z[r] and disc(K) = disc(1,7,...,7?~!) = NÄ (f"(m)) = 
p~, where N = vp(NG (f"(7)) = vp(f"(m)) = 2(p — 1). 
9.2 Lemma. Let p be a prime and L an abelian number field of degree p? in 


which p totally ramifies. Let K be a subfield of L of degree p. Then vp(0K(L)) = 
up(disc(L)) — p- vp(disc(K)), where p is the unique prime ideal of Ox above p. 


PROOF. Let q be the unique prime ideal of Oz above p and p € Oy such that 
valp) = 1. Put r = NZ(p) € Ox. By Proposition 7.67 vp(m) = 1. Then by 
Theorem 7.21 (Oz) = (Ox)ple] and (Ox)p = Zip [r]. So (Or) = Zip lr, Pl. 
This means that the elements 2'p/ with i = 0,...,p— 1 and j =1,...,p—1 form 
a Z{p}-basis of (Oz)q. From Proposition 7.23 and Theorem 7.25 follows that 


Up(disce(L)) = vp(disc(...,7'p’,...)), Up(dise(K)) = vp(disc(1, 7,...,7?7")) 
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and vp(0x(L)) = vp(discx(1, p,...,p?~*)). 
By Proposition 1.33 
disc(...,a°p’,...) = (disc(1,7,...,7?71))? -N&(disex (1, p,..., p?~')). 
So 


vp(D1(L)) = vp (dise(1, p, ...,0?-2)) = up(NE(dise(1, p,-..,°-4))) 
vp(disc(... Tto, p Vp(disc(1, T,... TPT!) 
= vp(disc(L)) — p- vp(disc(K)). 


9.3 Lemma. Let p be an odd prime and L an abelian number field of degree p? in 
which p is the only ramifying prime. Then Gal(L : Q) is cyclic. 


ProoFr. The prime p totally ramifies in L, since otherwise there would be an 
unramified extension of Q of degree p. Let K be a subfield of degree p of L, q the 
prime ideal of Oz, above p and p = qO K. By Lemma 9.1 we have disc(K) = p79, 
Put N = v,(disc(L)). Then by Lemma 9.2 


dK (L) = p72., 


Let p € Oz such that vqg(p) = 1. Then, since p is the only prime ideal of Ox which 
ramifies in L, we have O; = Ox|p]. Let o be a generator of the group Gal(L : K) 
and t € N* such that Vxz(q) = Gal(L : K) and Vxi41(q) = {1}. For the minimal 
polynomial f of p over K we have 


Fo) = (p — o(9))(p — o7(p))... (0 — 0? *(p)). 
Because Vx +(q) \ V2+1(q) = {0,07,...,0? 1}, we have 


vp (0x (L)) = (NK (F (P))) = val F'(p)) = t+ D- 1). 


Hence (t + 1)(p — 1) = N — 2p(p — 1). In particular the value of t is the same for 
all subfields K of degree p. Let s € N* be such that Vo,.(q) = Gal(Z : Q) and 
Vo,s+i(q) Æ Gal(L : Q). Then by Proposition 7.59 Vo,.41(q) is of order p. For 
subfields K of degree p of L we have by Proposition 7.63 


Gal(L: K) if Gal(L : K) = Vos+1(q), 


Vk, ,s+1(4) = Vo,s41(q) O Gal(L : K) = otherwise 


Since t does not depend on K, there is only one such subfield. This means that 
Gal(L : Q) has a unique subgroup of order p. 


9.4 Lemma. Let p be an odd prime. The subfield K of Q(¢p2) of degree p is the 
unique abelian number field of degree p in which p is the only prime that ramifies. 
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PROOF. Suppose there is another abelian number field L of degree p in which p 
is the only prime that ramifies. Then KL is a noncyclic abelian number field of 
degree p? and by Theorem 7.50 only the prime p ramifies in KL. This contradicts 
Lemma 9.3. 


9.5 Proposition. Let p be an odd prime and r € N*. The subfield K of Q(Gpr+1) 
of degree p” is the unique abelian number field of degree p” in which p is the only 
prime that ramifies. 


PROOF. Let L be another abelian number field of degree p” in which only p 
ramifies. Then Gal(KL : Q) is a noncyclic abelian p-group of order > p”. By 
Theorem 7.50 only the prime p ramifies in KL. For H a subgroup of Gal(KL : Q) 
of index p, the field (KL)” is an abelian number field of degree p in which p is the 
only prime that ramifies. By Lemma 9.4 the subgroup H is the unique subgroup 
of index p. It follows that Gal(KL : Q) is cyclic. Contradiction. 


9.6 Lemma. The only quadratic number fields in which only the prime 2 ramifies 
are Q(V2), Q(i) and Q(./—2). 


PrRoor. ‘These are the only quadratic number fields having a discriminant without 
odd prime divisors. 


9.7 Proposition. Let r € N*. The field K = Q(Gor+2 + ear) is the unique real 
abelian number field of degree 2" in which 2 is the only prime that ramifies. 


PROOF. Let L be another real abelian number field of degree 2” in which only 
2 ramifies. Then Gal(AL : Q) is a noncyclic abelian 2-group of order > 2”. By 
Theorem 7.50 only the prime 2 ramifies in KL. For H a subgroup of Gal(KL : Q) 
of index 2, the field (KL)” is a real quadratic number field in which 2 is the 
only prime that ramifies. This is the field Q(/2). So Gal(KL : Q) has a unique 
subgroup of index 2. Therefore, Gal(KL : Q) is cyclic. Contradiction. 


9.8 Proposition. Let r € N*. The only complex abelian number fields of degree 2" 
in which only the prime 2 ramifies are 


Q(Gort1) and Q(Gart2 — G42): 


PROOF. Let K be a complex abelian number field of degree 2” in which only the 
prime 2 ramifies. Let r be complex conjugation. If i € K, then by Proposition 9.7 


K = K7 (i) = Qla + Carta ) (i) = Q(t). 
If i ¢ K, then apply this to K(i): 
K(i) = Q(Gr+2). 
The subfield fixed under the automorphism given by Cgr+2 > —Gria! 


K = Q(Cort2 — Gla). 
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We have determined all abelian number fields of prime power degree in which this 
prime is the only ramifying prime. In particular they are subfields of cyclotomic 
fields. Now we consider a more general case. 


9.9 Proposition. Let p be a prime. Let K be an abelian number field such that 
Gal(K : Q) is a p-group. Then K is contained in a cyclotomic field. 


PROOF. The proof will be by induction on the number of primes Æ p which 
ramify in K. If this number is 0, we know by the Propositions 9.5 and 9.8 that K 
is contained in a cyclotomic field. 


Put [K : Q] = p”. Suppose q is a prime # p which ramifies in K. Let q E€ Max(Ox) 
be above q and consider the ramification group V; = Vi(q) of q over Q. By 
Theorem 7.61 V; is a g-group. Because V; is a subgroup of the p-group Gal(K : Q), 
we have V; = {1}, that is q tamely ramifies in K. Now consider the inertia group 
T = Tg(q). Being a subgroup of Gal(K : Q) it is a p-group, say #(T) = p’, where 
t <r. By Proposition 7.60 p* | q— 1. Let L be the unique subfield of Q(¢,) of 
degree p*. The prime q totally ramifies in L, because it does so in Q(¢,). Since q is 
the only prime which ramifies in Q(¢,), it also is the only one which ramifies in L. 


Consider the abelian number field KL and let q” € Max(O pgz) be above q. Because 
[KL : Q] is a power of p, again we have Vı(q”) = {1}. So T” = Ty(q”) is a cyclic 
p-group. The restriction to T” of the injective group homomorphism 


Gal(KL : Q) > Gal(K : Q) x Gal(Z: Q), o (ol|x,o|z) 
yields an injective group homomorphism 
T” +T x Gal(L: Q). 


The group on the right hand side is isomorphic to Cpt x Cpt. The order of T” is a 
multiple of pt, the order of the inertia group of q in L. It follows that T” is cyclic 
of order pt. 


By Theorem 7.50 the primes which ramify in KL are the same as those which 
ramify in K. Now consider the field 


K'=(KL)" . 


Prime numbers which ramify in K’ also ramify in KL. However, q does not ramify 
in K’. Hence the number of primes ramifying in K’ is less than the number of 
primes ramifying in K. So we can assume that K’ is contained in a cyclotomic 
field, say K’ C Q(Gm). We have: q does not ramify in K’ N L (it does not in K’) 
and q totally ramifies in AK’ L (it does in L). It follows that K’N L = Q and 
therefore, 


[A’L: Q)=[K': QL: Q] = [K : QKL: K'] =[KL: Q]. 
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So K'L = KL, because K’ C KL and LC KL. Hence 
KCKL= K'L C Q(Gm)Q(Cq) = Q(Gm’) 


with m’ = lem(m, q). 


Finally we have: 


9.10 Theorem (Kronecker-Weber). Let K be an abelian number field. Then K 


is contained in a cyclotomic field. 
ProoF. The Galois group G is a direct product of p-groups, say 
G= Qin 
where G; is say a Sylow p;-subgroup. Put H; = G,---Gj_1Gj41---G,. Then 
K= KO = KN = KM... KA 


and we have 

Gal(K™: : Q) S G/H; = Gi. 
By Proposition 9.9 each of the K* is contained in a cyclotomic field and so the 
same holds for their composite K. 


The intersection of cyclotomic fields is a cyclotomic field as well: Q(¢m)NQ(Gn) = 
Q(¢a), where d = gcd(m,n). So for an abelian number field K there is a least m 
such that K is contained in Q(¢,,). This justifies the following definition. 


9.11 Definition. Let K be an abelian number field. The least m € N* for which 
K C Q(Gn) is called the conductor of K. The conductor of K is denoted by Nx. 


For a conductor N of an abelian number field we have N # 2 (mod 4), because for 
N = 2 (mod 4) we have Q(¢n/2) = Q(¢n). 


Composition and intersection of cyclotomic fields yield cyclotomic fields, i.e. for 
m,n € N*, d = gcd(m,n) and k = lem(m, n): 


QACmIQAGn) = WCe) and Q(Cm) N Qn) = QCa)- 
This implies: 
9.12 Proposition. Let Kı and Kə be abelian number fields. Then 
Ngk, = lcm(Ng,, Ng,) and Nging, = gcd(Nx,,Nx,). 


For quadratic number fields we have: 


9.13 Proposition. For m € Z squarefree #1 the conductor of Q(./m) is |Dm|. 


PROOF. Write m = upi ---pž, where u € {+1, +2} and p1,...,Ðr are different 
odd primes. The conductor of Q(./n) for n = —1, 2, —2, pj is respectively 4, 8, 
8 and p. It follows that Q(./m) C Q(¢n), where N = |D,,|. Because all prime 
divisors of Dm ramify in Q(./m), this field is not contained in a smaller cyclotomic 
field. 
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9.2 Characters of finite abelian groups 


In the next section Dirichlet characters are introduced. They describe the splitting 
behavior of primes in abelian number fields and are essentially characters of a group 
(Z/N)* for some N € N*. We will need some generalities on characters of groups, 
in particular characters of finite abelian groups. 


9.14 Definition. Let G be an abelian group. A character x of G is a group homo- 
morphism x: G — C*. The character c: G + C* defined by e(g) = 1 for all g € G 
is called the trivial or principal character on G. 


If G is a torsion group, which means that each element of G is of finite order, then 
x(G) C pw(C) = Q/Z for each character x of G. So for such groups, e.g. finite 
abelian groups, we could take characters to be homomorphisms of G to Q/Z. 


9.15 Definition. Let xı and y2 be characters of a group G. Then their product 
X1xX2 is defined by: 


(x1xX2)(9) = xX1(9)x2(g) forall g EG. 


Clearly this imposes an abelian group structure on the set of characters of G. This 
group we denote by GY and is called the character group of G or also the dual of 
G. The trivial character € is the unit element of GY. 


9.16 Definition. Let f: Gi —> G2 be a homomorphism of groups. The group 
homomorphism 
f: GY >G, xoxf 


is called the dual of f. 


One easily verifies that 1gY = lav and (gf)” = fYg“. Thus G4 GY isa 
contravariant functor from the category of groups to the category of abelian groups. 


For any abelian group C we have a contravariant functor Homz(—,C) from the 
category of abelian groups (= Z-modules) to itself. Such a functor is left exact, 
which means that it maps a short exact sequence 0 + A’ — A > A” + 0 to 
an exact sequence 0 + Homz(A”,C) > Homz(A,C) > Homz(A’,C). If it maps 
short exact sequences to short exact sequences the functor is said to be exact and 
the group C is then by definition an injective Z-module. Injective Z-modules are 
just the divisible abelian groups: abelian groups C with the property that for each 
x E€ C and each n € N* there is a y € C such that ny = x. Note that in the 
multiplicative notation this reads: y” = x. 


9.17 Proposition. Let 1 A’ > A — A” — 1 be a short exact sequence of abelian 
groups (in the multiplicative notation). Then the induced sequence of the duals 
13 A" + AY = AY + 1 is exact as well. 


Proor. AY = Homz(A,C*) and the group C* is divisible. 
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9.18 Corollary. Let A, and Ag be abelian groups. Then (A, x Ag)” = AY x Ao”. 


PROOF. Apply Proposition 9.17 to the split short exact sequence 1 + A, > 
Aj x Apo => Ao > 1. 


9.19 Proposition. Let C„ be a cyclic group of order n € N*. Then Cn“ is also 
cyclic of order n. 


PROOF. Let t be a generator of Cn. For each character x of Cn, x(t) is an n-th 
root of unity. The homomorphism y ++ x(t) of Ca“ to the cyclic group Hn of n-th 
roots of unity is an isomorphism. (A generator of the dual group is the character 
which maps t to Cn.) 


9.20 Theorem. Let A be a finite abelian group. Then AY S A. 


Proor. A finite abelian group is a product of cyclic groups. So the theorem is a 
consequence of Corollary 9.18 and Proposition 9.19. 


The theorem merely states that an isomorphism exists. It depends on the factor- 
ization of the group as a product of cyclic groups and the isomorphisms from these 
cyclic groups to their duals. There is however a natural isomorphism from A to 
A: am (x = x(a)). 


The finiteness of A is crucial: 


Z“ = Hom(Z,C*) S C*, 


and 
oo M oo oo oo 
(® 2/2) = Hom (€)Z/2,Q/Z) = [J Hom(Z/2,Q/Z) = J] z/2. 
n=l n=l n=1 n=1 
(II; An consists of sequences (a1, a2,...) with an € An for all n € N*, whereas 


@e-_, An consists of such sequences which satisfy an extra condition: an # 0 only 
for finitely many n € N*.) 


In the next section we will need the following propositions: 


9.21 Proposition. Let p: A > B be a surjective homomorphism of abelian groups. 
Then its dual pY: BY + AY is injective and 


p’ (BY) = {x € A“ | Ker(p) C Ker(x)}. 


Proor. The dual of the short exact sequence 


1 — Ker(p) AB si 


is the short exact sequence 


1—+ BY 24 AY +5 Ker(p)“ — 1. 
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We have 


p’ (BY) = Ker(i’) = {x € AY | xi=e} 
= {x € AY | x(Ker(p)) = {£} } = {x € AY | Ker(p) C Ker(x) }. 


A commutative diagram 


Ay ——> B 
gı 


of homomorphisms of abelian groups is called a cartesian square if for each pair 
hy: X — Ay, hg: X —> Ag of homomorphisms of abelian groups such that gıhı = 
gz2hə2, there exists a unique h: X — C such that fıh = hı and foh = hə. This 
comes down to: for each (a1,a2) € A, X A> such that gı(a1) = g2(a2), there is a 
unique c € C such that fı(c) = a; and f(c) = ag. The square is cartesian if and 
only if the following sequence is exact: 

(73) 


0— C3 A, @ Ap P B. 


Dually, in the categorical sense, the square is called cocartesian if for each pair 
kı: Ay > Y, kg: Ag —> Y of homomorphisms of abelian groups such that kı fı = 
ko f2 there exists a unique k: B > Y such that kg; = kı and kgz = kg. The square 
is cocartesian if and only if the following sequence is exact: 


fi 
c (2) A 0 A “9 B — 0. 


The square is called bicartesian if it is both cartesian and cocartesian. It follows 
that the square is bicartesian if and only if the sequence 


(4) (91 —92) 
0 — C — A, @ Ag $% B—0 


is a short exact sequence. 
9.22 Proposition. The dual of a bicartesian square of abelian groups is bicartesian. 


Proor. According to Proposition 9.17 the dual of a short exact sequence is a 
short exact sequence. 
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9.3 Dirichlet characters 


Dirichlet characters are essentially characters of groups (Z/N)*. In the next section 
it is shown that they describe the splitting behavior of primes in abelian number 
fields. 


Let N € N*. A character x’ of (Z/N)* induces a map x: Z > C as follows: 


_ JX) if ged(n, N) = 1, 
x(n) = h if ged(n, N) > 1. 


As is easily verified the map y satisfies for all m,n € Z: 

(D1) x(n) =0 <> gcd(n, N) > 1, 

(D2) x(mn) = x(m)x(n), 

(D3) m =n (mod N) = x(m) = x(n). 
9.23 Definitions and notation. Let N € N*. A map x: Z > C satisfying (D1), 
(D2) and (D3) above is called a Dirichlet character modulo N. The N is called 


the modulus of the Dirichlet character. If x; and y2 both are Dirichlet characters 
modulo N, then so is x12, the map defined by 


(x1x2)(n) = x1(n)xa(n)_ for all n € Z, 


The set of Dirichlet characters modulo N will be denoted by Dy. Under the 
multiplication given above it is a group naturally isomorphic to (Z/N)*”. Dirichlet 
characters of order 2 are called quadratic. Only 0, 1 and —1 are values of a quadratic 
Dirichlet character. 


Since Dy Š (Z/N)*’ S (Z/N)*, we have in particular #(Dy) = y(N). 


If x is a Dirichlet character modulo N, then its inverse y~! is is given by 


i . 
E x(n if gcd(n, N) =1 
X 1n) — ( ) ; ( ) 
0 if ged(n, N) > 1. 
So x~!(n) = x(n) for all n € N. For this reason the inverse of a Dirichlet character 
x is usually denoted by X. 


9.24 Example. Let p be an odd prime. The Legendre symbol determines a char- 
acter of the group F}: 
F; > C*, NH (=) ; 
Pp 
It corresponds to a quadratic Dirichlet character 


Z >C, n= (4), 
Pp 
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Since all Dirichlet characters have the same domain and the same codomain, they 
can be multiplied, even if their moduli differ, and the result is again a Dirichlet 
character: 


9.25 Definition. Let xı € Dn, and x2 E€ Dn,. We define y1x2: Z > C by 


(x1x2)(r) = xı (n)x2(n) 
for all n € Z. Clearly x1x2 € Picm(Ni,N2)- 


Let N € N* and M € N* be such that M | N. The canonical surjective ring 
homomorphism Z/N — Z/M induces a surjective group homomorphism (Z/N)* > 
(Z,/M)* and so also an injective group homomorphism (Z/M)*’ — (Z/N)*”, which 
in turn induces an injective group homomorphism i! : Dy > Dy. For x € Dm 
the Dirichlet character iM (x) is then given by 


: x(n) for all n € Z with ged(n, N) = 1, 
Gay) = 4 a 
0 for all n € Z with gcd(n, N) > 1. 


Note that the surjectivity of (Z/N)* — (Z/M)* follows from the Chinese Remain- 
der Theorem: given an n € Z with gcd(n, M) = 1, there exists an n’ € Z such 
that 

, _ Jn (mod M) 


g= i (mod p’®\)) for all primes p with p | N and p4 M. 
For this n’ we have gcd(n’, N) = 1 and n’ = n (mod M). 


9.26 Definition. Let M,N € N* such that M | N and let y € Dm. Then the 
Dirichlet character i¥ (x) € Dy is said to be induced by x. A Dirichlet character 
modulo N is said to be a primitive Dirichlet character modulo N if it is not induced 
by a Dirichlet character modulo M with M a proper divisor of N. 


9.27 Examples. 


1. For each N € N* there is the trivial or principal Dirichlet character X1; it is 
the unit element of the group Dy: 


aay 1 if gcd(n, N) = 1, 
nj = 
K 0 if ged(n, N) > 1. 


Only for N = 1 it is primitive. 


2. For N = 3,4,6 the group Dy is of order 2. It contains one quadratic char- 
acter. 
For N = 3: 
1 ifn=1(mod3), 
n> į —1 ifn = 2 (mod3), 
0 ifn = 0 (mod3). 


219 


9 Abelian Number Fields 


For N = 4: 
1 ifn=1(mod4), 
n= 4—1 ifn =3(mod4), 
0 ifn=O0 (mod 2). 

For N = 6: 


1 ifn =1(mod6), 
n= 4—1 ifn=5 (mod6), 
0 ifn =0,2,3,4 (mod6). 
The first two are primitive; the last one is not: it is induced by the first. 
3. For p a prime there are p—1 Dirichlet characters modulo p and p — 2 of them 
are primitive. The group D, is cyclic of order p — 1. For p odd there is a 


unique quadratic Dirichlet character modulo p: the character given by the 
Legendre symbol, see Example 9.24. 


9.28 Lemma. Let Mı, M2, N E N* be such that Mı, Mə | N. Let x € Dy be 
induced by a Dirichlet character modulo M, as well as by a Dirichlet character 
modulo Mə. Then x is induced by a Dirichlet character modulo M, where M = 
gcd( Mı, Mə). 

PROOF. We can assume that N = lcem(Mı, M2). From (M1) N (M2) = (N) and 
(Mı) + (M2) = (M) it follows that the square 


Z/N —> Z/M2 


Z/M, —> Z/M 


is a bicartesian square of surjective ring homomorphisms. Taking units yields a 
bicartesian square 


(Z/N)* — (Z/M2)* 


(Z/Mı)* — (Z/M)* 


of surjective group homomorphisms. By Proposition 9.21 the dual square is bicarte- 
sian. In the dual square the group homomorphisms are injective. It is canonically 
isomorphic to the square 
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Du ——— Dm, 


Dm, —> Dn 


Because the homomorphisms are injective, we have 
iN (Duy) N iN (Dap) = ty (Dm). (9.2) 


Since both x € iM (Dm,) and x € ix'(Dm,), it follows that x € iM (Dm), which 
means that x is induced by a Dirichlet character modulo M. 


An important consequence is: 


9.29 Corollary. Let x be a Dirichlet character modulo N. Then there is a unique 
M | N such that x in induced by a primitive Dirichlet character modulo M. 


9.30 Definition. Let x be a Dirichlet character modulo N. The modulus of the 
unique primitive Dirichlet character which induces y is called the conductor of x. 
Notation: N,. 


Induction of Dirichlet characters generates an equivalence relation: Dirichlet char- 
acters being equivalent if there is a Dirichlet character that induces both of them. 
The product of Dirichlet characters induces a product of equivalence classes. Each 
equivalence class contains a unique primitive Dirichlet character. Thus the prod- 
uct of equivalence classes induces a product of the representing primitive Dirichlet 
characters. 


9.31 Definition and notation. The set of all primitive Dirichlet characters is 
denoted by D. It is a group under the following multiplication. Let yı and x2 be 
primitive Dirichlet characters. Then the product 1x2 as in Definition 9.25 is a 
Dirichlet character modulo lem(N,,, Ny). The product of xı and x2 in D is the 
unique primitive Dirichlet character by which it is induced. 


9.32 Change of notation. Henceforth all Dirichlet characters are assumed to 
be primitive. The notation Dy will now be used for the subgroup of D of all 
Dirichlet characters x with Ny | N. That means that in Dy as originally defined 
all characters are replaced by primitive characters and that the multiplication is 
changed accordingly. Under this convention identity 9.2 in the proof of Lemma 9.28 
becomes 


Dygcd(M1,Mz) = PM, OD my - 


Dirichlet characters as originally defined will be referred to as Dirichlet pre-char- 
acters. 
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Now the notion of conductor reads: the conductor Ny% of x € D is the least N € N* 
for which x € Dy. More generally we define: 


9.33 Definition. Let X be a finite group of Dirichlet characters. Then the conduc- 
tor of X is the least N such that X C Dy. Notation Nx. 


9.4 Classification of abelian number fields 


The splitting behavior of a nonramifying prime number in an abelian number field 
is given by its Frobenius automorphism. The ramifying primes in a cyclotomic 
field Q(Gm) with m # 2 (mod4) are the prime divisors of m. The Frobenius 
automorphism of a prime p { m is the automorphism given by Cm > ¢?,. So the 
splitting behavior of such p depends only on its residue class modulo m. Since an 
abelian number field K is a subfield of a cyclotomic field Q(¢,,) and the Frobenius 
automorphism of p in Gal(K : Q) is the restriction of its Frobenius automorphism 
in Gal(Q(Gm) : Q), we have the same regularity for the splitting behavior in K. 


There is a one-to-one correspondence between abelian number fields and finite 
groups of Dirichlet characters. This correspondence is as follows. For a fixed 
N e N* it is a correspondence between subfields of Q(¢y) and subgroups of Dy. 
Up to natural isomorphisms it comes from the correspondence between subgroups 
of Gy := Gal(Q(¢n) : Q) and the duals of their factor groups. The last ones are 
naturally isomorphic to subgroups of Dy. For X a finite subgroup of D y define 


Ker(X) = {0o € Gy | xlo) = 1 for all xe X}. 


Note that x € Dy determines a character on Gy via the isomorphism (Z/N)* > 
Gy, T> Oa, Oa being the automorphism given by Çn +> ¢k,. For H a subgroup 
of Gyn define 

Dir(H) = {vy € Dw | y(o) = 1 for allo € H}. 


Thus we have short exact sequences 


1 — Ker(X) — Gy — XY — 1 


and 
1 — Dir(H) — Dy — HY — 1. 


Taking duals yields 


Dir(Ker(X)) =X and Ker(Dir(#)) = H. 
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9.34 Definitions. 


a) Let K be an abelian number field and N € N* such that K C Q(¢n). The 
group of Dirichlet characters associated to K is the group 


D(K) := Dir(Gal(Q(¢y) : K)). 


(Note that this group does not depend on the choice of N.) 


b) Let X be a finite subgroup of D and N such that X C Dy. The abelian 
number field associated to X is the field 


Qx = Q(¢n Kr), 
(This field does not depend on the choice of N.) 


Now we have a one-to-one correspondence between abelian number fields and finite 
groups of Dirichlet characters: 


9.35 Classification Theorem for Abelian Number Fields. The maps 


abelian finite groups of 
number fields Dirichlet characters 
K >i D(K) 
Qx «< 1 X 


are inverses of each other and they preserve the ordering given by inclusion. 


This implies: 
9.36 Proposition. 


(i) Let Kı and Ka be abelian number fields. Then D(KıK2) = D(Kı) D(Kə2) 
and D(Kı N Ko) = D(Kı) N D(Kə). 


(ii) Let Xı and Xə be finite groups of Dirichlet characters. Then Qx,x, = 
Qx,Qx, and Qx, nx, = Qx, N Qx,- 


(iii) The conductor of an abelian number field K is equal to the conductor of 
D(K). 


9.37 Definition. A Dirichlet character x is called even if y(—1) = 1. Otherwise, 
so if y(—1) = —1, it is called odd. 


9.38 Proposition. An abelian number field is real if and only if the corresponding 
group of Dirichlet characters contains only even characters. 
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PROOF. Let the abelian number field K be contained in a cyclotomic field Q(¢w). 
Then K is real if and only if K C Q(¢n + ¢y'), which is the case if and only if 
a_, € Gal(Q(¢n) : K). This is equivalent to y(—1) = 1 for all x € D(K). 


The group D(K) is isomorphic to the dual of Gal(K : Q). It describes the splitting 
of primes in the field K. 


9.39 Proposition. Let K be an abelian number field and let p be a prime. Then p 
ramifies in K if and only if there is a x € D(K) with x(p) = 0. 


PROOF. Let N € N* be such that K C Q(¢y). Write N = p'M with pf M. 
Consider the following diagram, where K’ = Q(¢,¢) O K (Cm). 


Q(cn) 


Since Q(G+) N Q(m) = Q, it follows that K'(Çm) = K(¢m). Therefore, the 
extensions K(¢y,) : K and K(Cm) : K’ are both extensions with an M-th root of 
unity. So the primes above p in K and K’ do not ramify in K (yz). It follows that 


e% = eX (Cm) = ek = [k’: Q]. 


So p ramifies in K if and only if K’ # Q. Since y(p) = 0 if and only if x # € 
for all x € Dp, we have that K’ + Q if and only if there is a x € D(K’) with 
x(p) = 0. From K'(m) = K(Cm) it also follows that D(K) Dy = D(K’) Dm. 
Since y(p) # 0 for all x € Dm, there is a x € D(K) with y(p) = 0 if and only if 
there is a x € D(K’) with x(p) = 0. 


9.40 Theorem. Let K be an abelian number field and let p be a prime. Put Z = 
Zu) and T = pe Then 


(i) KT is associated to the group Y = { x € D(K) | x(p) 40}; 
(ii) KZ is associated to the group Y' = {x € D(K) | x(p) = 1}. 
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PROOF. For all xy € Y we have y(p) 4 0, so by Proposition 9.39 p does not 
ramify in Qy. Since Y is the largest subgroup of D(K) with this property, Qy is 
the largest subfield of K in which p does not ramify: Qy = KT. 


Since p does not ramify in KT, the field KT is a subfield of Q(¢y) for some N € N* 
with p{ N. For Z’ = zN) = (op) we have 


Dir(Z’) = {xy € Dy | xlo) = 1 for alla € Z'} 
={x € Dn | x(t) =1} ={x € Dn |x) = 1}. 


Put Z” = ZK. By Corollary 7.47 (KT)2” = KN Q(¢y)% and (KT)2” = 
KT N KZ = K%. Hence by Proposition 9.36 we have 


D(K”) = D(K) ND(Q(¢y)”') = D(K) NDir(Z’) = Y”. 


9.41 Corollary. In the notation of Theorem 9.40: D(K)/Y S T, D(K)/Y' S Z 
and Y/Y' S Z/T. 


9.42 Application. We will use Dirichlet characters to show that for each finite 
abelian group G there exists an extension L : K of abelian number fields such that 
Gal(L : K) S G and no prime ideal of K ramifies in L. 


Let G be a finite abelian group. Then G is a product of cyclic groups, say G = 
Cn, X X Ch, with n; > 1 for all 7. Choose r different primes pi,...,p, such 
that p; = 1 (mod n;) for i = 1,...,r. For each i there is a x; € Dp, of order ni. 
Choose another prime p,+1 such that p41 = 1 (mod nı -+ ny) and a Xr+1 € Dp,4, 
of order nı -+ np. For each i the conductor of x; is pj. Let X = (y1,.--, Xr+1) and 
X' = (x), where x = X1 ***Xr+1. Take L = Qx and K = Qx. Then K C L and 


Gal(L : K) S X/X' S (X1,..-;, Xr) S G. 


The primes which ramify in L are pj,...,p,41. From Corollary 9.41 it follows that 
. (K) _ (D). 
for each 7 we have ep = ep”: 


TP Xf 1) oy Xi- Xit Xr) & (Xi) S Cn; 
TEO S i) S Ons 


So eth = 1 for all p € Max(Ox). 


Quadratic number fields 


Quadratic number fields correspond to subgroups of D of order 2 and hence to 
quadratic Dirichlet characters. Say the field Q(,/m) with m squarefree 4 1 corre- 
sponds to the quadratic Dirichlet character Xm. We will describe this character. 
By Proposition 9.13 the conductor of Q(./m) is |Dm|. So by Proposition 9.36 (iii) 
Nym = |Dn|- 
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9.43 Proposition. Let K be a quadratic number field. Then D(K) is of order 2 
and generated by a quadratic Dirichlet character with conductor |disc(K)|. 


The character Xm describes the splitting behavior of primes in Q(./m): 


0 if p ramifies, 
Xm(p) = 41 if p splits completely, 


—1 if p remains prime. 
The field Q(,/m) is real if and only if m > 0, so 
Xm(—1) = sgn(m). 


These values determine Xm, because it is completely multiplicative. The value of 
Xm in odd primes p is given by the Legendre symbol: 


Therefore, the value in odd n € N* is given by the Jacobi symbol: 


xm(n) = (Z) 


9.5 Dirichlet L-series 


A Dirichlet character is an arithmetic function. Because it is completely multi- 
plicative, it is worthwhile to study the associated Dirichlet series. 


9.44 Definition. The L-series of x € D is the Dirichlet series 


The L-function of the trivial Dirichlet character is the Riemann zeta function. 
Unlike the Riemann zeta function the L-function of a nontrivial Dirichlet character 
is analytic at s = 1. For this we need the following simple lemma. 


9.45 Lemma. Let x be a nontrivial Dirichlet character. Then ya x(n) = 0. 
PROOF. Since y is nontrivial, there is a k € Z such that x(k) ¢ {0,1}. Then 


Nx Nx Ny 
x(k) XO x(n) = X x(kn) = X x(n). 


Because x(k) 4 0, this implies yee x(n) = 0. 
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9.5 Dirichlet L-series 
9.46 Proposition. Let x be a nontrivial Dirichlet character. Then the L-series 
converges to an analytical function on the half-plane R(s) > 0. 


Proor. By Lemma 9.45 we have os x(n) = O(1). The proposition follows 
from Theorem 8.12. 


For x Æ 1 the function L(s, x) has a continuation to an analytic function on the 
whole plane. The completed L-series is given by 


A(s,x) = Loo(s, x)L(s,x) for R(s) > 1, 


where 


ttn) (S) r(e), 


the number k depending on the sign of x: 


k= 0 if x is even, 
-1 if x is odd. 


The completed L-series for nontrivial y admit analytic continuations to the whole 
plane and satisfy the functional equations 


EE aq — 5,3). 


The g(x) in this equation is the Gau8 sum of the character. For the gau8 sum see 
the next section. For the continuation of L(s, x) see section VII.2 of [31]. 


Since x is completely multiplicative, by Corollary 8.17 the L-series has a product 
representation. Note that the series converges absolutely for R(s) > 1. 


9.47 Proposition. Let x € D. Then for R(s) > 1: 


1 
Ls% = |] a 


p p 


The group D(K) associated to an abelian number field K describes the splitting 
behavior of primes in K (Proposition 9.39 and Theorem 9.40). This leads to a 
relation between the L-series of the Dirichlet characters in D(K) and the Dedekind 
zeta function of K. 


9.48 Theorem. Let K be an abelian number field. Then 


¢x(s)= J] tsx). 


xED(K) 
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PROOF. The Dirichlet series ¢x(s) and all L(s, X) have a product representation 
for R(s) > 1. We prove the equality by comparing these product representations. 
Let p be a prime and put e = eX) and f = fo. Then [K : Q] = ref, where r is 
the number of p € Max(Oxg) above p. We have to prove that 


1 1 
JI S= JI x) ` 
3 1—5 
p|pOx N(p) xED(K) ps 


1 1 \r 
=h: z 


1 
p|pOK N(p)* pfs 


For the left hand side we have 


and for the right hand side, using the notation of Theorem 9.40, 


1 a y 
U e- I 0 a il) 
xED(K) ps xEY a= Ao a=0 


-(II 1 í ( 1 y 
2 at aie 


a=0 1 


We have a product of meromorphic functions on R(s) > 0: 


ce(s) =C(s)- [| sx, 


xED(K) 
xX#l 


where the two zeta functions have only one single pole at s = 1. The L-functions 
for x # 1 are analytic in the half-plane. So we can express for abelian K the 
residue of ¢x(s) at s = 1 in terms of values of L-series for s = 1: 


9.49 Corollary. Let K be an abelian number field. Then 
Res Cx(s = [J 4x. o 


xED(K) 
XA 


For a given x € D of order n # 1 we have in particular 


n—1 


Res Co, ( = [[ 20,x°. 


The left hand side is nonzero by the class number formula for the number field Q, 
so the L-functions of nontrivial Dirichlet characters x do not have a zero at s = 1: 
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9.50 Theorem. Let x be a nontrivial Dirichlet character. Then L(1,x) 4 0. 


An application is a well-known theorem of Dirichlet on primes in an arithmetic 
progression. In its proof we will use the following lemma. 


9.51 Lemma. Let N € N* anda € Z such that gcd(a, N) =1. Then 


D Wi Ti ifa = 1 (mod N), 


SEPN 0 ifa #1 (mod N). 


PROOF. For a = 1 (mod N) we have x(a) = 1 for all x € Dy. So assume that 
a Æ 1 (mod N). Then there exists a Xo € Dy such that yo(a) # 0,1 and we have 


xola) XC xla) = $ (xox)(a) = $ x(a). 


xEDN xEDN xEDN 


Since xo(a) # 1 it follows that ` ep, X(4) = 0. 
9.52 Theorem (Dirichlet). Let N € N*, a € Z such that gcd(a, N) = 1. Then the 


set of primes p = a (mod N) has Dirichlet density N In particular there are 


infinitely many of these primes. 


Proor. Let x € Dy. By Proposition 8.31 we have 
x(p) 
log L(s, x) ~ X = 
P 
p 
Therefore, using Lemma 9.51 


T eiea YD y OL yo Max) 


S 
xEDyN xEDn P H p xEDN p 
_ y e(N) 
S 
p=a (mod N) P 


On the other hand by Theorem 9.50 


So xla)logL(s, x) =¢(s)+ $ x(a) log L(s, x) ~ ¢(s). 


xEDN xEDN 
XA 
Hence 1 i 1 
Do Ea NOs) ~— lo(s- 1). 
s N N 
aaan PO 2) 
So by Corollary 8.34 we have 6(P) = AN) for P the set of primes p = a (mod N). 
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Another consequence of Theorem 9.48 is that it leads to formulas for class numbers. 
From this theorem and Theorem 8.20 follows: 


9.53 Theorem. Let K be an abelian number field of degree n. Then 


2”-'h(K) Reg(K) 
disc( K) 


; if K is totally real, 


I] 2a.0= 

n/2 
xED(K) 28) Bi) Meg i) if K is totally imaginary. 
x#l #(a(K)) v| disc(£)| 


In particular for quadratic number fields we have: 


9.54 Corollary. Letm € Z be squarefree 4 1. Put hm = h(Q(vm)). Then 
L(1, x-1) = qh, L(1, x-3) = TV3 h 3 and 


m T U ifm < —3, 
ne 2logém + hm fm > 0 
ifm ; 
V Dm 


(Em is the fundamental unit of the real quadratic number field Q(./m).) 


The next examples show how in principle L(1, Xm) can be calculated for a given 
m. Later in this chapter a better technique will be described. 


9.55 Example. For m = —1 we have 


1 
B(,x-a)=1-$4$-p4--= f (l—a?+at—...) dx 
0 


[ dz arctan 1 m 
= —— = arctan 1 = —. 
0 1+ 22 4 


So indeed h_; = 1. 


9.56 Example. For m = 5 we have hs = settee L(1, xs) and 


LL Xe) =U aata aaa 


1 
af ((1— £ — z? +03) + (£5 — zê — z +8) +- ) dz 
0 


1 
= f 0-2-8 +a )(1 +a +a +) de 
0 
1 23 1 2 
== 1 
-f x os ae = f x -de 
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1 1-4 fore) dy fore) dz 
= 1 1 z dt = 2 = 2 5 
o wtitl+r+e 2 yY +y-1 Je 2-5 


1 24+3V/5 2  y5+1 
L 5 È 
2 


So hs = 1. 


9.57 Example: complex biquadratic number fields. Let K be a complex bi- 
quadratic number field and Ky, K2 and K3 its quadratic subfields, say Kı is the 
real quadratic subfield and € its fundamental unit. By Theorem 9.53 we have 


4n*h(K) Reg(K) _ 2h(Kı) loge 2rh( Kə) l 2rh(K3) 
w(K)V/\disc(K)| y[disc(K)| w(Kə)y[disc(Kə| w(K) disc(K3)| 


It is shown in exercise 9 of chapter 1 that 


disc(K) = disce(K1) - disc(K2) - disc( K3). 
So for #(u(K)) 4 4,6, 8,12 the formula reduces to 
h(K) Reg(K) = h(Ky)h(K2)h(Ks) loge. 
Inspection shows that this formula holds for #(u(K)) = 4,6,12 as well, so K = 
Q(¢s) = Q(i, V2) is the only exception. Hence for K 4 Q(¢g): 
h(K) = 3Q(K)h(Ki)h(K)h(Ks), 
where Q(K) is the Hasse index of K. By Theorem 5.48 the Hasse index is 1 or 2. 


9.58 Example: real biquadratic number fields. Let K be a real biquadratic 
number field, K1, K2 and K3 its quadratic subfields with fundamental units €1, €2 
and £3 respectively. By Theorem 9.53 we now have 


2*h(K) Reg(K) _ 2?h(Ki) loge, 2?h(K2)logez 2?h(K3) loges 
2,/| disc( K)| 2y/|disc(K1)| 2./| disc(K2)|  2./| disc(K3)] 


This reduces to 
h(K) Reg(K) = h(Kı)h(K2)h(K3) log £1 log €2 log és. 


The fundamental units of the quadratic subfields are units of K. The regulator 
of K is defined using a fundamental system of units of K. Taking the system 
(€1,€2,€3) instead leads to 


loge, loge; —loge 
Reg(é1,€2,€3) = |logeg —logeg logeg | = 4loge logegloges. 
loge3 —loge3 —loge3 
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From 

* * * * Reg(€1, €2, E3) 
(Ok H Ok Ok Ok) = — Rek) 
then follows 


ACK) = LO} : Of, Okka Oka MEK )h( Ko) h( Ks). 


9.6 The GauB sum of a Dirichlet character 


In one of his proofs of the Quadratic Reciprocity Law Gauf expressed square roots 
of odd primes as sums of roots of unity, nowadays called Gauf sums. 


9.59 Definition. Let x € D. We define 


Nx 


g(x) = X x(n) éh. 


n=1 


The number g(x) is called the (standard) Gaufs sum of the Dirichlet character x. 
More generally we define for k € Z: 


Ny 
g(x) = XO XERE. 


(Thus g(x) = g1(x)-) 


The sum is over the numbers 1 up to Ny. Of course any system of representatives 
of Z/N% will do. The Gauß sum of a x € D is an element of the m-th cyclotomic 
field for m = lem(o(x), Nx). 


9.60 Lemma. Let y E D and k € Z such that gcd(k, Ny) > 1. Then gx(x) = 0. 


PROOF. Put N% = dN, and k = dk,, where d = gcd(k, Ny). Then 


N Ny 
See. Gs 2 xe) l 
n=1 m=1 n=m (mod Nj) 
1<n<N 
It suffices to show that 


SmiS 5 x(n) = 0. 


n=m (mod N1) 
1<n<N 
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There is at € Z such that t = 1 (mod Nj), gcd(t, N) = 1 and x(t) 4 1. We have 


X(t)Sm = > x(nt) = Sm. 
n=m (mod Nj) 
1<n<N 


So Sm = 0, because y(t) Æ 1. 


9.61 Proposition. Let y € D andk €Z. Then g(x) = x(k)g(x). 


Proor. Put N = Ny. If ged(k,N) > 1, then x(k) = 0 and by Lemma 9.60 
gk(x) = 0. So we assume that gcd(k, N) = 1. Take an l € Z such that kl = 
1 (mod N). Then 


9.62 Corollary. Let x € D. Then g(x) = x(—L)g(X). 


Proor. g(x) = Daa x(n)on” = 9-1(X) = x(—1g(X). 


9.63 Theorem. Let y © D. Then g(x)9(x) = Ny. 


Proor. Put N = N,. We compute ae on (xX) 9% (x) in two ways. 


SAn = DE x68) (DO xO”) 
k=1 k=1 l=1 m=1 

N N Ne N, N. a 

=Y Y xx = x()x(m) Sho" 
k=1 l=1 m=1 t=1 m=1 k=1 
N = N 

=S>xOxO $51=9(N)-N 
i=l k=1 


Hence g(x)g00 =N. 
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9.7 The GauB sum of a quadratic Dirichlet character 


By the results in the previous section the Gauf sum of a quadratic Dirichlet char- 
acter is determined up to sign: 


9.64 Proposition. Let Xm be the quadratic Dirichlet character corresponding to the 
quadratic number field Q(,/m), where m is squarefree. Then g(Xm)* = Dm 


ProoF. By Theorem 9.63, Corollary 9.62 and Proposition 9.43 we have 


I(Xm)? = (Xm) 9(Km) = Xm(—1)9(Xm)I(Xm) = Xm(—1)|Dm| = D 


We will show that in fact g(Xm) = V Dm (with the usual convention for the square 
root of a real number). First the computation will be reduced to the case m = p* 
for p an odd prime. The character Xp» is the character given by the Legendre 
symbol a +> (2): Examples strongly suggest that the formula g(yp*) = yp* is 
indeed the right one, see the Figures 9.1 and 9.2, which are in fact just a variation 
on the graphical representation given in Figure 3.1. It took Gau8 many years to 


establish this result. 
9.65 Definition. For a,b € R* define 


—1 ifa<Oandbd<0, 
[a, b] = , 
1 otherwise. 


9.66 Lemma. For a,b € R* we have ya: Vb = [a,b] vab. 


9.67 Proposition. Let mı, mz € Z be squarefree £ 1 such that gcd(Dm,,Dm,) = 1. 
Then 9(Xm1)9(Xm2) = [m1, M2] 9(Xmims)- 


PROOF. Put N; = |Dm,| and No =|Dm,|. We have 


No 
g(Xm1)9 g(Xma) = (>: Xm ( ox (>: Xme2 ock.) 
l=1 


Ny No 
kNo+lN 
= DD Xin (K) xm OGRE R 
k=1 l=1 
Nı N2 
— 5 (Niı+N2)s $ . 
= Xm (5)Xma (S yéí Ni No (Chinese Remainder Theorem) 
s=1 


= JM +N (Xmımə) = Xmıma (Nı + N2)9(Xmıma) 

= Xm (Ni + N2)Xma (N1 + N2)9(Xmim2) 

= Xm: (N2)Xma (N1)9(Xmıma) 

= Xm, (sgn(™M2))Xme (Sgn(M1))Xm: (M2)Xma (M1)9(Xmım2) 


234 


9.7 The Gauf sum of a quadratic Dirichlet character 


k @: term es 


k O: term -¢ 


Figure 9.1: Terms of the Gau8 sum for the first six odd primes 
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k @: term a 
k O: term —¢ 


12 
2 
13 
1 
140 
15 9 
28 
16 
27 


i 26 
22 93 24 2 


O 
24 
20 21 22 23 


10 9 
gat 8 7 : 
16 2 
17 g 2 
1 
18 ¢ 
19 Ọ 
35 
21 
Q 34 


O 
25 31 
26 27 98 29 30 


Figure 9.2: Terms of the Gauß sum for the next six odd primes 
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9.7 The Gauf sum of a quadratic Dirichlet character 


= Xmi(M2)Xmo(™M1)G(Xmim2)- — (Xmi(sgn(m2)) = [m1, m2]) 
So it remains to prove that 
Xmı (m2)Xmo (m1) = [m1, ma]. 
If my = nına such that ged(D,,, Dna) = 1, then 
Xm: (M2)Xm (M1) = Xnı (M2)Xn (M2)Xm (N1)Xma (N2) 
= Xni (Mm2)Xmə (nı) ` Xna (m2)Xme (n2) 


and also 
[m1, mo] = [n1, M2] $ [n2, mo]. 


So it suffices to verify the formula for mı = p* and mz = q* with p and q different 
odd primes, and also for mı = p* (with p an odd prime) and mz € {—1, 2, —2}. 


1. xp (a*) = [p* (E) = p, (8, 80 xp (xe 0) = (4) 8 = p, a). 


2. Xp*(—1)x-1(p*) = sgn(p*) = [p*, —1]. 


4. Xp (—2)x-2(p*) = sgn(p* )Xxp* (2)x2(p*)x-1(p*) = sgn(p*) = [p*, —2]. 


This proposition and the lemma will enable us to reduce the computation of the 
sign of the Gauß sum of the character Xm to the case where m = p*, where p is an 
odd prime and the cases m = —1, m = 2 and m = —2. 


9.68 Proposition. g(x—1) = V74, g(x2) = V8 and g(x-2) = V—8. 


PROOF. g(x-1) = a -= G = 2i = V-4, g(x2) = Gg — B- GB + Gf = 2v2 and 
g(x-2) = Cs + G — — § = 2-2. 


9.69 Theorem. Let p be an odd prime. Then g(Xp*) = VP. 


Proor. Put ¢, = Ç. Let T be the linear transformation of the complex vector 
space CF» of all maps F, —> C defined by 


(TAG) =X FRC, 


for all f € CEr. (T is a ‘Fourier transformation’.) We will compute the deter- 
minant of this transformation T using two bases: the canonical basis and a basis 
of characters. Comparison of the results of the two computations will lead to a 
computation of the Gauß sum of the quadratic character on Fp. 
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First computation 


On the canonical basis €9,...,@p—1, where e;(j) = 4;;, the matrix of T is of Van- 


dermonde type: 


aj 


(CEDO) 


1<i<p: 
1<j<p 
The square of this matrix is 
p 0 0 0 0 
0 0 0 0 p 
0 0 0 p 0 
0 0 p::: 0 0 
0 p 0 >- 0 0 


So (det(T))? = (—1)*= p”, hence 


p—1 
|det(T)| = p” yp. 
(Alternatively, det(T)? = dise(X? — 1) = (—1)”= TRZ pc.) 
On the other hand we can use the formula for the determinant of a Vandermonde 
matrix: l 
det(T)= [] (-¢%). 
i>j 
O<i,j<p-1 

The factors in this product can be grouped in the following way: 


det(T)= [J i Ie F-Pt GINI - ct) 


i>j 


1<i jse 
pa) pol 
a 2 . 
He es ete 
i=l i=1 


All factors in the first and in the second product are positive reals, while the factors 
in the third product are equal to —i times a positive real. So we have 


det(T) = (i) F p- yp. 


Second computation 


For each of the p — 1 multiplicative characters x of the field F, we have 


YG) = ET: 
k=1 
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So 
Tx = 9(X)X: 
Let w be a character of Fp of order p — 1. Then the p — 1 powers 


-3 -3 —1 
wh wT, w, E A a 2 2 j 

of w span a linear subspace C¥? of dimension p — 1. These functions all take the 

value 0 in 0, except w°, which takes the value 1. So a basis of CF» is 


Oso ae edd 8 273 _p-3 pl 
€9,W,W,W,W~,W,...,W 2 ,W 2? w2. 


pa 


The character w= is the unique quadratic character xp» of Fp. On this basis the 
transformation T has the matrix 


0 p 
1 0 

0 g0) 

gw) 0 

0 g0?) 
g(w*) 0 
0 g(wP-3)/2) 
g(w'?-3)/2) 0 
g(w?-Y/?) 
So 


det(T) = (—p)(-9(w)9(@))(—9(u?)o(@)) -= (- gw?) g(@P-9/?)) g(wP-Y/?), 


For the p — 2 nontrivial characters x we have 


Hence 


The two computations together yield 


p-1 (25 


1 
E) = CE) p= vp". 


gw ? )=i 


Finally, 
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9.70 Theorem (GauB). Let m € Z be squarefree #1. Then 
9(Xm) = V Dm. 


PROOF. Let m = up;---p* with u € {+1, +2} and py,...,p, different odd primes. 
Then 


Xm = XuXpš t NPs 
a product of r (or r—1 if u = 1) Dirichlet characters for which the theorem 
has shown to hold (Proposition 9.68 and Theorem 9.69). The theorem follows by 
induction using Lemma 9.66 and Proposition 9.67: let m1, M2 € Z be squarefree 
# 1 such that gcd(Dm,, Dm.) = 1, then 


9(Xmime) = [M1,M2]9(Xm1)9(Xm2) = [m1, mə] V Dm: V Dine 
= [mi, | Lies ee lw Dmıma = V Dimimz 


An equivalent formulation is: for quadratic x € D we have g(x) = V x(-1)Nx. 


9.8 Class number formulas 


We compute L(1, x) for a x € D. Put N = N,. By Proposition 9.61 


g(x) het 
So we have 
foe) fore) N-1 N-1 o0 Qrink 
x(k) 1 1 ——~ _ 2krin 1 Sa Eee e N 
L(x) = ee ae = 2 _ Yn 
> k g) 2 ce 9(X) Aad k 


9.71 Lemma. Let 3) € R such that 0 < 0 < 2r. Then 


oe = —log(2sin 5) re) 


k=1 


PROOF. The power series }> z converges for |z| < 1 and z # 1 to the principal 
value of — log(1 — z). For |z| < 1 the argument of 1 — z is between — 35 and 3. We 


have 


|1- e| = je? — e7? = 2isin S| = 2sin 5 
and F 
arg(1 — e") = arg(e? — e-#) + arge P) = 5 — 5. 


Since — log(1 — z) = — log |1 — z| — iarg(1 — z), the lemma follows. 
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9.72 Theorem. Let x E€ D and N = Ny. Then 


; Wa i N-1 
L(1, x) z] x(n X(n) log sin 2 + x(n) 
g(x) n=1 N ae n=1 
ProoFr. By the lemma 
oo __ 2rink : : 
SoS = = —lo (2sin £) (Z+) = —log24 a lo im } Ta 
k 8 N/N See z T O8 N T Ny" 


Class number formulas for quadratic number fields 


The Gauß sum of xm has been computed in section 9.6 (Theorem 9.70). It is purely 
imaginary for m < 0 and real for m > 0. So for the quadratic case Theorem 9.72 
yields the following. 


9.73 Theorem. Let m € Z be squarefree and #1. Then 


T 
L 1 m = n mA m 
(xm) = p È Xmlndn 
ifm <0, and 
1 Pazi 
L(1, Xm) =- Xm (Nn) log sin — 
Dm n=1 m 


ifm >0. 


Now we have two computations of L(1, Xm). In one of them (Corollary 9.54) the 
class number occurs. Equating the two outcomes yields formulas for the class 
numbers. 


9.74 Theorem. Let m € Z be squarefree and #1. Then form < 0 


ia Sa 
and for m > 0 
= 
hm = ~ Qlog Be > Xm(n) log sin —— 
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9.75 Examples. 


2 
6 
ha=—% X x-3(n)n = —(1— 2) =1, 
n=1 


ee 1 
h1 =-7 X x-1(n)n = -3(1-3)=1, 
n=1 


6 
2 1 
Mi= mig 2 aN zQ +2 3+4-5-6)=1, 


19 
2 1 
hs =— gà tias g t3+7+9- 11-13-17- 19) =2. 


9.76 Example. For m > 0 the formula can be put in the following form: 


n=1 
For m = 5: 
: : ; 2 2 
on, _ Sin sin F sin 2 _ (9 T 2 1+v5 2 
e = oe de = =(2cos—) = = Es: 
sin 2 sin = sin 2 5 2 
5 5 5 
so hs = 1. 


9.77 Example. For m > 0 a somewhat different formula is often easier to handle. 
From 


Dm—1 
h= E a) 
VDm 


n= 


=. 


and Corollary 9.54 follows 


2hm Ta Hyny- (l = Chn) 


e = TT a-g = a 
II ay Lynn = Cbn) 


n=1 


For example 


ama U- HU- _ 2-G-G* _ 2+ v2 _ 
"egg g=" ey 


So hg = 1. 


Finally for m < 0 we further simplify the class number formula. For m = 
2,3 (mod 4) will use the following. 
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9.78 Lemma. Let m < 0 with m = 2,3 (mod4) and m squarefree. Then 
Xm(n — 2m) = —Xm(n) 
for alln €Z. 


PROOF. We may assume that n > 0. For n with gcd(n,4m) > 1 this is trivially 
the case. So we assume that ggd(n, 4m) = 1. Then for m = 3 (mod 4): 


xat) = (Z) = (=) (=) -xxn 


and so Xm (nt — 2m) = x-1 (n — 2m)X-m(n — 2m) = —y_1 (1) xm (2) = Xm (2). 
For m = 2 (mod 4) we put m = —2mo. Then 


xala) = (=) (Z) = x2r) xot), 


So Xm(n — 2m) = x—2(n — 2M)Xmo (n — 2m) = =x-2(0)Xmo (n) = Xm (n). 
9.79 Theorem. Let m <0 with m = 2,3 (mod 4) and m squarefree. Then 


—m 


hm = 5 Xm(n). 


PROOF. For m = —1 the formula is correct. We assume that m #4 —1. Then 
—4m—1 —2m— —4m-1 
>D Xm(n)n = 5 Xm(n)n + 5 Xm(n)n 
n=1 n= n=—2m+1 
—2m— —2m—-1 
= 5 Xm(n)n + 5 Xm(n — 2m) (n — 2m) 
n= n=l 
—2m— —2m-—1 —2m-—1 
= 5 Xm(n)n — 5 Xm(n)(n — 2m) = 2m 5 Xm(n) 
n= n=l n=1 
—m—-1 —2m—-1 
= om ( X Xm(n)+ SS vn) 
n= n=—m+1 
—m-1 —1 
B 2m ( Sense vn) 
n= n=m+1 
—m-1 "i —m-—-1 
5 2m ( ee (n) SS 
n= n=m+1 n=1 


Next we look at the case m = 1 (mod 4). 
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9.80 Theorem. Let m < —3 with m = 1 (mod 4) and m squarefree. Then 


1 2 


PROOF. We have 


Xm(2n) + 2n + 5 Xm(2n — 1) (2n — 1) 


n=1 


Xml) Y xm(nin+ Y xXm(2n-+m)(2n+m) 
So S a S dene 
= 2Xm (2) 5 Xm(n)n — MXm(2) 5 Xm(n) 

Hence a 
X man = Fy Le Amn) 


9.81 Examples. 


h-s = x-5(1) + x-5(3) =1+1=2, 


h_ig = 3(x-19(1) + x-19(2) + x-19(3) + x-19(4) + x-19(5) + x-19(6) 
+ X—i9(7) + x—i9(8) + x-19(9)) 
i(1—-1-1+1+1+1+1-1+1)=1. 


Now we have solved the problem on the distribution of quadratic residues men- 
tioned in chapter 3 on page 53 for primes = 3 (mod 4). 


9.82 Corollary. Let p +Æ 3 be a prime with p = 3 (mod 4). Then 


z n\ _ h_p ifp=7 (mod8), 
H 


if p = 3 (mod 8). 


Proor. This follows from x_,(n) = (2) for all n € Z. 
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Among the numbers 1,...,p— 1 there are as many quadratic residues as there are 
nonquadratic residues. For p = 3 (mod 4) in the first half of these numbers the 
quadratic residues outnumber the nonquadratic residues by h_, or 3h_p, depending 
on p modulo 8. Note that for this we needed the sign of the quadratic Gau8 sum: 
the Gau8 sum is a factor in the class number formula. For m = 3 (mod4) we 
further simplify the class number formula. 


9.83 Theorem. Let m <0 be squarefree and m = 3 (mod4). Then 


k=1 l=1 {=l 
—m-1 —m-1 
+ al = —1 
=} (=) m= + SP (Gy) ee- 
[=1 [= amt3 
smsi —m—1 


l 
ag 
x 
3 
© 
| 
M 
if 
Z 
S 
l 
N 
M 
o< 
J 
z 
S 


1<t< == 1<t< == 1<t< == 
t=0,1 (mod 4) t=2,3 (mod 4) t=0,1 (mod 4) 
=m=1 
4 
=2 ( > X-mla) + J rcnt) =2 x—m(k) 
1<a< == amit <p< = k=1 


Now we have a solution for the problem in chapter 3 for primes = 1 (mod 4) as 
well. 


9.84 Corollary. Let p be a prime with p= 1 (mod4). Then 


5: (*)- 


Proor. This follows from x,(n) = C) for all n € Z. 


hp. 


Nie 
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For primes p with p = 1 (mod 4) we now have 


z k p—1 
ha=2:5> (5) =2:— 7 (mod4). 


So h_p = pot (mod4). Further note that the 2-rank of C/(O_,) equals 1. For 
p = 1 (mod8) we have h_, = 0 (mod 4) and for p = 5 (mod8) we have h_, = 
2 (mod 4). So for p = 1 (mod 8) the 2-primary part of C¢(O_,) is cyclic of order at 
least 4. For p = 5 (mod 8) the 2-primary part of Cé(O_,) is of order 2. 


9.9 Cyclotomic units 


Let L = Q(Gm) and K = Q(Gnm + ¢;,'), where m € N* with m # 2 (mod 4) and 
m#l. 


9.85 Definition. A v € OF is called a cyclotomic unit if 
v (1, Gms 1 — Gms — Gases Ga) 


The group of cyclotomic units in Q(¢,,) is denoted by Cm and its subgroup of 
cyclotomic units in K by C}. 


From now on we assume that in this section m is a prime power, say m = p” 
with p a prime. By Theorem 5.51 a fundamental system of units of K is also a 
fundamental system of units of L. We will show that C,*, is of finite index in O%. 


9.86 Lemma. 


1— ¿e 
Cm =(—1, Cm, 1- C8 | aeZ\pZ)no;=( LG | a Z\ pZ}. 
Proor. For k,b € N* with k < r and p łb we have 
p*—1 p*—1 
k . sark 
L-e = [0 6nge) = [a cat). 
j=0 j=0 


Because p {b + jp"—*, the first identity in the lemma follows from this. For the 
second identity use the fact that all 1 — ¢*, with p { a generate the same ideal of 
Z[Cm)- 


9.87 Notation. For a € Z \ pZ put 


l-a i= Cri pa Cri = Com sin Fi 


e ec R 


Ea = 
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9.88 Lemma. Let a € Z\ pZ. Then 


Ea € Eri Eaim = —&a and Ea = —&a- 


Proor. For p odd Com € (—1, Çm) C Cm and for p = 2 we have C85! = Rd, 
So £a € Cm and from £a = £a follows that £a € C}. The identity 44m = —&a follows 
from Com = —1 and since (5° — Ç$m = —(CSin — Gay), we have a = —&q. 


9.89 Proposition. 


Cm = (—1, m,a |1 <a < ¥,pta) and C} =(-1,fa|1<a< ¥, pta). 


ProoF. The second identity follows from the first. The first is a direct conse- 
quence of the Lemmas 9.86 and 9.88. 


The éa with 1 < a < % and p{a form a system of glm) m) _ 1 units of Ok. We will 
prove that C} is of finite index in OX} by showing that this system has a nonzero 
regulator. The following lemma on the computation of determinants will be used. 


9.90 Lemma. Let G be a finite abelian group and f a map from G to C. Then 


(i) det(f(or™)) co = I] di xe 


xXEGY cEG 
(ii) det(f(or7*) — f(0))o,reg = Il Yo xo 
aTFl VEG’ cea 
x#l 
(iii) if Z, F(o) =0, then det(f(or~!))oreq = a Il X xo 
o,TA1 oH oeG 
x 


PROOF. 
(i) Consider the C-linear transformation T: C — C! defined by 
= X_ f(o)h(or) forall h € C? and 7 €G. 
oEG 


On the canonical basis (e€,)seg, where eo(T) = ĝs,r, the transformation T 
acts as follows 


(Tes)( = LF) Jeol pT) = flor Fy 


So the matrix of T on the canonical basis is (fer). reg: The transfor- 


mation T maps a character x € GY to T(x) € C defined by 


T) = $ Fl)x(or) = Yo f()x(o)x(r) 
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It follows that x is an eigenvector of T with eigenvalue `, f(a)x(a). The 
characters of G form a basis of C®. On this basis the matrix of T is diagonal. 
Therefore, 


det (f(or™)) , peg = det(T) = IL So x@sro. 


XEGY cEG 


(ii) Let V be the linear subspace of C% of all h with }>,(h) = 0. The transfor- 
mation T induces a transformation T” of V: for h € V we have 


Era =O tohor) =E roro = (Z ro) (D3 r) = 0. 


The e} =e, — HO with 7 #1 form a basis of V. The matrix of T” on this 
basis is 


(f(or~") — f(a) area. 


o,TA1 


The nontrivial characters form a basis of V. The formula follows from this. 


(iii) Given some ordering on the set G\{1}, we have the following for determinants 
of matrices: 


1 Gi! oee 0 
= f(a) 
A JA a ier ') - area 
f(a) es 
1 fo at 1 HG) Í aeri 1 
f(a) 0 
T| io (Flaer )ereel (Flar™t))o,rea 
f(o) o,TA1 0 o,TA1 


The regulator of the system (a)a, where the a satisfy 1 < a < 5p" and p {f a, is 
the absolute value of the determinant with entries log|r(&,)| with r € Gal(K : Q). 
For these entries we have 


log|r(£a)| = log|1 — r(Gm)*| — log|1 — r(¢m)| 
= log|1 — Toa(Gm)| — log|1 — 7 (m)l. 


Apply lemma 9.90(ii) to f(a) = log|1 — a(¢)|: 


Reg((£a)a) = abs det (log|7(Ea)l) , 21 
= abs det (log|1 —T(Gm)*| — log|1 — T(Cm)l) arse 
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= abs det (log|1 — o7~*(Gm)| — log|1 — o(6m)|) orz 


=abs || XC x(o) log|1 — o(¢m)| 


xEGY oEG 
XAl 


= abs II Sx a) log|1 — ¢* | 


or 1l<a<m/2 


= abs II LY xl )log|1 — ¢* J. 


xED(K) 
XA 


For Ny = př it follows from 


prok-4 


1-@ = [[ 0- ġita -Te oe) 


t=0 = 


that 


m 


p" 
X xla) log|1 — 64,| = XC x(a) log|1 — 64 |. 
a=1 


1 
For x € D(K) even and N% = p* we have by Theorem 9.72 


L(1,x) = = x(a) log|1 — Coe | 
g) i 
and so 
Sioeli =c a| = -gL X) = —9(x)L(1, X). 
Hence 


Reg((éa)a)=abs [[ jax) Lx) #0. 


xED (KK) 
XAL 


This implies that the cyclotomic units in K form a subgroup of O% of finite index. 
Since K is totally real, by Theorem 9.53 


Regla) = soma IL lool: TL lean 


xED(K) xED(K) 
XAl X#1 
_ h(i) Reg(K) | 7 
= 7 l l Vix 
disc(K) XED(K) 


and this can be further simplified using the following proposition. 
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9.91 Proposition. disc(K = lf N, and disc(L) = (—1)?0™)/? Il Ny. 
xED(K) xXED(L) 


More generally for every abelian number field K 
ldisc(K)|= J] Ny. 
xED(K) 


This is the Conductor-Discriminant Formula for abelian number fields, a special 
case of the Conductor-Discriminant Formula for abelian number field extensions. 
A proof of this formula will be given in chapter 17. 


ProoF. The sign of the discriminant is given by Proposition 1.46. In chapter 1 
disc( K) and disc(L) have been computed (Propositions 1.55 and 1.54): 


= 1/pr-l 
—1)2e ps" r-r-1)-1) ifpi 
dise(K) = f: r if p is odd, 


92"? (r—1)—1 ip Lio: 
and 

disc(L) = (—1) 90) /2 9p" r-r- 
For N € N* put a(N) = #{x € D | Ny = N }. Then 


p*-2(p—1)? ifk>1, 


a(p*) = #(D p) — #(Dp-1) = pp) — p(t) = $ e Hpi 


For L we have 
Ji N= = JI Ny = I pear") — pP-2+(B-1)? Zi- kot _ pe (pr—r—1) 
xED(L) xEDm 


where the equality of the exponents of p is easily verified by induction on r. For 
the field K we need the number of even characters of a given conductor: 


WN) = #{x €D| Ny, =N and x(-1) = 1}. 
The number b(p*) is related to a(p*) by 


a(p*)  ifk>1, 
(p— 3) if k=1 and p odd, 
if p = 2. 


b(p") = 


O Nie Nie 


Now the Conductor-Discriminant Formula for K easily follows from the formula 
for L. 
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By the formula for disc( K) we have 


Reg((fa)a) = h(K) Reg( £) 


and so we obtain the following remarkable theorem. 


9.92 Theorem. [Oj : Cj] = h(K). 


The abelian groups O;/Cj, and C0(K) are of the same order. However, it is 
unknown whether they are isomorphic. 


EXERCISES 


10. 


11. 


. Let p be an odd prime and K the unique abelian number field of degree p. Let p 


be the prime ideal of Ox above p. There is a unique t € N* such that Vg, +1(q) 7 
Vg,t(q). Compute t. (This t occurs in the proof of Lemma 9.2. See also exercise 19 
of chapter 7.) 


(i) Describe all characters of Cg. Which of them are induced by a character of a 
proper factor group? 


(ii) As part (i), but now for the group C4 x C2. 


Let G be a finite abelian group. Show that each character of G is induced by a 
character of a proper subgroup of G if and only if G is not a cyclic group. 


Describe a character of 2; Z/2 which is not induced by a character of a proper 
factor group. 


Give all Dirichlet pre-characters modulo 7, and also all Dirichlet pre-characters 
modulo 8, modulo 15 and modulo 24. Write each Dirichlet pre-character x modulo 
24 as a product of Dirichlet pre-characters with a conductor less than Ny. 


Determine the conductor of the quadratic Dirichlet character X-1X-73. 


Determine the number of Dirichlet pre-characters with conductor 260. How many 
of them are quadratic? 


Let m,n € Z be different and squarefree # 1. Show that the conductor of 
Q(./m, yn) is equal to the least common multiple of the conductors of the quadratic 


number fields Q(,/m) and Q(/n). 


Verify the conductor-discriminant formula for quadratic and biquadratic number 
fields. 


Let K be an abelian number field and p a prime number. Show that p | Nx if and 
only if p ramifies. 


Compute the class number of Q(./—29) using Corollary 9.84. 
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12. 


13. 


14. 


15. 


16. 


17. 
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(i) Compute the ideal class group of Q(./—55). 


(ii) For how many n € N with 1 < n < 27 do we have x_55(n) = —1? Find the 
answer without computing character values. 


Let x be one of the two Dirichlet characters with conductor 5 and of order 4. 
Compute |L(1, x)| using Theorem 9.73. 


Let x be one of the two Dirichlet characters with conductor 7 and of order 3. 
Compute |L(1, x)| using Theorem 9.73. 


Let K = Q(./—2, V3). Compute h(K) Reg(K) using Example 9.57. Compare with 
the calculations in Example 5.23 and Example 5.37. 


Let K = Q(V2, V3). Compute h(K) Reg(K) using Example 9.58. Compare with 
the calculations in Example 5.24 and Example 5.38. 


Prove: 


Z[Go]* = (-1, 0,1 +9,1 +C) and Z[ćs +¢3']* = (-1,G09+G 1,69 +65”). 


Part Il 


Class Field Theory 
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10 Completions of Number Fields 


Absolute values on a field determine a metric on the field. So we have the notion 
of limit of a sequence of elements. Completion yields complete fields. In the 
proofs of the main theorems of class field theory completions of number fields 
are often used. There are two types of (nontrivial) absolute values: archimedean 
and nonarchimedean. For number fields a full classification of absolute values is 
derived. The archimedean absolute values are essentially the real and pairs of 
complex embeddings of the number field, the nonarchimedean ones correspond to 
prime ideals of the ring of integers, or, what amounts to the same, to discrete 
valuations of the number field. The archimedean absolute values of number fields 
are thought of corresponding to primes at infinity. This in analogy to fields of 
algebraic functions, for which all absolute values are nonarchimedean. 


10.1 Absolute values 


An absolute value on a field determines a ‘distance’ in the field, the absolute value 
being the distance to 0. It satisfies a triangle inequality with respect to addition 
and it respects multiplication. 


10.1 Definitions. Let K be a field. A function ||.||: K — R is called an absolute 
value on K if 


(AV1) ||z|| > 0 for all x € K, 

(AV2) || =0 <= z=0foralze K, 
(AV3) |layll = lal - |lyl| for all z,y € K, 
(AV4) |la + yl] < |læll + lly|] for all x,y € K. 


The pair (K, ||.||) is called a valued field. An embedding o: (K, ||) > (Z,|]-||) of 
valued fields is a field embedding o: K — L which respects the absolute value: 
||o(x)|| = ||z|| for alla € K. 


Usually, when we call K a valued field, the absolute value on K is understood and 
||.|| will be used as a standard notation for this absolute value. 


Note that (AV2) implies that an absolute value |].||: A — R can be restricted to a 
map ||.||: K* — R* and so by (AV3) this map is a group homomorphism. 
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Examples. 


. The ‘ordinary’ absolute value |.| on Q, R and C. 


. An embedding o: K — C determines an absolute value ||.||, on the field K: 


zlo = |o(x)| for allae Kk. 


Since |o(x) 


= |o(x)|, the absolute values ||.||, and ||.||- are equal. 


. Let v be a discrete valuation of a field K. It determines an absolute value on 


K in the following way. Fix some c € R with 0 < c < 1. Then an absolute 
value ||.||, on K is defined by 


Ize =e. 


(It is understood that v(0) = œo and accordingly ||0||, = 0.) Here a stronger 
version of (AV4) holds: 


læ + ylle < max(|jællv; [lyllv). 


. Let R be a Dedekind domain and K the field of fractions of R. A maximal 


ideal p of R determines a discrete valuation vp of K and so, by the previous 
example, also an absolute value on K. This absolute value is denoted by 
|l-|p- The absolute value ||.||p is called the p-adic absolute value on K. 


. For a number field K and p € Max(Ox) one usually takes c = NG) in the 


previous example. Thus in particular for K = Q and p a prime number: 


tl, =p. 


. Every field K has a trivial absolute value: 


1 ifxe 0, 
æl] = eae 
0 ifx=0. 


There are no interesting absolute values on finite fields: 


10.3 Proposition. Let ||.|| be an absolute value on a finite field K. Then ||.|| is the 
trivial absolute value. 


PROOF. For all x € K* the value ||x|| € R* is of finite order and positive. 
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An absolute value ||.|| on a field K determines a metric d on K: 


d(x,y) = ||x — yll. 


This metric defines a topology on K. Absolute values are considered to be equiv- 
alent if they induce the same topology. This comes down to: ||.||ı and ||-||2 are 
equivalent if 

lz I], < Ilya > llzll2 < llyll2 


and by (AV2) and (AV3) we can reduce this to the following definition. 


10.4 Definition. Let ||.||ı and ||.||2 be absolute values on a field K. Then ||.||ı and 
||.||2 are called equivalent if: 


lala <1 <=> læ <1 for alla € K. 


An equivalence class of nontrivial absolute values on a field K is called a place of 
K. 


A trivial absolute value determines the discrete topology and this absolute value is 
only equivalent to itself. 


10.5 Proposition. Let ||.||ı and ||.||2 be equivalent nontrivial absolute values on a 
field K. Then there exists a positive real number a such that 


ælt = |lzIl2 forallxe K. 


PROOF. Fixay € K such that ||y||, > 1. We can do so because ||.||; is nontrivial. 
If there exists an a as asserted, then necessarily 


_ log|lylle 
log |lylla 


We will show that the proposition holds for this a. Let x € K*. Then |jz||, = |ly||? 
for some b € R. Now choose a monotone decreasing sequence 7+ (i = 1,2,3,...) 
in Q, where m; € Z, n; € N* and such that lim;,.. 7 = b. Then 


leli = llè < ig” for all ¢. 
Hence 
ghi : 
| a <1 for all 7 
y™ Nd 


and, because the absolute values are equivalent, also 


<I for all å, 


gri 


F 
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or equivalently 
Mi/ni 


læll2 < lulls for all i 


and this implies 
lzll2 < llylls- 


Similarly, using an ascending sequence in Q, we have ||z||2 > ||y||3. Hence 


_ logllyll2 _ logllalle 


= = for all x € K*, 
log|lylı  logllæļlı 


and so ||x||¢ = ||z||2 for all z € K. 


The p-adic absolute value on the field of fractions of a Dedekind domain satisfies 
a stronger version of the triangle inequality. This property depends only on the 
behavior of the absolute value on the least subring of the field: 


10.6 Proposition. Let ||.|| be a nontrivial absolute value on a field K. Then the 
following are equivalent: 


a) |n- 1]| < 1 for alln € Z; 
b) there is an n E N with n > 2 such that ||n-1|| < 1; 
c) lla + yl] < max((la'], |lyl|) for all x,y € K. 
PROOF. 
a)=b) Trivial. 


b)=a) Suppose that some n > 2 satisfies ||n - 1|| < 1. Let m € N* and represent m 
n-adically: 
m = ao + an + aon? +--+ apn” 


with a; € N, a; < n anda, #0. For all a € N with a < n we have 
aei aeee 
la- 1 = EA < f+ + = a < n. 
So 


Im- 1| < llao: 1| + [lar + tilln 1+ + + [lar Lln UP < n(r + 1). 


log m 


lozi and so for all m € N*: 


Since n” < m, we have r < 


y 


Im- A < n(1+ 
logn 


Replace m by m*, where s € N*: 


m 


Im- 1° < n(1+ 
logn 


for all s,m € N*. 
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Hence 


logm 


|m- 1| < Yn: e/1 +s >1 if so. 
n 


log 


Therefore, 
|m- 1| <1 for all m € N* 


and thereby for all m € Z as well. 


c)=a) This follows from 


In 1) =| t--- +1) <li) =1 forall n e N*. 


a)=c) We may assume that |||] > ||y||. Then to prove that ||a + y|| < ||a|]. For all 
n € N* we have 


n n Z n n— : Z n n— 
le +l =e +l = |E (pels EG) ier 
k=0 k=0 
< lel" lult < (m+ dla 
k=0 


So for all n € N* we have |/a+-y|| < Yn + 1-||z||, which implies ||a+-y|| < ||2'|| 
because limps Vn +1=1. 


10.7 Definition. An absolute value ||.|| on a field K is called archimedean if there 
is an n € N®* such that ||n-1|| > 1. An absolute value ||.|| is called nonar- 
chimedean if it is nontrivial and ||n -1|| < 1 for all n € Z. A place of K is called 
(non)archimedean if it consists of (non)archimedean absolute values. 


Thus we have three types of absolute values: trivial, archimedean and nonarchime- 
dean. 


The field Q has a unique archimedean place: 


10.8 Theorem. Let ||.|| be an archimedean absolute value on Q. Then ||.|| is equiv- 
alent to the ordinary absolute value |.| on Q. 


PROOF. By Proposition 10.6 we have ||n|| > 1 for all n > 2. Let m,n be integers 
> 2. Represent m n-adically: 


m = ao + an + an? +--+ arn" with 0 < a; < n and ar Æ 0. 
Then 
A “2 logm log m 
ra < a(t la + a) < nle + DI < (1 + PE) EE. 
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Replace m by mê, where s € N*: 


l ogm demn 
Im < yn- ¢/1 + EEE jnre > In|] Pe if s > o. 
logn 
Hence ; : 
m|| s7 < ||n]| tose for all m,n > 2 
and so by symmetry 
|m| = = |n|" for all m,n > 2. 


So there is an a € R such that \|n|| me" = e° for all n > 2, that is 


|||] = et 8" = n! for all n > 2. 


It follows that ||x|| = |x|" for all x € Q. 


In section 10.3 a classification of the archimedean places of a number field will be 
derived: they correspond to real and (pairs of) complex embeddings of the number 
field. In this section we derive a classification of the nonarchimedean places of a 
number field. For discrete valuations we have the notion of discrete valuation ring. 
More generally, we have for a nonarchimedean absolute value a valuation ring: 


10.9 Proposition. Let ||.|| be a nonarchimedean absolute value on a field K. Then 
R={xeEk |e] <1} 

is a local ring with 
m={xeK | lal] <1} 

as its maximal ideal. 


PROOF. From Proposition 10.6 follows that R is a subring of K and also that m 
is an ideal of R. Clearly R\ m= {x € K | ||x|| = 1} = R* and this implies that 
R is a local ring with maximal ideal m. 


10.10 Definition. Let ||.|| be a nonarchimedean absolute value on a field K. The 
the local ring R described in Proposition 10.9 is called the valuation ring of ||.||. 


10.11 Proposition. Let ||.|| be a nonarchimedean absolute value on a number field 
K. Then ||.|| is equivalent to the p-adic absolute value ||.||p for some p € Max(Ox). 


PROOF. Consider 
R={xe K]|||z| <1} and m={reEk | |z|| <1}. 


By Proposition 10.9 R is a local ring with maximal ideal m. 
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First we prove that Og C R. Choose a Z-basis (a1,...,@n) of Ox. Then for 
Q1,--.,4n E€ Z: 


aiai +--+ ananl| < max||a;oa;|| < max|| ||. 


It follows that the set { |ja|| | a € Ox } is a bounded and multiplicatively closed 
subset of R7°. So this subset is contained in [0,1]. This means that Ox C R. 


Put p = Og Mm. Then p is a prime ideal of Ox. Also the localization (Ox), 
is contained in R: for a € Ox and 8 € Ox \ p we have ||4|| = |lal| < 1, since 
B E R\m. The prime ideal p of Ox differs from the zero ideal, since otherwise 
(Ox)» = K and this would imply that the absolute value is trivial. 


Now choose 7 € Ox with vp(7) = 1. It follows from (Ox); C R* = R\m that for 
alla € k* 


lall = lam? ® lla ® = r. 


Since also 


lal = rr, 


we have ||a||° = |la||p for all a € K*, where c is determined by ||z||° = ||7|lp. 


Now it follows easily that we have a classification of the nonarchimedean places of 
a number field. 


10.12 Theorem. Let K be a number field. Then the map p => class of ||.||p from 
Max(Ox) to the set of nonarchimedean places of K is a bijection. 


ProoFr. By Proposition 10.11 the map is surjective. For injectivity, let p1, P2 € 
Max(Ox) with pı # p2. Then there is an a € pı \ p2. This implies |la||), 4 0 and 
I|@llp2 = 0. 


So for Q we have now a classification of its places. 


10.13 Theorem (Ostrowski). The nontrivial places of Q are its archimedean 
place and the p-adic places, one for each prime p. 


10.2 Completions 


An absolute valuation on a field K determines a metric on K and there is a standard 
way to complete the metric space. Since the metric comes from an absolute value, 
the completion will be a field as well. 
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10.14 Definitions. Let K be a field with an absolute value ||.|| on A. A sequence 
(an) in K is called a Cauchy sequence with respect to |].|| if for each € > 0 there 
is an N EN such that ||am — a,|| < £ for all m,n > N. The sequence is said to 
converge to a € K if for each e > 0 there is an N € N such that |la — an|| < € 
for all n > N, that is if limp—.o|/a — an|| = 0. If a sequence (an) converges to 
a, the (necessarily unique) element a is called the limit of the sequence; notation: 
a = liMn— œ Gn. Sequences converging to 0 are called null sequences. 


As is well-known, converging sequences are Cauchy sequences, but not necessarily 
visa versa. 


10.15 Definition. Let K be a field with an absolute value ||.||. Then K is called 
complete (w.r.t. ||.||) if every Cauchy sequence with respect to ||.|| in A converges. 


10.16 Definition. The completion of a valued field K is an embedding 1: K > K 
of the valued field K into a complete valued field K such that for each valued field 
embedding o: K — L with L complete there is a unique valued field embedding 
ô: K —> L such that the diagram 


commutes. 


This definition of the completion is a definition by a universal construction. The 
completion is thus defined up to a canonical isomorphism. Such a definition guar- 
antees uniqueness, but not existence. For the existence usually an explicit con- 
struction is needed. 


10.17 Construction of the completion of a valued field. Let K be a valued 
field, € the set of Cauchy sequences in K and N the set of null sequences in K. 
By standard arguments we see that € is a ring under termwise operations and N 
is an ideal of €, in fact a maximal ideal: a Cauchy sequence which is not a null 
sequence is modulo N congruent to an invertible Cauchy sequence. Define K to 
be the field €/N. Let’s write the class of a Cauchy sequence (an) temporarily as 
[(an)]. The embedding 1: K > K is defined by sending a € K to the class of the 
constant sequence (a), so (a) = [(a)]. The absolute value ||.|| is extended to K by 


Ikan) = lim [la 
Note that the ||a,|| form a Cauchy sequence in the complete valued field R. We 


now have an embedding v: K — K of valued fields. It remains to prove that K is 
complete and that .: K — K satisfies the definition of completion. 
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10.18 Proposition. Let K be a valued field. Then the valued field K as constructed 
in 10.17 is complete. 


PROOF. Let (an)n be a Cauchy sequence in K. Then for each e > 0 there is an 
N such that ||am — an|| < € for all m,n > N. Let a = [(an)] € É. For fixed m we 
have [(@m — @n)n] = tlam) — a. So ||t(am) — al] < £ for each m > N. This means 
that the sequence (t(@m)m) converges to a. 


Now let (&n)n be a Cauchy sequence in K. For each n choose a ba € K such that 
llan — (bn)|| < 4. Then (bn)n is a Cauchy sequence in K and it follows that the 


sequence (Qn)n converges to [(bn)n] E€ K. 


10.19 Theorem. Let K be a valued field. Then i: K > K as defined in 10.17 is a 
completion of K. 


PROOF. Let L be a complete valued field and o: K — L an embedding of valued 
fields. Then define an embedding ô: K —> L as follows. Let (an) be a Cauchy 
sequence in K. Then (o(a,,)) is a Cauchy sequence in L. Since L is complete, this 
sequence converges to an element 6 € L. Define ô(a), where a = [(an)], to be 8. 
One easily verifies that ĉ is an embedding of valued fields. 


So each valued field has a completion and since equivalent absolute values determine 
the same completion, the completions of a field K correspond to the places of K. 


We will often identify a valued field K with its image in K. Thus, K isa complete 
valued field and its elements are limits of Cauchy sequences in K: for each a there 
is a sequence (an) in K such that 


a= lim ay, 
noo 


and such sequences differ by a null sequence. 


10.3 Complete archimedean fields 


Theorem 10.12 classifies the nonarchimedean places of a number field. The classi- 
fication of the archimedean places of a number field follows from another theorem 
of Ostrowski (Theorem 10.21) which states that R and C are essentially the only 
complete archimedean fields. 


10.20 Lemma. Let ||.|| be an absolute value on C, whose restriction to R is equiv- 
alent to the absolute value |.| on R. Then ||.|| is equivalent to the absolute value |.| 
on C. 
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PROOF. There is a c > 0 such that |/a|| = |a|° for all a € R. We will prove that 
llall = |a|° for all a € C. From i? = —1 it follows that ||i|| = 1. Fora=a+bieC 
with a,b € R we have 


lall = lla + bel] < [lal] + bl] = lal? + |b]? < Jal? + Jal® = 2lal’. 


For a € C* put f(a) = |lal|/|a|®. Then 0 < f(a) < 2. For a fixed a € C* we then 
have for all n € N*: f(a)" = f(a”) < 2, and so f(a) < V2. Hence f(a) < 1. Since 
f(a“) = f(a)“, also f(a) > 1. Therefore, f(a) = 1. It follows that ||a|| = |a] 
for all a € C*. 


10.21 Theorem (Ostrowski). Let K be a field, complete with respect to an 
archimedean absolute value ||.|| on K. Then K SR or K SC and ||.|| is equivalent 
to the ordinary absolute value |.| on R or C. 


PROOF. Since ||.|| is archimedean, K is of characteristic 0. So we can assume 
that Q is a subfield of K. The restriction of ||.|| to Q is an archimedean absolute 
value on Q and is, by Theorem 10.8, equivalent to the ordinary absolute value on 
Q. Since K is complete we can assume, by the universal property for completions, 
that R is a subfield of K and that the restriction of ||.|| to R is equivalent to the 
ordinary absolute value on R. 


We will show that each a € K is the zero of a polynomial over R of degree 2. If 
a € R for alla € K, then K = R. Otherwise there is an a such that K = R(a) = C 
and by Lemma 10.20 the absolute value ||.|| is equivalent to the ordinary absolute 
value on C. 


Let a € K. Consider the function 


wv: COR, z lja? +(z+Z)a4 zz]. 


This is a continuous function and lim,_,,. w(z) = co. It follows that the subset 
{v(z) | z€C} of R has a least element a > 0. If a = 0, then a is a zero of a 
polynomial over R of degree 2. 


Suppose a > 0 and let £ € R with |le|| = $. Let A= {z E€ C | p(z) =a} =y l(a). 
This is a nonempty compact subset of C. Take zọ € A with |zo| maximal. Consider 
the following polynomials over R: 


f(X) = X? + (zo + %)X + zo% +€, 
g(X) = (f(X) — £)” — (-e)”. 


Since disc(f) = (z0 + Z0)? — 420% — 4e = (zo — %)* — 4e < —4e < 0, the zeros 
of f are not real. Let w € C such that f(w) = 0, then the other zero of f is w 
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and wW = zozo +€. So |w| > |zo|. Therefore, w ¢ A, that is y(w) > a. Put 
g(X) = m(x —w;) with w1,...,W2n E€ C and w; = w. Then 


3 2n 2 2n 2n _ 
liga)? = (T] le = will) = [Jle = will [le - wl 
w=1 $=] i=l 


2n 


= JIi — wi) (a = W)|| = J vw = p(w) ] [ ow) = v(w)a? 


1=2 


and 


lo(a)ll < IFC) — El” + lel” = Yeo)” + lel" =a" + E = a"(1+ =). 


It follows that 
1< 


de gl? — (1 BS j 


a a2” — Qn 


for all n € N*. Contradiction. 


10.22 Corollary. Let ||.|| be an archimedean absolute value on a number field K. 
Then there is an embedding o: K — C such that ||.|| is equivalent to the absolute 
value K > R, a |o(a)|. 


PROOF. Let 1: K —» K be a completion of the valued field K. Then K isa 
complete archimedean valued field. So either there is an isomorphism 7: KR 
or an isomorphism 7: K + C. Hence the absolute value ||.|| on K is equivalent to 
ary |re(a)|. 


So the archimedean places of a number field K are the places represented by the 
archimedean absolute values described in the second item of Examples 10.2. 


10.4 Primes of a number field 


For a number field K we have a classification of its places: 


a) Nonarchimedean places represented by ||.||p, where p € Max(Ox) (Theo- 
rem 10.12). 


b) Archimedean places represented by ||.||,, where ø is a real or complex em- 
bedding (Corollary 10.22). 


Number fields have much in common with finite extensions of the field k(T) of 
rational functions over a finite field k. The field k(T) is the field of fractions of the 
polynomial ring &[T’], which is a Euclidean domain. Places of k(T) correspond to 
the discrete valuations of k(T). There is one discrete valuation on k(T) which does 
not come from a prime ideal of k[T]: the valuation væ given by v..(f) = — deg( f), 
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see exercise 2 of chapter 6. The field k(T) is the field of fractions of k[+] as well 
and the valuation vs comes from the prime ideal (+). The ‘infinite’ places for 
this type of function fields are not of a special kind. For number fields, however, 
the situation is different. Their archimedean places are thought of being infinite 
places of the number field. More on the places of a function field k(T) in the 
exercises 1-5. For another example, the function field of rational functions on a 
circle, see exercise 6. 


10.23 Definitions and notations. Places of a number field are called primes of 
the number field. The nonarchimedean places are called finite primes and the 
archimedean ones infinite primes. The infinite prime determined by a real or 
complex embedding o will be denoted by po. It is called a real infinite prime if 
c is a real embedding and a complex infinite prime if ø is a complex embedding. 
The collection of primes of a number field K will be denoted by P(K). It is the 
disjoint union of Po(K), the collection of finite primes, and P(A), the collection 
of infinite primes of K. Each p € P(A) comes with an embedding op: K > Ky, 
where Ky is the completion of K with respect to p. It is customary to refer to 
nonzero prime ideals as being finite primes, although formally a finite prime is an 
equivalence class of absolute values. For p € P..() we always take Ky to be 
either R or C. For a complex infinite prime p the embedding op: K — C is one of 
the corresponding pair of embeddings. For finite primes p we choose 


1 
lollp = Np 


see Examples 10.2. We also use the notation ||.||p for infinite primes p. Fora € K 


the real number ||q||p is defined as follows 


lall = lallo, if p is real, 
: lall, if p is complex. 


Note that for p a complex infinite prime ||.||p is not an absolute value; however, 
its square root is one. The choices for the ||.||p are such that the following product 
formula holds. 


10.24 Proposition. Let K be a number field anda € K. Then 
J [lal = 1, 
p 


where the product is over all primes p of K. 


PROOF. Since ||æ||p # 1 for only a finite number of primes p, the infinite product 
makes sense. The product over the infinite primes: 


IT lel = J[io®i J aP = J [leol = ING o), 


p infinite p real p complex 
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where the last product is over all embeddings of K in C. This product is the inverse 
of the product over the finite primes: 


TI lelh= TD Nor @=n( TT pore) 


p finite pe Max(Ox) pe Max(Ox) 
= N(aOx)* = [NG (a). 


For the splitting of finite primes in a number field extension we have the notions of 
ramification index and residue class degree. We extend these notions to the infinite 
case. 


10.25 Definition. Let L : K be a number field extension, q an infinite prime of L 
and p an infinite prime of K, say q = p, and p = po, where 7 and g are embeddings 
in C of respectively L and K. Then q is said to be above p if T is a prolongation of 
o. The residue class degree fg(q) of q over K is defined to be 1 in all cases. The 
ramification index of q over K is defined by 

2 if q is complex and p is real, 

ex(q) = , 

1 otherwise. 

If a complex infinite prime lies above a real infinite prime, the complex infinite 


prime of L is said to be ramified over K and the real infinite prime of K is said to 
ramify in L. 


The definitions of the ramification index and the residue class degree for infinite 
primes are such that the relation with the degree of the field extension is the same 
as in the finite case: 


10.26 Proposition. Let L : K be a number field extension and qy,...,q, the dif- 
ferent infinite primes of L above a given infinite prime of K. Then 


> er(q)fr (a) =[L:K]. 


Proor. There are [L : K] prolongations to L of an embedding of K in C. The 
number on the left hand side is precisely the number of prolongations. 


The formula also holds when we interchange here the notions of ramification index 
and residue class degree. The choice is somehow a matter of taste. In the classifi- 
cation of abelian extensions of number fields, as described in chapter 15, there is an 
important role for the ramifying primes, including the infinite ramifying primes as 
defined above. If the other choice is made, as is done in [31], this leads to another, 
but equivalent, description of the classification. 
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The action of the Galois group of a Galois extension L : K on the collection of 
primes should be compatible with its action on the corresponding embeddings in 
the completions, meaning that the following diagram commutes: 


oq 
L —— La 


L -an Lola) 
pq 


The vertical map on the right is the map induced by the embedding o,.,p. For 
q E€ Poxo(L) we take the map on the right to be the identity on R or C. This 
determines the action of the Galois group on infinite primes: 


10.27 Definition. Let L : K be a Galois extension of number fields, q an infinite 
prime of L and p € Gal(L : K). The action of p on q is given by 


a -1 
Opg =OP - 


As in the finite case the Galois group acts transitively on the primes above a given 
prime. 


10.28 Proposition. Let L : K be a Galois extension of number fields and p an 
infinite prime of K. Then Gal(L : K) acts transitively on the set of primes above 
p. 


PROOF. The action of Gal(L : K) on the set of prolongations to L of an em- 
bedding o of K in C is transitive. Hence the induced action on the set of infinite 
primes above po is transitive as well. 


Also the notions of inertia group and decomposition group can be extended to 
include the case of infinite primes. 


10.29 Definition. Let L : K be a Galois extension of number fields and q an infinite 
prime of L. The decomposition group of q over K is the stabilizer of q: 


Zr(a) = {p € Gal(L: K)|p:q4=4q}. 
The inertia group is defined to be equal to the decomposition group: 


Tg(q) = Zęg(q). 


10.30 Proposition. Let L: K be a Galois extension of number fields, q an infinite 
prime of L and p € Gal(L: K). Then Zg(p- q) = pZg (q) ot. 


268 


10.5 Completions of discretely valued fields 


PROOF. For 7 € Gal(L: K) the following are equivalent: 


T E ZK(p-4), 

Tp qT! = Opg; 
oqp T = oqp}, 
oap Tp = Oq, 
pP™'Tp E Zx(q), 

T E€ pZx(q)p'. 


10.31 Notation. Let L : K be an abelian extension of number fields and p an 


infinite prime of K. Then ZE denotes the decomposition group over K of any of 
the infinite primes of L above p. 


For an infinite prime p the group ge is nontrivial if and only if p is real and the 
infinite primes of L above p are complex. In this case this group is of order 2. 


10.5 Completions of discretely valued fields 


In this section K is a field with a discrete valuation v. We fix a positive real number 
c < 1. The discrete valuation determines a nonarchimedean absolute value ||.||: 


jc =e™ frreK. 
The field K is the field of fractions of the discrete valuation ring 
R={xeEK|v(2)>0}={rEK | jal] <1}. 
The maximal ideal of R is 
p={céK|v(e)>0}={reE K] |lal| <1} 
and its group of units is 
Re = {xe K |v(£)=0}= {xE K | |x|] =1}. 


Let K be the completion of the valued field K. The elements of K are limits of 
sequences in K. 


Let a € K. Then a = limno an for a Cauchy sequence (an) in K and |lal| = 
limn—+.o||@n||. If a # 0, then there is an N such that ||a,,|| Æ 0 for all n > N. Since 
{|la|] | a € K*} = (c), a discrete subgroup of R*, there is an m € Z such that 
eventually ||an|| = c'”. This defines 


v: K* >Z, amm. 


269 


10 Completions of Number Fields 


It easily follows that v is a discrete valuation of K and that this v is a prolongation 
of the discrete valuation of K. Accordingly, for the prolongation of ||.|| to Æ we 
have 

lal] = œ% frac K. 


We now have a discrete valuation ring 
R={eEK|v(x)>0}={eeK | |z| <1} 
with maximal ideal 


p={ceK| v(x) >0}={reEK | |lz|| <1}. 


10.32 Terminology. Let F be a complete discretely valued field and v the discrete 
valuation on F. A uniformizer of F is a m € F such that v(m) = 1. (So the 
uniformizer of F is the uniformizer of the discrete valuation v in the sense of 
Definition 6.9.) 


Completion doesn’t affect the residue class rings: 


10.33 Proposition. The inclusion R + R induces for each n € N an isomorphism 
R/p” > R/p”. 

PROOF. Let n € N*. The kernel of the composition R > Ê —> R/p" is RNG" = 
{x € R| v(x) > n} = p”. So the homomorphism R/p” > R/p” is injective. For 
each a € Ê there is an a € R such that v(a — a) > n. Hence R = R + f” and this 
implies surjectivity. 


In particular the residue class fields are canonically isomorphic: R/p > R/f. 


If a series $7} a, converges in a valued field, then the terms form a null sequence: 


n n-1 n n—1 
lim a, = lim > Qi — > a; | = lim > a; — lim > a; = 0. 
noo noo noo noo 

i=1 i=1 i=1 i=1 


If limp—+o Gn = 0 the series may diverge even when the field is complete, e.g. the 
series in R given by a, = E, In a complete discretely valued field, however, the 
converse holds as well: 


10.34 Proposition. Let F be a complete discretely valued field and (an) a null 
sequence in F. Then the series $ >] an converges in F. 


PRooF. The series is a Cauchy sequence: for n < m we have 


m 
| a 


i=n+1 


< max |la;|| 
n<i<m 


and ||a,|| > 0 for n > oo. 
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The completion K of the discretely valued field K is a complete discretely valued 
field, so this proposition applies in particular to such a completion. 


10.35 Theorem. Let F be a complete discretely valued field, R its valuation ring, p 
the maximal ideal of R, 7 a uniformizer of F and S C R a system of representatives 
of R/p. Then for each x € R there is a unique sequence (Sn)n>0 in S such that 


co 


c= 5 Spt”. 
n=0 
PROOF. By Proposition 6.18 for each k € N* there are unique s9,...,5p_1 E S 
such that 
k-1 
r= 5 Snn” (mod p”). 
n=0 


10.36 Corollary. Let F be a complete discretely valued field, R its valuation ring 
and p the maximal ideal of R, m a uniformizer of F and S C R a system of 
representatives of R/p. Then for each x € F* there is a unique N E Z and a 
unique sequence (Sn)n>n in S such that 


Co 


r= 5 Snn” and sn Ép. 


n=N 


The number N is equal to the valuation of x. 


PROOF. F is the field of fractions of R. Apply the Theorem 10.35 to a7”). 


10.37 Alternative construction. A more algebraic way of constructing the com- 
pletion of a discretely valued field is as follows. First construct the valuation ring 
R. It is the inverse limit of the R/p”. More precisely, it is the inverse limit of the 
diagram 


+++» R/p™t? > R/p” +--+ > R/p, 
where the maps R/p"t! — R/p” are induced by the identity on R. So we can take 


R={(...,Un41,0n,---,%1) | 2n E R/p” and n41 |> £n for all n € N* }. 


This kind of limits is treated in general in chapter 19. The connection with 
the construction in this chapter is as follows: put £n = bn with bn € R, then 
bn+1 — bn € p”, so (bn) converges and the element (...,2n+41,2n,---,21) corre- 
sponds to limno bn. The field K is then obtained as the field of fractions of 


R. 
10.38 Notations. 


1. For a complete discretely valued field F the discrete valuation is often denoted 
by vp, the valuation ring by Or and the residue class field by kr. 
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2. Let K be a discretely valued field, R its valuation ring with maximal ideal 
p. The completion of K will be denoted by Kp. It is a complete discretely 
valued field. Its valuation ring will be denoted by Ry. The notation f for the 
maximal ideal of Ry will be used for distinction from p. It is the ideal of Ry 
generated by p: for m € p \ p? we have 


phy = Th, =f. 


3. For K a number field and p € Max(Ox), Ky is the completion of K with 
respect to the discrete valuation vp. The valuation ring of K, will be denoted 
by Op. 


10.39 Example. Let p bea prime number. The completion of Q w.r.t. the discrete 
valuation vp: Q* — Z is the field Q, of p-adic numbers. The set S = {0,1,...,p—1} 
is a system of representatives of Z/p. The valuation ring is denoted by Z, and is 
called the ring of p-adic integers. By Corollary 10.36 a nonzero p-adic number x 
has a unique representation 


co 
r= ) Snp” 
n=N 


with sn E€ S, N = vp(x) and sy #0. This representation, or the sequence of the 
Sn, is called the p-adic expansion of x. A p-adic integer x has a p-adic expansion 


oo 

n 

g= ) Snp”. 
n=0 


For x Æ 0, the valuation of x is the least N € N with sy 4 0. 


10.6 Extensions of complete discretely valued fields 


The main result in this section is that a finite extension of a complete discretely 
valued field has again the structure of a complete discretely valued field (Theo- 
rem 10.40). This will be used in the next chapter, where it is shown that a finite 
extension of Q, is the completion of some number field (Corollary 11.5). 


10.40 Theorem. Let F be a complete discretely valued field and E : F a finite sep- 
arable field extension. Then the integral closure of Op in E is a discrete valuation 
ring and E is complete with respect to the discrete absolute value determined by 
the valuation. 
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PROOF. Put d = [E : F| and let S be the integral closure of Or in E. By 
Theorem 2.45 the ring S is a Dedekind domain and since this ring is semi-local it 
is a principal ideal domain (Proposition 2.21). Moreover, because Or is a principal 
ideal domain, S is a free Or-module of rank d (Corollary 1.38). Let 61,..., Ba be 
an Of-basis of S. On the F-vector space EF we have a norm ||.|| defined as follows: 


abi +++ + aball = max Jasle (for a1,...04 € F). 


Then for all indices j with 1 < j < d we have |ja;j||r < ||a181 +-+ + aaßbalļ. Soa 
sequence (ainb1 + '+4adnba)n with all ajn in F is a Cauchy sequence with respect 
to ||.|| if and only if the sequences (ajn)n converge in F. Put aj; = lim, ajn. Then 
(aj — ajn )n is a null sequence in F and we have 


||(a1 — Qin) G1 +--+ + (aa — Gna) Ball = — laj — @jnlF- 


It follows that the sequence (a1n81 +--+: +@anGa)n converges to a1bı +--+ aaßba 
with respect to the norm ||.||. Hence the vector space E is complete with respect 
to this norm. 


Next we show that the Dedekind domain S has only one maximal ideal. Let q be a 
maximal ideal of S. Then prS = q°a with e the ramification index of q over F and 
q{a. By the Chinese Remainder Theorem there exists for each n € N an ce, E€ S 
such that 


Then e?*1 — en € q°"a” = pS = ph B1 +---+phGa. So En is a Cauchy sequence 
with respect to ||.||. Put £ = lim, En. Since £2 — en € q°”a” is a null sequence with 
respect to ||.||, it follows that £? = e. The image of e € S in the residue field S/q 
is 1, soe £0 and since E is a field we have £ = 1. The image of e in S/a is both 1 
and 0,soa=S. 


It remains to show that E is complete with respect to ||.||q. Let (@n)n be a Cauchy 
sequence in Æ with respect to |].||4. Then for each M €N there is an N € N such 
that an — am E q°" =p™S for all m,n > N. So (an)n is a Cauchy sequence with 
respect to ||.||. Put an = a@inf1 +: + danba with the ajn in F. The sequences 
(a;n)n converge in F with respect to ||.||7 as well as with respect to ||.||,. Hence 
the sequence (a,), converges with respect to ||.||q. 


So a finite extension of a complete discretely valued field is in a unique way a 
complete discrete valued field with the topology of the base field induced by the 
topology on the extension. On the other had, such extensions are necessarily finite; 
more precisely: 
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10.41 Theorem. Let E : F be an extension of complete discrete valued fields such 
that the absolute value on F induced by the absolute value on E is non-trivial 
and that F is complete w.r.t. this absolute value. Let the extension of the residue 
class fields be finite of degree f. Then Og is a free Or-module of rank ef and 
[E : F] =ef, where e = (Z : up(F*)). 


ProoF. The second assertion follows from the first, so we prove the first. Let 
fi,...,8¢ E Op be such that 6),..., 8p is a kp-basis of kp. Let p and m be 
uniformizers of F and E respectively. We will show that the elements 


Bini (i=1,...,f andj =0,...,e— 1) 


form an Op-basis of Og. Let X be a set of representatives of kp = Or/pr. Then 
Y =X, +--+ Xz is a set of representatives of kz = Og/pe. Instead of using 
powers m% when representing elements of Og we can also use the elements pr’ 
with i € N and 0 < j < e. Note that vg(p’m') = ie + j. For elements of Og we 


have the unique representation 


œo e-l 


z y N gen, 


i=0 j=0 


where the qij are unique elements of Y. Put yj; = A Cijkbk, Where Cijk E X. 
Then 


œo e—l1 l nesr f E e~t f eo) 
a= Swe = SOYO cise Bape? -ES (Sonus!) Byer’. 
i=0 j=0 i=0 j=0 k=l j=0 k=1 =0 


Since JD? Cijkp’ € Op, the Bpr’ generate the Op-module Op. It is straightforward 
to show their independence over Or. So Og is a free Or-module of rank ef. 


10.42 Notation and terminology. Let E : F be as in the above theorem. The 
ramification index of pg over F is called the ramification index of E : F and is 
denoted by e9., Similarly we have the residue class degree sP of E:F. 


10.7 Completions of field extensions 


Completion of an extension of valued fields yields an extension of complete fields. 
In case of discretely valued fields the result is an extension of complete discretely 
valued fields as considered in the previous section. Here we study the connection 
between the extension and its completion. In this section: 
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a Dedekind domain, 
the field of fractions of R, 

: K a finite separable field extension, 
= [L : K], the degree of L: K, 
the integral closure of R in L, 
a maximal ideal of R, 
a maximal ideal of S above p, 


= ex (q), the ramification index of q over K, 


o 2 T HSH RD 


= fx(q), the residue class degree of q over K. 


We study the effect of completing the field L with respect to the nonarchimedean 
valuation ||-||q- 


The discrete valuations with respect to p and q of K and L respec- 


tively, are related by Ly 
vala) =e-Up(a) for allac K. 

So the absolute value on L given by ||-||, = c’*) for some c with K 

0< c< 1, satisfies á 
lalla = E% = Jall for alla e kK, / 


where ||-||p is taken to be (c*)»). It follows that we can assume Æ 
that the completion K, of K is a subfield of Lg. 


10.43 Proposition. K,L = L,. 
Proor. The composition KL is a composition of subfields of Lg and so Lg 2 
KL. Choose V € L such that L = K(v) and consider the subfield K,(V) of 
Ly. Since ù is algebraic over K, the extension K,(V) : Ky is finite and so by 
Theorem 10.40 Ay(v) is complete w.r.t. (the restriction of) the absolute value ||.||, 


on Lq. The field L, is the completion of L w.r.t. ||.||, and L is a subfield of K, (ð). 
Hence Ky L = K,K(0) = Ky(V) D Ly. 


10.44 Proposition. The ring Sq is a free Ry-module of rank ef and [Ly : Kp] = ef. 


PROOF. Apply Theorem 10.40: for Æ : F take the extension L4 : Kp. By Theo- 
rem 7.7 the integral domain Sq is the integral closure of Ry in Lq. Note that pS, = 
pRySy = pS, =pSS, = q°S, = F and that [S,/q: Rp/p] = [S/q: R/p] = f- 


For Galois extensions we have: 


10.45 Theorem. Let L: K be a Galois extension. Then Ly: Ky is a Galois ezten- 
sion and the restriction of Ky-automorphisms of Lq to L induces an isomorphism 
Gal(Lq : Ky) + ZK (q). 
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La PROOF. From L, = K,L follows that Lq : Kp is a Galois 

ye extension and Gal(L, : Kp) = Gal(L : (K, N L)). Put Z = 

L Zx(q). Ifo € Z, then o(q) = q and so |lo(a)||q = llalla 
for alla € L. By the definition of completion ø extends 

Z Ky uniquely to an automorphism of L,, its restriction to Ky 
a being the identity, because it is the unique extension of the 

K AOL identity on K. From Lz = K,L follows that we thus have 
| an injective group homomorphism Z — Gal(L, : Kp), which 

K is an isomorphism since the orders of both groups are equal. 
Otherwise put: L7 = K, N L. 


Finally, we relate the ‘global’ norm N% and trace Tre to the ‘local’ norm Nx 


and trace cee The last notations will be abbreviated to Ng and Trg. We now 
consider the extensions L, : Ky for all q | pS together. The embeddings L > Ly 
induce a homomorphism of K’y-algebras 


dp: Kp 8x L> ||la a88 (a8)q. 
q|ps 


10.46 Proposition. The K,-algebra homomorphism py is an isomorphism. 


Proor. The map %p is obtained by applying the exact functor Ky x — to 
the diagonal embedding L > Laps L,. Hence Yp is injective. Since L is an n- 
dimensional K-vector space, the algebra Kp x L is n-dimensional over Kp. The 
Kp-dimension of Į [jp L4 is equal to n as well: )74),5 ex (4) fx (q) = n. 


10.47 Corollary. Fora € L and p a prime of K 


Ni(a) = [[N}a) and Trka) = X. Tri(a). 


q|ps qlps 


Proof. By Proposition 10.46 for both algebras Ky &x L and [aps Lq multipli- 
cation by a has the same characteristic polynomial. So for Kp 8x L this polynomial 
is AX Hence 


ALN A) |] Agee). 
q|ps 


The identities for the norms and the traces are obtained by comparing coefficients. 
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EXERCISES 


. Let k be a field and ||.|| a nontrivial absolute value on the field k(T) of rational 

functions such that its restriction to k is the trivial absolute value. Show that ||.| 

is a nonarchimedean absolute value on k(T). 

. Let k and ||.|| be as in exercise 1. 

(i) Prove that ||.|| is equivalent to ||.||p» for some p € Max(k[T]) if ||T'|| < 1. 

(ii) Assume that ||T|| > 1. Prove that ||.|| is equivalent to the absolute value ||. |lu. 
determined by the discrete valuation v. described in exercise 2 of chapter 6: 


lfe =e 8 for f € R(T)", 


where c such that 0< c< 1. 


(iii) Show that the vp with p € Max(k[T]) U {oo} are all discrete valuations on 
k(T) which vanish on k*. 


The symbol oo can be thought of as an infinite prime of k(T). However, this field 
is the field of fractions of other Dedekind domains as well, including Dedekind 
domains for which oo is one of the prime ideals, e.g. the Dedekind domain kl]. 
This is best understood when considering k(T) geometrically as the field of rational 
functions on the projective line. 


. Let k be a field and let V be the set of all discrete valuations on k(T) which vanish 
on k*. So by part (iii) of exercise 2: 


V = { vp | p € Max(A[Z]) or p = co}. 
Denote the residue class field w.r.t. a valuation v by k,. Then k, : k is a finite 
field extension: k,,, = k and for v = vp with p € Max(k[Z]) we have k, = k[T]/p. 
Define deg(v) = [ky : k]. 
(i) Prove that X „ey deg(v)u(f) = 0 for all f € k(T)*. 


(ii) Show that we have an exact sequence 
1—> k* EE k(T)* (v)v Pz (deg(v))v Z—->0. 
vEV 


. Let k and V be as in exercise 3. Put Vo = V \ {wry} and Vo = V \ {væ}. Show 
that for each subset W of V with Ø Æ W Æ V the ring 


{f E€ k(T) | v(f) > 0 for alveW)} 
is a Dedekind domain: it is a localization of k[T] or of k[4]. 


. Let k be a finite field. 
(i) Show that the places of k(T) correspond to the discrete valuations of k(T). 


(ii) For each discrete valuation v of k(T) choose a c, with 0 < c, < 1. Then the 
places of k(T) are represented by the absolute values ||.||,, defined by 


flo =e for f € k(T)*. 
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Let k» be the residue class field of the discrete valuation v. Show that if we 
choose cy = #(ky)~* the following product formula holds: 


[fifle =1 for all fe kT). 


6. Let k be a field in which —1 is not a square. Then k is not of characteristic 2. 
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Let R be the ring kX, Y]/(X? +Y? — 1) = k[a,y]. (The elements x and y are the 
classes of X and Y respectively and so z? + y” = 1.) Its field of fractions is k(x, y), 
a quadratic extension of k(x). 
(i) Show that intersecting the line y = t(x + 1) by the circle x? + y? = 1 yields 
an isomorphism vy: k(x, y) > k(T’). Compute this isomorphism. 
(ii) Let V be the set of all discrete valuations of k(T) and put W = V \ {v4}, 
where q = (T? +1). 
(iii) Prove that 
p(R)={f € k(T)|v(f) = 0 for allue Wy. 
So, in particular, by exercise 4 the ring R is a Dedekind domain. 


(iv) Compute R* and Cé(R) fork = R. 
(Use the ker-coker exact sequence of k(T)* + ©, Z > Ouen Z) 


Let p be a prime number and z a nonzero p-adic number. Show that x is a ratio- 
nal number if and only if its p-adic expansion, as described in Example 10.39, is 
eventually periodic. Determine the p-adic expansion of —1. 


Let Kı and Kə be number fields. Put L = ki Ke and K = Kı N Ke. Let q bea 
prime of L and p1, p2, p the primes under q of respectively Ky, Ko, K. 


(i) We can assume that the completions (K1)p,, (K2)p, and Ky are subfields of 
La. Show that La = (K1)p, (K2)po- 


(ii) Show that K, C (Kı)pı N (K2)p., but that equality does not hold in general. 


11 Local Fields 


The completion of a number field with respect to a nonarchimedean absolute value 
is a complete discretely valued field with a finite residue field. Such fields are 
called local fields. In section 11.1 it is shown that all local fields of characteristic 
zero are completions of number fields. A powerful property of local fields is the 
similarity between (parts of) their additive and multiplicative structure given by 
the logarithm and the exponential function. This is well-known for the complete 
archimedean fields R and C. In section 11.4 the logarithm and exponential function 
for the completions at finite primes are introduced. 


11.1 Local fields of characteristic 0 


The completion at a finite prime of a number field is a complete discretely valued 
field of characteristic 0 with a finite residue class field. It will be shown that all 
such fields are completions of some number field. 


11.1 Definition. A complete discretely valued field with a finite residue class field 
is called a local field. 


The p-adic completion of a number field is a local field of characteristic 0. We 
will show that conversely every local field of characteristic 0 is the completion at a 
finite prime of some number field. The following lemma is crucial. 


11.2 Krasner’s Lemma. Let p be a prime number, F : Qp a Galois extension and 
leta,B € F satisfy 


la — B|| < |la(a) — al] for allo € Gal(F : Qp) with o(a) £ a, 


where ||.|| is the unique prolongation of ||.||) to F. Then a € Q,(8). 


PROOF. Let 7 € Gal(F : Q,(8)). The uniqueness of ||.|| implies that automor- 
phisms of F : Qp preserve the absolute value. So 


I|7(@) — Bl] = lla — £l 
and, therefore, 


I|7(@) — all = |lr(@) — £ + B — al] < max((|r(@) — BI], lo — Bll) = lla — AI. 
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The condition on a and ĝ implies that r(a@) = a. Since this holds for all r € 
Gal(F : Q,(8)), we have a € Q,(£). 


11.3 Lemma. Let K be a field with absolute value ||.|| and a € K a zero of f = 
X” +a, X”! +--+ an-1X +an € K[X]. Then 


loll < max(1, Sail). 


PROOF. If||a|| > 1, then 


m 
ag a 
lal = |a +2 +--+ ll < Sail. 
w=1 


11.4 Proposition. Let p be a prime number, F : Q, a finite field extension and 
aE F. Then Q,(a) = Q,(8) for some B € F which is algebraic over Q. 


PROOF. By Theorem 10.40 F is a local field. Put n = [Q,(a) : Qp]. Let f € 


Q,[X] be the minimal polynomial of a over Qp. Set f = X” +a, X"! +---+an 
and C = max(1, X; ||a;||). Let € > 0, to be specified later, and put 


=e" / Se. 
i=0 


Choose g = X” + b1 X"! +--+ +bn € Q[X] with |la; — bill < 6 for i =1,...,n. 
Then by Lemma 11.3 


n n—1 
lgl = liga) — F < X llb: — allla < 8$ Ct = e”. 
i=1 i=0 


Let E be a splitting field of fg over F and ||.|| the unique prolongation of ||.||, to 
E. Over E we have 


n 


g=|[(X-4) with A,...,8,€£. 


i=l 
From A 
lgl = ] [la - Bill < e” 
i=1 
follows that ||a — || < £ for some zero 8 of g. Take 


e= e = 

a(a)4a 
Then by Krasner’s Lemma a E€ Q,(8) and so Q,(a) C Q,(8). Because n = 
[Qp (a) : Qp] < [Qp(B) : Qp] < n, we have Q,(a) = Q,(6). 
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11.5 Corollary. Let p be a prime number and F : Qp a finite field extension. Then 
F is the local field of some number field K at a finite prime of K above p. 


PROOF. Choose a primitive element a of the extension F : Qp. By Proposi- 
tion 11.4 there is a 6 € Q,(a) which is algebraic over Q such that Q,(a) = Q,(8). 
Take K = Q(8) C F and p = pr N K e€ Max(Ox). Then K, C F and 
F =Q,(8) E Ky. 


Summarizing, we have the following. 


11.6 Theorem. Equivalent are: 

a) F is a local field of characteristic 0, 

b) F is a finite extension of Qp for some prime number p, 

c) F is the p-adic completion of a number field at a finite prime p. 
PROOF. 


a)=b) Since F is of characteristic 0, its prime field is Q. The discrete valuation 
on F induces a discrete valuation on Q, which by Theorem 10.12 is the p- 
adic valuation for some prime number p. So F is an extension of Qp. By 
Theorem 10.41 the extension F : Q, is finite: take F : Qp for the extension 
E : F in the theorem. 


b)=c) Corollary 11.5. 


c)=a) The p-adic completion of a number field is a complete discretely valued field 
(cf. section 10.5) with a finite residue class field (Proposition 10.33). 


11.2 The multiplicative group 


In this section we study the multiplicative structure of a local field and, in partic- 
ular, its roots of unity. It will be shown that the roots of unity of the residue field 
of a local field can be lifted to the field itself in a canonical way. The completion 
of a number field often has many more roots of unity than the number field itself. 


11.7 Lemma. Let F be a local field. Then for a € OF and q = #(krp) the sequence 
(a2), converges to a (q — 1)-st root of unity congruent to a modulo pr. 


PROOF. Put a, = a3". For the convergence of (an)n it suffices by Proposi- 
tion 10.34 to show that (@n41 — Qn)n is a null sequence. Since a € O% we have 
||| = 1 and 


= lla” — 1), 


+1 
ll@nta — arll = lla -a 
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From 


Pc 0) ane, Be (aD — 1) (q@-Da"G-D 4... 4 aD" 4 1) 


and a17! = 1 (mod p) follows that 
UF (aor —1)>upF (afa-Da" —1). 


Hence (an+1 — Qn)n is a null sequence. All terms of the sequence (&n)n are con- 
gruent to a modulo pp, so this holds for the limit as well. For ¢ = limp... n we 
have 


¢ = lim at = ( lim a)" =Ç. 


n= o0 n— o0 


By this lemma we have for a local field F a map 
àr: O% > fg il(F), am lim a”. 
n— o0 
It clearly is a group homomorphism and for Ç € pq—1ı(F) the sequence (¢7"), is 


constant, so Àp is a retract of O% to its subgroup uq-1(F). For a = 1 (modpr) 
we have Ap (a) = 1. Hence \ induces a homomorphism 


wr: kp > uq—-1(F), @H Ar(a). 


The map AF is surjective and so is this induced map. Since both groups ký and 
Hq—1ı(F) are of order q — 1, the homomorphism wp is an isomorphism. It follows 
that we have a split short exact sequence 


1— 1l+prp— O07, — kp — 1. 


We have shown the first part of the following theorem. 


11.8 Theorem. Let F be a local field and q = #(kr), a power of a prime number 
p. Then O% is the direct product of the subgroups uq—ı(F) and1+ppr. The kernel 
of the restriction of Ap to (F) is the p-primary part of u(F). 


PROOF. Let ¢ € u(F). Write ¢ = n€ with n,€ € u(F), pt o(€) and o(7) a power 
of p. Let m be the order of €. The m-th cyclotomic polynomial splits over F and, 
therefore, over kp as well. Since p {f m, the finite field ky has a primitive m-th root 
of unity. Hence m | q — 1, that is € € uq—1 (F). So we have 


AP (C) = Ar (nàr (£) = àr (£) = € 
and hence ¢ = n, if Ar(¢) = 1. 


If the local field is of nonzero characteristic, then it is of the same characteristic 
as the residue class field. In this case the p-primary part of (F) is trivial and so 
uP) S kp. 
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The multiplicative group of a local field F is the direct product of O% and and 
the infinite cyclic subgroup generated by a uniformizer. So for this multiplicative 
group we have: 


11.9 Corollary. Let F be a local field, n a uniformizer of F and q = #(kr). Then 


FY = (1 + pr): Ug-1(F) - (7), 


a direct product of subgroups. 


So for a determination of the multiplicative structure a local field F we can now 
focus on the group 1+ pr. This will be done in section 11.5. 


11.3 Extensions 


For cyclotomic extensions of local fields we have: 


11.10 Lemma. Let F be a local field of characteristic 0 with residue class field of 
characteristic p, m € N* and E : F the m-th cyclotomic extension of F. Suppose 
that ptm. Then: 


(i) Og = Op[¢], where ¢ is a primitive m-th root of unity. 


(ii) The extension E : F is unramified and the canonical map Gal(E : F) > 
Gal(kg : kr) is an isomorphism. In particular E : F is a cyclic extension. 


PROOF. 
(i) This follows from Corollary 7.26 as well as from Proposition 1.36. 
(ii) We have E = F(C) for a primitive m-th root of unity. Let g be the minimal 


polynomial of ¢ over F. Then g | X—1 (in Op[X]). So disc(g) | disc(X™—1) 
in Or. Because p{ m, it follows that vp(disc(g)) = 0. So vr (p (E)) = 0. 


For a complete local field of characteristic p 4 0 the m-th cyclotomic extension is 
the m/-th cyclotomic extension, where m = p*m! with p{m’. It easily follows that 
in this case all cyclotomic extensions are unramified. 


An extension of local fields is a totally ramified extension on top of an unramified 
extension: 


11.11 Theorem. Let E : F be an extension of local fields and q = #(kz). Then 
E : F(uq—1) is a totally ramified extension and F(uq—1) : F is the maximal unram- 
ified subextension of E : F. 
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PROOF. By Theorem 11.8 E contains a primitive (q — 1)-st root of unity Ç. Con- 
sider the intermediate field F’ = F(¢) of the extension E : F. By Lemma 11.10 
the extension F’ : F is unramified. The residue class field of F’ has a primitive 
(q — 1)-st root of unity. So f® = 1 and hence [E : F'] = ef) (2) _ eW., By 
Theorem 7.50 the composition of unramified extensions is unramified. So F” : F is 
the maximal unramified subextension. 


Let e be the ramification index and f the residue class degree. If œ1,...,&f € Ory 
are such that @1,...,@p is an kp-basis of kp’, then a1,..., œp is an F-base of F”. 
For 7 € E with vz() = 1 the elements 1,7,...,7°~* form an F’-basis of E. Thus 
we obtain an F-basis of E: all aja? with 1 < i < f and 0 < j < e— 1. For 
an extension of local fields this gives an extra meaning to the basis described in 
Theorem 10.41. 


11.12 Corollary. Let E : F be a finite extension of local fields and q = #(kz). 
Then E : F is unramified if and only if it is contained in the (q — 1)-st cyclotomic 
extension of F. 


11.13 Corollary. Let F be a local field of characteristic 0 and F an algebraic closure 
of K. Then for each n € N* there is a unique intermediate field E of F : F with 
E : F unramified of degree n. 


PROOF. Suppose the residue class field of F' has q elements. Let n € N* and 
¢ € F a primitive (q” — 1)-st root of unity. Take E = F(¢). Then kg : krp is the 
(q” — 1)-st cyclotomic extension of kp. By Lemma 11.3 E : F is cyclic of degree 
n, the order of q in (Z/q” — 1)*. If E’ : F is unramified and of degree n, then 
T) = n. By Theorem 11.11 E’ : F is the (q” — 1)-st cyclotomic extension of 
F. 


11.14 Example. Let p be a prime. The field Q, has a unique unramified quadratic 
extension E : Qp, the (p? — 1)-st cyclotomic extension. For p = 2 we have E = 
Q2(¢3) = Q2(v—3). For odd p and a squarefree m € Z such that (=) = —1, set 


K =Q(/m) and p = pOg. Then E = Q(./m)p = Qp(V/m). 


Integral primitive elements 

Let E : F be an extension of local fields. The following proposition will be used in 
chapter 17 when studying further properties of higher ramification groups. 

11.15 Proposition. There exists ay € Og such that Og = Op(y). 


PROOF. Let a € Og be such that @ € kp is a primitive element of kg : kp and 
f € Or[X] a monic polynomial such that f € kF[X] is the minimal polynomial of 
@ over kp. Then f(a) € pr and so vg(a) > 1. If vg(a) = 1, then we can take 
y =a: by the proof of Theorem 10.41, or the remark following Theorem 11.11, Og 
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is generated by products a’ f(a)’ and this implies Og = Or|a]. So we will assume 
that vg(a) > 2. Let m be a uniformizer of vg. Then by Taylor’s formula 


flat) = f(a) + rf (a) +778, 


where 8 € Og. The irreducible polynomial f € kr[X] has no multiple roots, so 
f'(a) € O}. It follows that vg(a + r) = 1 and in this case y = a +7 will do. O 


11.4 Exponential function and logarithm 


In the sequel we will need more knowledge of the structure of the multiplicative 
group of a local field than we already derived in the previous sections. For com- 
plete archimedean fields the exponential function connects the additive structure 
to the multiplicative structure: e.g. on R the exponential function is an isomor- 
phism from the additive group R to the multiplicative group R*°, the logarithm 
being its inverse. Usually the additive structure is easier to deal with than the 
multiplicative structure. The German mathematician Hensel introduced the expo- 
nential and logarithmic function on local fields. The starting points are the power 
series representations of these functions just as they are in the archimedean case. 


In this section F is a local field of characteristic 0 with a residue class field of 
characteristic p. For simplicity we put v = ur, p = pr, e = v(p) = eD, and 


fan Sieci 
Over a field of characteristic 0 we have formal power series 


Co n 


expt = 5 L and log(1+ x)= 51) 


n=0 ` n 


n 
pele 


A . 


Il 
un 


The following relations hold, say in the formal power series ring Q|[T]], and where 
x and y are formal power series in T with constant term 0: 


exp(a + y) = expx-expy, explog(1 +x) =1+7zx, 
log(1 + x)(1 + y) = log(1 +2) +log(1 + y), logexp x = z. 


First we consider the exponential function. 


11.16 Definition. The exponential function exp on F is given by a series: 


oO n 


expla) =>) Z 


n=0 


for all œ € F for which the series converges. 
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By Proposition 10.34 the series converges if and only if the valuation of the n-th 
term tends to infinity for n — oo. We need to know the valuation of n!. Hensel 
gave a nice computation of its value. It goes as follows. Use the base p for a 
representation of n: 


n = ao +a p+ agp? + --- + app” with 0 < a; < p and a, £0. (11.1) 


Let sn be the p-adic digit sum of n, i.e. Sn = ao +a, +--+ + ax. 


N — Sn 


11.17 Lemma. Let n € N*. Then vp(n!) = T 
p- 


PROOF. Let the p-adic notation of n be as in (11.1). Then 


Tn A Fa Erea Fal 


= (a1 +++» + app”) + (a2 +-+: + agp" 7) + +--+ (axa + akp) + ap 

=a +42(1+p)+a3(L+p+p’) +---+an(L+pt+---+p*') 
eel aera it 

= ta Cas Ak 

“aI ? p1 Ep1 

1 

= Fay (ao + aip + azp? + -++ + ap” — (ao + a1 + a2 ++: + ax) 

_ n— 8n 

ee 


11.18 Proposition. Let a € F. Then: 


(i) the series dX Z converges if and only if v(a) > = k 
(ii) v(expa — 1) = v(a) for each a with v(a) > Ś T 
p- 


(iii) for each t > — the map 
p- 


exp: pf > 1+p 


is an injective group homomorphism from the additive group pt to the multi- 
plicative group 1 + p*. 


It will turn out that the homomorphism in (iii) is in fact an isomorphism. The 
logarithm will be its inverse. 
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PROOF. 


(i) By lemma 11.17 


(5) =n: v(a) —e-v,(n!) =n- v(a) — £ (n — sn) 


p—1 
=n(v(a) en) E > n(v(o) --5) 


So the n-th term tends to infinity if v(a) > >4;. If v(a) < 54, then the 
series diverges, since Sn = 1 for infinitely many n. 


oo n oo n—-1 
a a 
(ii) expa-—l=a+t 2 zl =qa+a J A and for each n > 2 we have sn > 1. 
= 


So = 
oS = (n—1)v(a) aoe >(n 1) (v(a) — - -) > 0. 


(iii) By (ii) the map exp: pê > 1+ pt is defined. The formal properties of exp 
imply that exp(a, + a2) = exp a1 : exp a2 for a1, a2 € p*. From (i) it follows 
that exp(a) 4 1 for a 4 0, so the group homomorphism is injective. 


The logarithm on F is defined as follows. 


11.19 Definition. The logarithm on F is given by a series: 


(a= 1)" 


n 


log(a) = $ (-1)"7? 


for all œ € F for which the series converges. 


11.20 Proposition. Leta € F. Then 
co _ 1 n 
(i) the series ype converges if and only ifa € 1+p; 
n 
n=1 
e 
p-1 


(ii) v(log a) = v(a — 1) for each a € F with v(a — 1) > 
(iii) the map 
log: 1 +p > F 


is a homomorphism from the multiplicative group 1 + p to the additive group 
F. For each t > 


it induces by restriction a homomorphism 


log: 1+ p* > p’. 
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PROOF. 
(i) (eo) =f Ws nwa Se itn a 6 
——_ ] =n-v(a-1)- n-v(a—1)- 
i) v m n- v(a v(n) > a BaD 
+: = ea 
(ii) loga = (a — 1) + (a — 1) X -1) ~————.. It suffices to show that 
n=2 
—j)"-1 
(2-0) = (n—1)-v(a—1)—v(n) > 0 for n > 2. For p { n we 
n 


have u(n) = 0, so assume that p | n. Then n > p and 


—1)""1 l —1 l 
s(£ ) J> (n Lua — 1) elogn . eln ) elogn 
n log p p-1 log p 
n—1 logn 
We have to show that ——— > 
p—1 log p 
—1 -1 -1 
= = p . This follows from Z— being monotone increasing for x > 1, 
logn log p log x 
which is easily seen by substitution of the monotonic increasing e” for x: 


laa feng ae BS 
lgx y n! 


or, since n > p and p > 2, that 


(iii) By (ii) the map log: 1 + pt > p* is defined and the formal properties of log 
imply that it is a homomorphism. 


Since exp and log are formally inverses of each other, the preceding propositions 
imply the following. 


11.21 Theorem. Lett EN witht > a The maps 
p= 


log: 1+ p'—p’ and exp: p —>1+p 


are group isomorphisms and inverses of each other. 


The subgroups p* and 1 + p* of respectively Op and O% are of finite index. So the 
groups Or and O% have much in common. An important consequence concerns 
the group F” of n-th powers of F*. 


11.22 Theorem. Letn € N*. Then 1+p' C F* for t > e+ p(n) + z5. 


PROOF. Let a € 1+p*. Then loga € p* because t > z% 50 v(ż loga) > 
t—v(n) =t- e- v(n) > 5% and for B = exp(4 loga) € 1+ p’-"\™ we have 
B” = exp(loga) = a. Hence a € F*”. 


11.23 Corollary. For each n € N* the index of F*” in F* is finite. 
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PROOF. Let n € N*. By the theorem there is a t € N* such that 1 + p% C 
F*" 1 OF = OF". The split short exact sequence 


13 OF — FS ZS 1 


induces a split short exact sequence 


v 


1 — OF /OF — F*/F" — Z/n — 1. 


So F*/F*” S O%/0%¥ x Z/n. The index of 1 + p* in O% is finite: O%/(1 + p’) S 
(Or/p')*. From 1+ p! C OF" C O% follows that the index of O% in O% is finite 
as well. 


11.5 The multiplicative group 


Let F be a local field with kp of characteristic p and p = pp. First we show that 
1 +p is a Zp-module in a natural way. Writing operators of this multiplicative 
group as exponents, we will define a* for a € 1 +p and z € Zp. Its definition rests 
on the following lemma. 


11.24 Lemma. Leta € 1+p and z = liMpsœ 2n with zn € Z for all n € N*. 
Then the sequence (a*"), converges in 1 +p. If also z = limy + 2), with z E Z 
for all n € N*, then 

lim a*» = lim a”. 

noo noo 
PROOF. For each m € N* the group (1+p”)/(1+p™*") is of order q = #(kr/p). 
It follows that for each m € N* the group (1+ p)/(1+p'*?) is of order q”, that is 


a?” =1(modp™*!) for all m € N*. 


Put Up(Zn+1 — 2n) = aņ and Uy 4 — Zn) = bn. Then lim, 5, ay = œ and 
limn+oo bn = œ. Then 


Zn41 
= z 5an- =] (modp®”+!) and a =a =] (mod p” +t) 
[a dau Qn 
And so n 
a+! = a" (modp***1) and a* = a” (modp?nt?), 


It follows that the sequence (a*"),, converges and that the limit does not depend 
on the choice of the sequence (Zn)n- 


11.25 Definition. Let F be a local field with kp of characteristic p, a € 1+ pF 
and z € Zp. Then the power a” is defined by 


a = lim a*", 
noo 


where (Zn)n is a sequence in Z converging to z. 
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11.26 Lemma. For each m E€ N* the abelian group 1+ p” is a Zp-module under 


Zp x (1 +p") 14+ 7”, (z,a)H a’. 


PROOF. Let z = limp so Zn with zn € Z and a € 1 +p™. Then a* €1+p” for 
all n, because 1+)” is a subgroup of F*. Hence a* € 1+p™. Let also 8 € 1+p™ 
and w = limy_54 Wn with wn € Z. Then for each n: 


(aB)*" = a?" Br, artn — orar and Q7” = (a>), 
So by the well-known rules for limits we obtain 


(apy =a 8", of =a%a® and of = (a?)”. 


This means that under (z, aœ) + a” the group 1 + p™ is a Zp-module. 


We can now determine the structure of the multiplicative group of a local field of 
characteristic 0. 


11.27 Theorem. Let F be a local field of characteristic O with kp of characteristic 
p, [F : Qp] = d and w = #(u(F)). Then 


F* ©Z6 (Z/w) © Zå. 


PROOF. Let m be a uniformizer of vp and #(kr) = q. Then by Corollary 11.9 
F* = (1) + Ug-1(F) - (1+ pr). 


Since Zp is a principal ideal domain the ring Of is a free Zp-module of rank d. For 
n sufficiently large the map log: 1+ p} — ph is an isomorphism of Z,-modules 
(Theorem 11.21). So 1 +p} =2"Op ¥ Op = Zl. The index of 1 +p% in 1+ppr is 
finite, so the Zp-module 1 + pp is of rank d as well. Its torsion subgroup consists 
of the roots of unity of F of order a power of p. By Theorem 11.8 this subgroup is 
the kernel of Ap: u(F) > uq- (F). 


EXERCISES 


1. Let p be a prime number. By Corollary 11.9 
Q; = (1+ pZp) - Hp-1 - (p). 


(i) Show that (1 + pZp)? = 1 + pZp if p is odd. 

(ii) Show that for odd p the group Q% (Or is noncyclic of order 4, its elements 
being represented by 1, p, u and pu, where u € Z represents a generator of 
the cyclic group F}. 
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(iii) Show that (1 + 2Z2)? has index 2 in 1 + 2Z2. 


. Let p be a prime number, r € N*, K = Q(¢pr) and p the prime of K above p. 
Compute u(K) and pu( Kp). 


. Let E : F bea totally tamely ramified Galois extension of local fields, v the discrete 
valuation of E and [E : F] = n. Show that there is a m € E with v(m) = 1 and 
n” € F. (Use exercise 17 of chapter 7.) 


. Let m and n be different squarefree integers 4 1. Put k = mn/gcd(m,n)? and let p 
be an odd prime such that p | m, p | n and (=) = —1. Show that the completions of 
the fields Q(./m) and Q(\/n) with respect to the prime above p are not isomorphic. 
(i) Let p be an odd prime. Show that the group 1+ pZ, is a subgroup of the 
group Q*? of squares in Q%. 
(ii) Show that Q*/Q*? is a noncyclic group of order 4. 
(iii) Prove that inside a given algebraic closure of Q, there are exactly 3 quadratic 
extensions of Qp. 
(i) Show that the group 1+ 8Z2 is a subgroup of the group Q3? of squares in Q3. 
(ii) Show that Q3/Q%? is 2-elementary group of order 8. 


(iii) Prove that inside a given algebraic closure of Q2 there are exactly 7 quadratic 
extensions of Q2. 


(iv) Give for each of the seven quadratic extensions of Q2 a primitive element. 
Which one is unramified? 
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Galois theory is a powerful tool when investigating field extensions. The Galois 
group of a Galois extension L : K is a group of automorphisms of L and as such 
it acts on the field L. The Galois group acts on many structures associated to 
L as well, e.g. it acts on the multiplicative group L*, the ring Oz, the group 
O} and the group I(L) of fractional ideals. Group cohomology applies in these 
cases and is usually referred to as Galois cohomology. It will be used in the next 
chapters, however, not in full generality. Only the special case of the cohomology 
of cyclic groups will be used. It is described in section 12.2. In section 12.3 many 
examples of Galois cohomology groups for cyclic number field extensions are given. 
These examples will be used in later chapters. The action of a Galois group often 
comes with extra structure. This is formalized in section 12.4 and is particularly 
interesting when dealing with noncyclic Galois groups. Special cases are studied 
in the last two sections. 


12.1 Modules over a group 


Modules over a group are essentially modules over the group ring of the group. 


12.1 Terminology. Let G be a group. If G operates on an abelian group A via 
automorphisms of A, then A, equipped with this action, is called a G-module. 
Equivalently, a G-module A consists of an abelian group A together with a group 
homomorphism G — Aut(A). If, more generally, for a commutative ring R the 
group G acts on an R-module A via R-automorphisms, the action corresponds to 
a group homomorphism G — Aut,r(A), where Autpg stands for the group of R- 
automorphisms. For K a field and V a K-vector space, a group homomorphism 
G — Autx(V) is usually called a representation over K of G. If V is of finite 
dimension, then the dimension of V is called the degree of the representation. 


In section 18.4 representations over C will be used for Artin’s generalization of the 
L-functions as defined for abelian number fields in chapter 9. 


Using the multiplicative notation for G and the additive notation for A, a G-action 
on A comes down to a map 


GxA->A, (a,a)4 0a 
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such that for all a,b € A and 0,7 € G: 
(oT)a = o(ra), 
o(a + b) = ca + ob, 
la =a. 


12.2 Definition. Let G be a (multiplicative) group. The group ring Z[G] of G is 
the free abelian group with G as basis equipped with the multiplication induced 
by the group multiplication in G: 


J nso: Y mT=>% No MOT, 
o T O,T 


where nz,m, E€ Z. More generally, the group algebra R|G] over a commutative 
ring R is the free R-module on G equipped with the ring multiplication induced 
by the group multiplication on the basis elements. Its elements are )>, ago with 
as € R for all ø € G. 


For A a G-module, the group homomorphism G — Aut(A) extends to a ring 
homomorphism Z[G] —> End(A), where End(A) is the ring of endomorphisms of 
the abelian group A. Thus A becomes a Z[G]-module. On the other hand a Z[G]- 
module A is a G-module by restriction of the operations to the basis G of Z[G]. 
We will switch freely between the notions of G-module and Z[G]-module. A Z[G]- 
module homomorphism f: A — B corresponds to a G-module homomorphism in 
the sense that it is a homomorphism of abelian groups satisfying 


f(oa) = of (a) for all a € A and ø €E G. 


For R a commutative ring R|G]-modules A are R-modules equipped with an action 
of G on A by R-linear maps. In particular, representations over C of a group G 
correspond to C[G]-modules. 


12.3 Definitions and notations. 


a) The norm element of a finite group G is the element „ego of Z[G]. It is 
denoted by Ng. If G is generated by a subset X of G, then also the notation 
Nx is used and if X = {o}, a one element set, then we may write Ns. 


b) Let A be a G-module. Then the G-module of G-invariants of A is the G- 
submodule 


AF ={a€A|oa=aforallaeG}= () Ke(1- 0: A> A). 
oEG 


It is the largest G-submodule with trivial G-action. Notations like A* and 
A” for X and ø as above are used as well. 
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c) Let A be a G-module. Then the G-module of G-co-invariants of A is the 
quotient G-module of A by the G-submodule generated by all a — ca with 


a€ Aando €G: 
Ag=A/ 0 -o)A. 


a€G 


It is the largest quotient G-module with trivial G-action. The class of a € A in 
the quotient module Ag will often be denoted by a. Again we have notations 
Ax and As. 


Trivial but important identities for norm elements are: 
12.4 Lemma. Let H, Hı and Hz be subgroups of a finite group G. Then: 
(i) If Hy < Ho, then Na, Nm, = #(H1) - Np. 
(ii) (Nw)? = #(H) Ny. 
(iii) If H1Hə is a subgroup of G, then Ny, Np, = #(H1 O Ae): Np, p. 


PROOF. (ii) follows from (i), and (i) follows from oNy, = Np, for all o € H, 
or, alternatively, apply (iii) to Hı < Hı Hə. For (iii) note that the #(H1)#(H2) 
terms in Ny, Np, correspond to the elements of Hı x H2, whereas Ker(H, x Hp > 
HH) & H, N Hb. 


The following will be frequently used when studying group actions on abelian 
groups. 


12.5 Lemma. Let G be a group of order n acting on an abelian group A. Then 
multiplication by Ng induces a homomorphism 


Ne: Ag — A, ary Nea 


of abelian groups. The kernel and the cokernel of this homomorphism are killed! 
by n. In particular the homomorphism is an isomorphism if multiplication by n is 
an automorphism of A. 


ProoF. It follows from oNc = Ne = Neo that multiplication by Ng induces a 
homomorphism Ag — AC. For @ € Ag with Nga = 0 one has na = Nga = 0. 
And for a € AĈ we have na = Nea. 


Associated to a group module are series of abelian groups: the homology groups 
and the cohomology groups. Here a short description in terms of derived functors 
is given. In this book no use is made of the full theory of group (co)homology. 


Let G be a group. The functor A > Ag is a right exact functor from G-modules to 
abelian groups. For m € N its m-th left derived functor is denoted by Hm(G, —). 


1Terminology: an abelian group A is killed by n if na = 0 for all a € A; a not necessarily abelian 
multiplicative group G has exponent n if g” = 1 for all g € G. 


295 


12 Galois Modules 


The group Hm (G, A) is called the m-th homology group of G with coefficients in A. 
In particular we have Ho(G, A) = Ag. 


The functor A > Af is a left exact functor from G-modules to abelian groups. For 
m € N its m-th right derived functor is denoted by H™(G,—). The group H™(G, A) 
is called the m-th cohomology group of G with coefficients in A. In particular we 
have H°(G, A) = A®. 


The Tate cohomology groups Ĥ”(G, A) of a finite group G with coefficients in a 
G-module A are defined for all m € Z: 


H” (G,A) ifm>1, 
N 
s ker(Ag -$ AF) if m= 
Ê” (G,A) = Coker( a ) ifm=0, 
Ker(Ag ~$ A®) ifm = —1, 
H-m-1(G,A) ifm < -2. 


By definition we have the exact sequence 


0 — H'(G, A) , Aa ŽS AS » H°(G, A) — 0. 


By Lemma 12.5 the groups H™(G, A) are killed by n = #(G) for m = —1,0. In fact 
this holds for all m € Z. In particular, if multiplication by n is an automorphism 
of A, then H™ (G, A) =0 for all m € Z. 


For G cyclic one shows that H™(G, A) = H™*+?(G, A), so for such G the above 
exact sequence can be written as 


0 — Ê! (G, A) Ae %5 AF Se A) — 0 


and can be used as a definition of H°(G, A) and Ñ! (G, A), as will be done in the 
next section. In this context it is customary to delete the ^ in the notation. 


12.2 Cohomology of cyclic groups 


The Tate cohomology groups of a cyclic group have a simple description. This 
description is taken here to be their definition. The general notion of group coho- 
mology is not used in this book. 


12.6 Definition and notation. Let G be a cyclic group of order n generated by o. 
Then elements A and N of Z[G] are defined as follows 


A=l-o0 and N=1+o0+4+---+o71. 
For A a G-module the homomorphisms a +> Aa and a |> Na are denoted by A, 


and Ny respectively. So N = Ng and in the notation N 4 the group G is understood. 
Similarly for A, in which case, moreover, the generator o is not specified. 


296 


12.2 Cohomology of cyclic groups 


12.7 Lemma. Let G be a finite cyclic group and A a G-module. Then Im(A 4) C 
Ker(N,4) and Im(Ny) C Ker(Ay). 


Proor. This follows from NA = AN = 1- o” =Q. 


12.8 Definition. Let G be a cyclic group, generated by an element o of order 
n. Then the 0-th and the 1-st cohomology group of a G-module A are defined 
respectively as follows: 
H?(A) = Ke(A4)/Im(N4) and #H'(A) = Ker(N4)/Im(4A4). 
(Clearly, these groups do not depend on the choice of the generator ø.) 
There is some variation in the terminology. For cyclic G, the ‘i-th cohomology 


group (for i = 0,1) of A’ stands for the ‘i-th Tate cohomology group of G with 
values in A’. Here the emphasis is on the module, not on the group. 


A direct consequence of the definition is the following. 


12.9 Proposition. Let G be a cyclic group of order n generated by o and A a 
G-module. Then we have exact sequences 


0 — H1(A) — Coker(A4) “4 Ker(A4) — H°(A) — 0 


and 


0 — H°(A) —> Coker(N4) 24 Ker(Na) — H(A) — 0. 


The first exact sequence is the same sequence as 


0 — H! (A) — Ae 2$ AF — H(A) — 0, 


which shows that indeed the cohomology groups are the Tate cohomology groups 
H°(G; A) and H~'(G; A), see the remarks at the end of section 12.1. 


Cohomology theories give rise to long exact sequences of cohomology groups. Due 
to the fact that in the cyclic case the cohomology is periodic with period 2, these 


long exact sequences wind up as a hexagon. 


12.10 Theorem (The Exact Hexagon). Let G be a finite cyclic group and let 


0— A Í B 1, C—0 


be a short exact sequence of G-modules. Then an exact hexagon of cohomology 
groups is induced: 
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TK 


H'(B) — H'(A) 


ProoF. The Snake Lemma applied to the commutative diagram 


yields an exact sequence of kernels and cokernels 


0 — Ker(A,y) — Ker(Ag) — Ker(Ac) 
— Coker(A4) — Coker(Ag) — Coker(Ac) — 0. 


There is a similar exact sequence for N instead of A. Applying the Snake Lemma 
to the commutative diagram 


Coker(N4) —> Coker(Ng) —> Coker(Nc) — 0 


| a a 


0 —> Ker(N4) —> Ker(Ng) —> Ker(No) 


yields an exact sequence 
H?(A) — H? (B) — H?’ (C) — H! (A) — H! (B) — H+ (C). 


Interchanging the role of N and A yields a similar exact sequence and these two 
together form the exact hexagon. 
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A tool for making computations is the Herbrand quotient: 


12.11 Definition. Let G be a finite cyclic group and A a G-module such that 
H°(A) and H1(A) are finite. Then the Herbrand quotient of A is the rational 
number 


12.12 Proposition. Let G be a finite cyclic group and 0 > A> BoC 0a 
short exact sequence of G-modules. If for two of the three modules the Herbrand 
quotient is defined, then so for the third and 


PROOF. The associated exact hexagon leads to a diagram with exact sequences: 


0 0 
0 N > H(A) — H?(B) < >0 
E T 
H+!(C) H? (C) 


If the Herbrand quotient of two of the modules A, B and C is defined, then four 
of the six abelian groups in the exact hexagon are finite and so are the remaining 
two. Because the alternating product of the orders in an exact sequence equals 1, 
we have 


q(A)a(C) _ #( 


H! 
q(B) #(H°(A)) 


(A) - #(H°(B)) : #( 
-#(H'(B))-# 


(C) _ #UD- #0 #0) _ 
( # I 


H! 
(H°(C)) 
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12.13 Proposition. Let G be a finite cyclic group and A a finite G-module. Then 
q(A) = 1. 
PROOF. From the exact sequence 


0 — Ker(N4) — A ~4 A —> Coker(N4) — 0 


follows that #(Ker(N4)) = #(Coker(N4)) and together with the exactness of 


0 — H°(A) — Coker(N4) 24 Ker(N4) — H(A) — 0 


this implies that #(H1(A)) = #(H®(A)). 


12.14 Corollary. Let G be a finite cyclic group and let A be a G-submodule of finite 
index in the G-module B. If one of the Herbrand quotients of A and B is defined, 
then so is the other and, moreover, q(A) = q(B). 


PROOF. Apply Proposition 12.12 to the short exact sequence 0 > B > A > 
B/A > 0 and use that ¢(B/A) = 1 by Proposition 12.13. 


The following proposition describes the cohomology of a type of module which will 
occur frequently. 


12.15 Proposition. Let G = (o) be a cyclic group of order n and d a divisor of n, 
say n = dm. Let B be a torsion free abelian group and A = Oo, B the G-module 
with the G-action 
a(b, aes. ba) = (b2, ee ba; bı). 
Then H!(A) = 0 and H? (A) S B/mB. 
PROOF. We have for a = (b1,..., ba): 
Aa = (bı — by, b2 — b3, .-., ba — b1), 
Na = m(by +--+ + ba, ..., b1 +- + ba) 
and an easy calculation shows that 
Ker(Ay) = {(b,...,b) | bE B} SB, 
Im(A4) = { (b1,. ae ,ba) EA | Xdi = 0} = Ker(Na), 
Im(N4) = {m(b,...,6) |b E B} = mB. 


12.3 Galois cohomology of cyclic groups 


This section contains computations of cohomology groups of some modules over 
the Galois group of a cyclic extension. Since the group is a Galois group it is 
customary to speak of Galois cohomology in such cases. 
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The cohomology groups of L and L* 


In this subsection L : K is a Galois extension of degree n with Gal(L : K) = G = 
(oc). The additive group L and the multiplicative group L* both are G-modules: 
the action of ø is given by oa = o(a). 


12.16 Theorem. H°(L) = 0 and H'(L) =0. 
Proor. The action of A and N is given by 
Aa=a-—o(a) and Na=a+o(a)+:---+o0"l(a) = Trk (a). 


The maps A,,N,: L > L are K-linear. The trace map Trý: L — K is surjective 
(Corollary 1.30). So by the Main Theorem of Galois Theory 


K = Im(Trý) = Im(Nz) C Ker(Az) = L? = K. 


It follows that H°(L) = 0 and also that Ker(Nz) = Im(Az), since both are of 
dimension n — 1. 


Alternatively, by the Normal Basis Theorem of Galois theory there is an a € L such 
that a,o(a),...,0"*(a) is a K-basis of L. Apply Proposition 12.15. For fields of 
characteristic 0 the theorem follows directly from the fact that the map Le > LF 
induced by Nz is an isomorphism. 


12.17 Theorem. H°(L*) = K*/N%(L*) and H1(L*) =1. 


Proor. The action of A and N is given by 


Aa = ee and Na= a- o(a). -o"t (a) = Nķ(a). 


o(a) 
We have, again by the Main Theorem of Galois Theory 
Ker(Azs) = {a € L* | ola) =a} = I* N LF =L*nK = K*, 
Im(N;-) = NE(L*). 
Hence H°(L*) = K* /NE(L*). 


The group Im(A_z-) consists of all st with 8 € L* and the group Ker(Nz») is 


the subgroup of all a € L* with N%(a) = 1. We have to show that each such a is 
of the form —2,. Let a € L* such that NẸ (a) = 1. For y € L* we consider the 


o(B) 
element 
sy) GO IG (a)) = 0") + Elo) IG (a)) 
k=0 j=0 k=0 j=0 
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Apply o: 
n—2 k , n—1 k 
=7+ So (oy) J] oa) = 7+ Da G (a)). 
k=0 j=0 
So ao(Z) = $. Is there a y such that 6 4 0? Choose a J € L such that L = K(v) 


and consider the elements 8 = 8; for y = W~' for j = 1,...,n. They form the 
column vector Av, where 


1 1 ee 1 a 
PI i vee an (0) oe oe aaa) 
gro o(9)"-2 e o”-1 (gyn aa(a) >: . ao” (a) 
Since 9 is primitive, the elements V, o(0),...,o”71(9) are different. So the Van- 


dermonde matrix A is invertible. Because v Æ 0 it follows that Av Æ 0. So 6; #0 


for some j. Therefore, a = 


pj 
o(b;) 


The formula H'(L*) = 1 is known as Hilbert’s Theorem 90. 


The cohomology groups of I(S) 


Let R be a Dedekind domain, K the field of fractions of R, L : K a cyclic extension, 
G = Gal(L : K) and S the integral closure of R in L. The discrete valuations vg 
on L constitute an isomorphism 


I(S) — aa Dans Z 


of G-modules, the direct sums being over the maximal ideals p of R and the maximal 
ideals q of S dividing pS. By Proposition 12.15 we have 


H' (Paps Z) =0 and H” (Paps Z) = Z/ey fp- 


Hence 
H! (I(S))=1 and H°(I(S)) S P, Z/ep fp- 
For the norm NẸ of fractional ideals we have by Proposition 7.67 a commutative 
diagram 
I(S) —, Dvep Dales Z 
Nk (Fo-)p 


I(R) ———> per Z 
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where fp: Z > Z is multiplication by fp for each p € Max(S). In particular we 
have: 


12.18 Proposition. H'(I(S)) = 1 and if no prime ideal of R ramifies in L, then 
H°(I(S)) =I(R)/NZ(1(S)) (identifying I(R) with a subgroup of I(S)). 


So in the number field case we have in the terminology of section 6.4: 


12.19 Corollary. Let L : K be a cyclic extension of number fields, P a collection 
of nonzero prime ideals of Og and Q the collection of prime ideals of Or above 
P. Then H'\(Ig(L)) = 1. If P does not contain the in L ramifying primes, then 


H? (Ig(L)) = IP (K)/Nk (Iq(L)). 
Proor. Take R= Op and S = Og. 


The cohomology groups of Og and O% (E a local field) 


Let E : F be a cyclic Galois extension of local fields, p the characteristic of the 
residue class fields, e the ramification index and f the residue class degree. Put 
G =Gal(E: F) = (o). Then #(G) =n=ef. 


12.20 Proposition. g(Oz) = 1. 


PROOF. Choose a normal basis (6,0(8),...,0°~1(8)) of E : F. We can assume 
that 8 € Og. Put 6 = disc(8,0(@),...,0°-1(8)). Then 6 € Or \ {0} and 


1 
T := Opb + Oro(B)+---+Oro" 1(8) COC 1 
So OOg CT C Og. The ideal ôO pg of the ring Opg is of finite index: if vg(ô) = m, 
then Of /d0Og = Og/p'p. By Corollary 12.14 q(Og) = q(T) and by Proposi- 
tion 12.15 q(T) = 1. 


The exponential function defined in section 11.3 relates the multiplicative structure 
to the additive structure. 


12.21 Proposition. q(O7,) = 1. 


PROOF. Putt= lsu] +1. By Theorem 11.21 we have an isomorphism 


exp: p> 31+ p%. 
It is an isomorphism of G-modules: 


exp(o(a)) = y a = (> =) = o(expa). 


j=0 j=0 


Because 1 + pf; and pf; are of finite index in respectively O% and Opg, we have 


q(O%) = (1+ pr) = a(pr) = (Ox) =1. 
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12.22 Theorem. F*/N2(E*) is of order n = [E : F]. 


PROOF. Consider the following short exact sequence of G-modules 


1 — 0%, — E* 25 Z — 0, 
where Z has trivial G-action. Then q(Z) = + and 
q(E*) = q(O)q(Z) = $ 
Since H'(E*) = 1 (Hilbert’s Theorem 90), it follows that #(H°(E*)) =n. 
12.23 Theorem. #(H°(O%)) = #(H'(O%)) =e. 


PROOF. By Proposition 12.21 #(H°(O%)) = #(H'(O%)), so it suffices to show 
that #(H°(O%,)) =e. We have 


Ker(Aoz) =O}; and Im(Noz) =NF(O%). 


So H? (0%) = O% /NE (0%). The norm map N& induces the following commutative 
diagram with exact rows: 


VE 


1 > OF > E* > Z >0 
| om) A 
1 + OF > F* = >Z 0 


The cokernels of the vertical maps form a short exact sequence. From Theo- 
rem 12.22 it follows that the group O%/N#(O%) is of order e. 


The Herbrand quotient of O% 


Let L : K be a cyclic Galois extension of number fields of degree n. Put G = 
Gal(L : K) = (a). The group G acts on the infinite primes of L via T-og = 047", 
where T € G and a, a real or complex embedding corresponding to q. The orbits 
of this action are the collections of primes above the same infinite prime of L. Let 
p be an infinite prime of K. If p does not ramify in L, then the orbit of primes of L 
above p has n elements, and if p does ramify it has n/2 elements. In the last case 
the decomposition group of p in L is of order 2 with o”/? as its nontrivial element. 


The structure of the group O7 is given by the Dirichlet Unit Theorem. By 
Lemma. 5.32 there is for each infinite prime q of L a unit eq E€ OF such that 
llEqllq > 1 and |leg||q° < 1 for all infinite primes q’ ¥ q of L. 
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Now choose for each infinite prime p of K an infinite prime q of L above p and an 
Eq as above. In case p does not ramify, define for each 7(q) in the same orbit a unit 


Er(q) = T(Eq)- 
Then 
Iz (Eq) Ilqr = lege (Eq) | = |or-1(q") (Eq)| > 1 if q’ = 7(q), and < 1 otherwise. 


If p ramifies, replace £q by gar’ ?(e4) and define E7(q) as in the nonramifying case. 
Thus we have a set of units €q, one for each of the r + s infinite primes of L, 
which is invariant under the action of G and which by Proposition 5.34 is of rank 
r+s-—1. Let B be the subgroup of OF generated by the r + s units €q and let A 
be a free abelian group with r + s basis elements a,, one for each infinite prime q 
of L. Since A is free of rank r+ s and B is of rank r + s — 1, we thus have a short 
exact sequence of G-modules 


09 Z — ASB 1 


with Z a trivial G-module. 


L: 
12.24 Theorem. q(0%) = i where t is the number of infinite primes of K 


that ramify in L. 
PROOF. Because Ož /B is finitely generated and of rank 0, this group is finite. 


So q(O7,) = q(B). We compute q(B). Let A(p) be the free abelian group on the 
aq with q above p. Then A = @,4(p), a(A(p)) = 1 if p does not ramify and 


— 1; : _i __! : : 
q(A(p)) = 5 if p does ramify. So q(A) = zi and since q(Z) = LK) we have 
q(A) _ [L: K] 
B) = == = ; 
1#) q(Z) 2! 


12.4 Galois modules and transfers 


If the Galois group G of a Galois extension L : K induces an action on an abelian 
group A associated to L, the G-module is often referred to as a Galois module. Such 
a Galois module often comes with extra structure. This situation is formalized in 
the Definitions 12.26 and 12.34. 


12.25 Notation. Let L : K bea Galois extension. The category of all intermediate 
fields of L : K and their K-embeddings is denoted by Y(L: K). (A K-embedding is 
an embedding which fixes the elements of K.). Special morphisms in this category 
are the elements of Gal(Z : K) and the inclusion maps j;° ‘: K' > L, one for each 
intermediate field K’ of L : K. Also the notation j” will be used for je LL. 
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12.26 Definition. Let L : K be a Galois extension. A Galois module A associated 
to L: K is a functor 

A: G(L: K) > Ab. 
Clearly we have: 


12.27 Lemma. Let A be a Galois module associated to a Galois extension L : K 
of degree n with Galois group G. Then A(L) is a G-module under 


a:x=A(o)(x) foro €G andz E A(L). 


The map A(j@): A(K) + A(L) is a G-homomorphism from the trivial G-module 
A(K) to the G-module A(L). 


For H a subgroup of G, the extension L : L” is a Galois extension with Galois 
group H and the category 9 (L : LË) is a subcategory of 9 (L : K). So restriction 
of a Galois module A: Y(L : K) + Ab gives a Galois module associated to L : L”. 


12.28 Definition. A Galois module A related to a Galois extension L : K with 
Galois group G is called a Galois module with descent if for each subgroup H of 


G the map A(j”): A(L#) > A(L) induces an isomorphism A(j#): A(L”) > 
A(L)*. 


12.29 Examples. Let L : K bea Galois extension of degree n and G = Gal(L: K). 
Examples of Galois modules A associated to L : K, given by A(K’) for intermediate 
fields K’ of L : K, are: 


a) A(K')=K', b) A(K")=K™ and c) A(K’) =p(K’). 
By the Main Theorem of Galois Theory these examples are Galois modules with 
descent. 


For number field extensions there are many interesting examples of Galois modules: 


12.30 Examples. Let L : K be a Galois extension of number fields with Galois 
group G. Examples of Galois modules A associated to L : K, given by A(K’) for 
intermediate fields K’ of L : K and A(f) for K-embeddings being understood: 


a) A(K') = Ox, a Galois module with descent. 
b) A(K') = Ok., also with descent. 


c) A(K') = I(K’). Ifa prime p ramifies in L, then [J,),0, 4 € I(L)°, but is not 
in the image of I(K) > I(L)#. Only if the extension L : K is unramified, 
this Galois module is a Galois module with descent. 
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d) A(K’) = Ce(K’). We have seen that CE(K) + Cé(L) is not injective in general, 
so in these cases there is no descent. 


12.31 Example. Let L : K be a Galois extension with G = Gal(L: K) = C2 x C2, 
say G = (0,7), o and T being two automorphisms of order 2. In Z[G] we have 


N,+N,4+N,, =38t+04+7+07T=2+Nea. 


So for a G-module A this means that 27 € A7 + A’ + A7 for all x € A. Fora 
Galois module A: ¥(L: K) > Ab it implies that for each x € A(L) we have that 
2x is in the subgroup generated by the images of A(L7), A(Z7) and A(L°7) in 
A(L). If in particular L : K is a number field extension, this applies to the Galois 
modules of Examples 12.30: 


a) For each a € Oy the integer 2a is in the subgroup Oze + Orr + Ozer. This 
has been used in exercise 9 of chapter 1 for the computation of an integral 
basis for a biquadratic number field. 


b) For each v € Oj the unit v? is in the subgroup Ožo - Ož, -O7.-. This has 
been used for the computation of the unit groups of the biquadratic fields 


Q(V—2, V3) and Q(V2, V3) (Examples 5.37 and 5.38). 


c) For each x € C(L) the ideal class x? is in the subgroup generated by the 
images of Cé(L7), C0(L7) and Cé(L°7). 
12.32 Example. Let L : K be a Galois extension with G = Gal(L : K) S S3, 


say G = (0,7), o an automorphism of order 3 and 7 an automorphism of order 2. 
Then tot =o! and in Z[G] we have 


No +N; +Nor +Noap =34+Ne. 


For a G-module A this implies that 3x € A7 + AT + AT + A”? for all z € A. 
For a Galois module A: (L : K) — Ab it follows that for each x € A(L), the 
element 3x is in the subgroup generated by the images of A(L°), A(L7), A(L°7) 
and A(L?’7). So, in particular, if L : K is a number field extension: 


a) For each a € Oz the integer 3a is in the subgroup Ope + Or- + Oper + 
O,.2,- This has been used for the computation of an integral basis of the 
field Q(</a, ¢3) in Example 7.17. 


b) For each v € OF the unit v? is in the subgroup OF, > OF, > OFe,  O* 


Le 
This also has been used in Example 7.17. 


c) For each x € C(L) the ideal class z? is in the subgroup generated by the 
images of Cé(L), CULT), Cé(L°7) and Cé(L*’7). 

12.33 Example. The ideal class groups of the proper subfields of Q(,/2,¢3) 

are trivial. Since Cl: Y(Q(W/2,¢3) : Q) — Ab is a Galois module, the group 


Cé(Q(1/2, ¢3)) is a 3-elementary abelian group. In fact, the group is trivial, see 
again Example 7.17. 
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Transfers 


In many interesting cases a Galois module is not a Galois module with descent. 
However, there is a useful weaker notion. 


12.34 Definition. Let A be a Galois module associated to a Galois extension L : K 
with Galois group G and let H be a subgroup of G. A transfer tr” of A is an 
H-homomorphism 

tr”: A(L) > A(L*®) 


such that the following diagram commutes 


Ny 
A(L) ——#— A(z) 


AC”) 
tr” tr” 


A(L#) — > A(L#) 


where m and Ny stand for multiplication by m = #(H) and Ny in A(L”) and 
the Z[G]-module A(L) respectively. A Galois module A with transfers is a Galois 
module A together with transfers of A for each subgroup H of G. 


Note that the square in the above diagram commutes because tr” is an L”-homo- 
morphism. By the map A(j” ) the square is subdivided into two commutative 
triangles. 


12.35 Examples. 


a) The examples given in Examples 12.29 are Galois modules with transfers. 
The transfers are Tr u, N F u and N? u respectively. In the last two cases the 
transfer is the norm map restricted to L* and u(L) respectively. 


Z 


The examples a) and b) given in Examples 12.30 are Galois modules with 
transfers. The transfers are given by Try and Nt Ja 


Q 
Nas? 


Example c) given in Examples 12.30 is a Galois module with transfers. Trans- 
fers are the norm maps Nt u described in Notations 7.71, see also Defini- 
tion 7.65 and Proposition 7.69. 


& 


Example d) given in Examples 12.30 is a Galois module with transfers. The 
transfers are described in Notations 7.71 and for their properties see Propo- 
sition 7.69 and Corollary 7.70. 


308 


12.4 Galois modules and transfers 


12.36 Proposition. Galois modules with descent are Galois modules with transfers. 


PROOF. If the Galois module has transfers then the diagram in Definition 12.34 
induces a commutative diagram 


A(L#) ——"—, ALY) 


So if the map A(j”) is an isomorphism, then tr” has to be the composition 


A(L) —> A(L) 2 3% A(Ly# AZ ae), 


Let this be the definition of the transfer. Then the top triangle in the diagram 
of Definition 12.34 commutes. The composition of the first two maps is just 
Ny: A(L) > A(L)". For the commutativity of the bottom triangle we have to 
show that the composition tr” A(j”) is multiplication by m. The image of A(j”) 
is contained in A(L)", so this composition is the composition of A(j) and the 
restriction of tr” to A(L)". So we get 


A(L#) 40 ace)? &4 ace)? 493 ace) 


and this is multiplication by m. 


12.37 Definition. Let A be a Galois module associated to a Galois extension L : K 
of degree n and Galois group G. Then A is called acyclic if multiplication by n 
is an automorphism of A(L)” for each subgroup H of G. Equivalently, A takes 
values in the category of Z[+]-modules. 


A partial converse of Proposition 12.36: 


12.38 Proposition. Let A be an acyclic Galois module with transfers associated to 
a Galois extension L : K with Galois group G of order n. Then A is a Galois 
module with descent. Moreover, for each subgroup H of G the subgroup A(L)" of 
A(L) is a direct summand. 


ProoF. The horizontal maps in the diagram in the proof of Proposition 12.36 are 
isomorphisms and as a consequence all the maps in the diagram are isomorphisms. 
So, in particular, A is a Galois module with descent. The subgroups A(L)” of 
A(L) are direct summands: a left inverse of the inclusion is given by multiplication 
by Nu. 
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Of course, from a Galois module A an acyclic one can be obtained by tensoring with 
Z(+), where n is the order of the Galois group: A is then replaced by the Galois 
module Z[+] ® A(—). More generally, R ® A(—) is acyclic if n is invertible in the 
ring R. Example 12.31 was about Galois modules associated to a Galois extension 
with Galois group of type C2 x C2. The Galois modules have transfers. The Galois 
module given by K’ + Z[5] 9 Œ(K'), that is K’ ++ odd part of Cl(K’) is acyclic. 
It is not hard to show that the structure of the odd part of Cé(L) is completely 
determined by the odd parts of the ideal class groups of the proper intermediate 
fields. This will be done in detail more generally for the group Cp x Cp with p a 
prime in section 12.5. 


The group S3, considered in Example 12.32, is an example of a metacyclic group. 
In section 12.6 group modules are studied in detail for a class of metacyclic groups. 


12.5 C, x C,-Modules 


Let p be a prime number and G the elementary abelian p-group of rank 2: G = 
Cp X Cp. This group has p+ 1 subgroups of order p. Let T denote this collection 
of subgroups. For the norm elements of the subgroups of G we have the relation 


5 Na =pt Ne. 
HEY 
In Z[5\[G] this can be written as 
ZN Yy (<Nu - Z Na) =i (12.1) 
HET(G) p’ 
Using Lemma 12.4 the following is easily verified: 


12.39 Proposition. The elements ey = INg — aNG, one for each subgroup H 
of order p, form together with eg = aNG an orthogonal system of idempotents of 


As a result any Z[3][G]-module A splits as a direct sum 


A=ecgA®@ ‘ap eH A. 


HeY 


For each H of order p we have INg = €H + €G and so 
A® =NgHA=£EgHAQeGA=EcHgA Q AS. 


Thus we have: 
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12.40 Proposition. Let A be a Z|=][G]-module. Then 


1 
P 


AS @ @ AM /AS > A. 
HeY 


Combining this result with Theorem 12.38 yields: 


12.41 Theorem. Let p be a prime number, L:K a Galois extension with 
Gal(L : K) S Cp x Cp and A an acyclic Galois module with transfers associated to 


L:K. Then 
A(L)/A(K) = @ A(L")/A(K) 
HEY 


The Galois group of a biquadratic number field over Q is isomorphic to C2 x C2. So 
for a biquadratic number field K the odd part of the ideal class group is determined 
by the ideal class groups of its three quadratic subfields. The class number formulas 
for biquadratic number fields in 9.57 and 9.58 reduce the computation of the order 
of the 2-primary part of the abelian group CE(K) to the computation of the full 
unit group of Ox. 


12.42 Example. Let’s again have a look at K = Q(/—2, V3). The odd parts of 
the ideal class groups form an acyclic Galois module associated to K : Q. The 
ideal class groups of Q(./—2) and Q(/3) are trivial and the ideal class group of 
Q(V6) is of order 2. So the odd part of Cé(K) is trivial. This also follows from 
the computation in Example 9.57, which tells even more: h(K) = Q(K). Since 
Q(K) = 2 (Example 5.49), it follows that Ce(K) is of order 2. The group Œ(K) 
has also been computed using the Minkowski bound in Example 5.23: Cé(K) is of 
order 2 and is generated by a prime ideal above 2. 


A less trivial case of a biquadratic number field: 


12.43 Example. Let K = Q(/79, /—3). Put Kı = Q(V79), Ke = Q(V=3) and 
K3 = Q(v—237). The class number of Kə equals 1. The algorithms given in 
chapter 4 for quadratic number fields can be used for the computation of the ideal 
class groups of Kı and K3. The group Cé(K,) is of order 3 and is generated by 
the class of a prime ideal above 3. The structure of Cé(K3) is Cg x C2. So by 
Theorem 12.41 the structure of the odd part of Ce(K) is C3 x C3. The problem is 
to compute the 2-primary part. The formula 


h(K) = ——h( ky )h(K2)h(K3) 
in 9.57 yields h(K) = 18-Q(K). We show by contradiction that Q(K) = 2. 
Suppose that Q(K) = 1. Then there is a v € O% such that v? = —e, where € is 


the fundamental unit of Kı. Then K = Kı(v). The discriminant of (1,v) over Kı 
is —4e. So 0x, (K) | 40x,. The prime ideals of Ox, above 3 ramify in K and are, 
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therefore, divisors of dg, (K). Contradiction. Hence h(i) = 36 and therefore, the 
2-primary part of CE(K) is of order 4. The prime 3 splits completely in Kı and 
ramifies in Ky and K3. The prime 79 splits completely in Ky and ramifies in Kı 
and Kə. Let p be a prime ideal of Ox above 3 and q a prime ideal of Ox above 79. 
The ideals Ni, (p) and Nix, (q) represent ideal classes which generate the 2-primary 
part of Cé(K3). So the map tr%,: CK) > Cl(K3) is surjective. It follows that 
Cli) = Ce x Ce. 


By relation (12.1) the element 1 € Z[š][G] can be written as a combination of Ng 
and the Ny for H € Y: 


1 1 
1=--Ne+ = Ñ Nu. 
P HEY 


In section 18.2 this will be generalized to arbitrary abelian groups G and it will 
lead to a generalization of Proposition 12.40, see Corollary 18.32. 


12.6 C, x C,-Modules 


Let p be a prime number and W, the group generated by an element o of order 
p and an element p of order p — 1 satisfying pap~! = o9, where g is a primitive 
root modulo p. In this section we consider subgroups G of W, generated by o and 
T = pê, where s is a divisor of p — 1 different from p— 1. Then G is a metacyclic 
group Cp x% Cy, where q = pot For q prime this is the unique nonabelian group of 
order pq. In this section q is not necessarily prime. 


The group G has exactly p cyclic subgroups of order q: the groups (otr) for i = 
0,...,p—1. As is easily seen, G is the disjoint union of (c) and these subgroups 
minus their unity element, hence 


p-l 
Ne =—p+No tS Noir. (12.2) 
i=0 


For G-modules A it follows that A modulo the subgroup generated by the A” for 
nontrivial H < G has exponent p. In the remaining part of this section we will 
study the way A is composed of these subgroups A” when multiplication by p is 
invertible. The element No is a central idempotent of the ring Z[š][G]. Hence, a 
Z[+|[G]-module A splits as the direct sum of N,A (= A7) and A/A”, which is a 
Z{*|[G]/a-module, where a is the (two-sided) ideal generated by Ng. 

The case G = W, will be considered first. Let B be a Z[-|[W,]-module satisfying 


N,B = B° =0. Let b be the ideal of Z[5\[We] generated by N,. Then B is an 
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R := Z[5\[Wy] /b-module. We will construct an orthogonal system consisting of 
p— 1 idempotents of R. Since Nw, = N No, equation (12.2) for G = W, gives 


> Ms, =1 (modb). (12.3) 


Put ? = 01-9. Then for all j € Z we have o/pa~J = oa-JIp = Wp, and so 
oIN,o 4 =Noip. For j = 1,...,p — 1 we define 


es = <Noip(1— o°) € Z[SIMpl. 
p 


We will show that the £; modulo b form an orthogonal system of idempotents of 
R. Note that these elements are not central: 


p8 p) = vp 
and so i 
pe;p > = prose! = a4) = Ejg: 


Since g is a primitive root modulo p, conjugation by p induces a p — 1-cycle of the 
set {€1,...,€p—i}. First a lemma. 


12.44 Lemma. For alli =1,...,p—1 and allj =0,...,p—1 we have Nyipo'Nyip = 
—No9ip (mod b). 


PROOF. Conjugation by a power of ø shows that we can assume that j = 0 and 
subsequent conjugation by p shows that we can assume that i = 1. We have 


p—lp-1 p—-l1p-1 ; p—l1p-1 ; 
j J j la +i 
ES DDED DIDI 
j=0 k=0 j=0 k=0 j=0 l=0 
p—1  p-l1 
=X 0 Xp = (No —1)N,=-N, (mod b). 
j=0 1=0 


12.45 Proposition. The elements € for j =1,...,p—1 form an orthogonal system 
of idempotents of the ring R. 


PROOF. For proving that the £; are idempotents conjugation by p shows that we 
can assume that j = 1. By Lemma 12.4 and Lemma 12.44 we have 


(Ngp(1 — 2))? = (Nop — Nopa)? = N2, — NopaNop — N3,0 + NopoNopo 
p P 
= (p — 1)Nop + Nop — (p — 1)Nopo — Nopo = pNop(1 — 0o) (mod b). 
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Hence £e? = cı (mod b). For i,j € {1,...,p — 1} with i # j we have also by 
Lemma 12.44 


; i C : ; ON oo. See jae =ø i Jj =j 
Noyip(1 — o°)Nyip = NoipNoip — Nyipo'Ngip = Npa Np? — oN oN pO 


=-—o'N,o I +0o'N o =0 (mod b). 


It follows that £i£j = Naip (1 — o*)Ngj (1 — 04) = 0 (mod b). Finally, equation 
(12.2) for G = Wp implies 


p—1 p-l1 
S Naip = Nh =p (mod b). 
1=0 1=0 


Since 
p—1 p—1 
0=NN = X_N, =X Nopo (mod b), 
i=0 i=0 


it follows that 


p—1 p—1 1 p-l 1 pol 1 
Se =X -Na(l - 0°) => Naip 5 Nipa” = 1 (mod b). 
i=l i=1 P j=l p i=l p 


Since the element € is a central idempotent of Zi ][W] we have 


12.46 Corollary. Let € = SNo E€ ZJ[W;]. Then the elements 


€,(1—e)eq,...,(1—e)ep-1 


form a system of orthogonal idempotents of the ring Z[5\[Wy]. 


The system of orthogonal idempotents gives a direct sum decomposition of 
Z[5] [W,|-modules and the submodules corresponding to the last p— 1 idempotents 
in the system are isomorphic since these idempotents are conjugate. A further 
simplification of the direct sum decomposition will be obtained using the following 
well-known lemma for which we give here a direct proof. 


12.47 Lemma. Let C be a cyclic group of order n generated by o and let A be a 
Z|+][C]-module satisfying NcA =0. Then (1—a)A=A. 


n 


Proor. Clearly, (1—o)AC A. Let a € A. The element b = X; (1 — Loita 
satisfies (1—o)b =a. 


12.48 Proposition. Let B be a Z[%|[W,]-module. Then we have an isomorphism 
of abelian groups 


~w 


B/B” + (N ,B/Nw, B)? ™+. 
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Proor. By Corollary 12.46 we have a direct sum decomposition of the abelian 
group B: 
B=cB@(1—-e)iBe@:--@(1—e)ep_1B. 


The subgroup (p) of Wp acts on {(1 — e)e; | i = 1,...,p — 1} by conjugation. 
Therefore, we have 
BS B’o((1—e)e. By. 


It remains to show that ¢;(1—¢)B > N,B/Nw,B. The inclusion of (1—¢)B in B 

induces an isomorphism of Z[-][W>]-modules (1—¢)B + B/eB = B/B”. Because 

N,(B/B?) = 0, we have by Lemma 12.47 (1 — o)(B/B°) = B/B°. Hence, 
e1(1—¢)B 3 e1(B/B°) = Ny»,(1 — o)(B/B°) = Nv, (B/B’) 


+ No B/NopNo B = No, B/Nw,B > N,B/Nw,B, 


where the last isomorphism is induced by multiplication with o~+. 


Next we consider the general case. 
12.49 Proposition. Let G be the subgroup of Wp is generated by o and an element 
of order q | p— 1 with q #1, say the element T = pê, where s = a Let A be a 
Z[=,)[G]-module. Then we have isomorphisms of abelian groups 
AS pas (A7): Q (A7 JASE. 
and 
(A/AF)" 3 (A7/A%)? @ (AT /AF P. 


PROOF. Let B be the Wp-module induced by the G-module A, that is 


s—l 
B=Z[W,] 820 A= Q # @ A. 
1=0 


It is in fact a Z| ][Wp]-module and so are eB (= B°) and (1 — £€)B (> B/B’). 
By Proposition 12.48 we have 


~ 


B Š B° @ B/B° + B” @ (N,B/Nw,B)?*. 


Since B © A° and B” = (A’)* as abelian groups, it remains to prove that 
N,-A/NcA > N,B/ Nw, B. Consider the injective group homomorphism 


s—1 


f:A>B, an Pga. 


j=0 
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For any a € A the element N,a maps under f to Dio PIN-a = Dio PN -8a = 
Np @a. So f restricts to an injective homomorphism 


f: N-A > N,B, Nra m| N, 8a. 


This map is also surjective: N,(p'@a) = N,p'@a = N Qa = f (N-a). Furthermore, 
f(NcA) = Nw,B: for any a € A we have f(Nca) = f(N-Noa) = N, 8 Noa = 
N,N, 8a = Nw, 8a = Nw, (1 8 a) and Nw, (P ® a) = Nw,” 8 a = Nw, 8 a = 
f(Nca). 
Since the ideal class groups of fields in a Galois extension of number fields form 


a Galois module with transfers, we now have for the ideal class group of a Galois 
extension with Galois group the metacyclic group G the following. 


12.50 Theorem. Let L : K be a Galois extension of number fields with Galois 
group G = Cp x Cy. Then for each prime lt pq 


HL) OK) = OL?) (HR) x (CCL) K)". 


12.51 Example. Let f € Z[X] be a monic irreducible polynomial of degree 3 
and a € Ra zero of f. Put K = Q(a). Assume that d = disc(f) is not a square. 
Then K : Q is not a Galois extension. Its normal closure is the splitting field of 
f. Let L be this splitting field. Then Gal(Z : Q) S $3. For primes p 4 2,3 the p- 
components of the ideal class groups form an acyclic Galois module with transfers 
associated to L: Q. By Theorem 12.50 we have 


CLL) p = CL(Q(V'd))p x (K) 


So the structure of the group Cé(L) is up to 2- and 3-torsion determined by the 
the ideal class groups of K and Q(Vd). Furthermore, since [L : Q(Vd)| = 3, the 
2-component of Cé(Q(Vd)) maps injectively into Cé(L). Similarly, the 3-component 
of CŒ(K) maps injectively into Cé(L). 


EXERCISES 


1. (i) Let L : K be a quadratic Galois extension and a € L with a # —1 and 


N% (a) = 1. Let ø € Gal(L : K) be of order 2. Show that 6 = a+ 1 satisfies 


8 
a= ZB): 


(ii) Let (x,y,z) € N*® be a Pythagorean triple. Use (i) applied to Q(i) : Q to 
show that there are u,v € N* such that (a: y : z) = (u? —v? : 2w : u? +"). 


2. Let G be acyclic group of order n and A a G-module. Prove that the groups H°(A) 
and H'(A) are killed by n. 
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. Let G be a cyclic group and A a finite G-module such that gcd(#(G), #(A)) = 1. 
Show that H°(A) = H'(A) =0. 


. Let A and B be as in Proposition 12.15, but without the condition of B being 
torsion free. Show? that H'(A) S mB and H°(A) = B/mB. 


. Let E : F be an unramified extension of local fields. Show that the map NE: E > F 
induces a surjective homomorphism Oý > OF. 

3. Let L = Q(a, ¢3), where a = Y7ER. Put K = Q(a). 

(i 
(ii) Show that 5 := 244s) € Oz, L = Q(6) and ô? € Za]. 


) 
) 
(iii) Show that disc(L) = —3*7* for some k € N*. 
) 
) 
) 


Show that the prime number 3 totally ramifies in in L. 


(iv) Compute the minimal polynomial f of 6 over Q. 
Prove that k = 7. 


Show that Cé(L) is an elementary abelian 3-group of 3-rank > 1. 


(v 
(vi 
. Let p be an odd prime number, K = Q(¢,), G = Gal(K : Q) and p the unique 
prime of L above p. 


(i) Which of the cohomology groups of the following G-modules are finite? 


K, K*, Ox, Ox, I(K), Kp, Ký, Os 


(ii) Determine the order of each of the finite cohomology groups. 

(iii) Show that each of the finite cohomology groups is cyclic. 

. Let K be a quadratic number field of discriminant D. Let r be the number of finite 
primes which ramify in K. So r equals the number of prime divisors of D. In this 
exercise we show that the 2-rank of the narrow ideal class group Cét (K) is equal to 
r— 1. See exercise 9 of chapter 6 for the definition of the narrow ideal class group. 


Or, specifically for quadratic number fields, see exercise 17 of chapter 4. We will 
use the following notations: 


K+ = {a € K* | Ng (a) > 0}, 


Ok = {v € Ok | No (a) >0}=0k NKY, 
A(K) = {a € Kt | aOx E I(K} }. 


Furthermore, a group homomorphism y: A(K) > Cé+(K) is defined by y(a) = 
[a]*, where aOx = a”. 
(i) Show that Im(y) = 2Cé(K)t. 
(ii) Show that Ker(y) = Of - (K*)?. 
(iii) Let y: OF —> A(K)/(K*)? be the homomorphism induced by the inclusion 
Of C A(K). So W(v) =v - (K+)? for v € OF. Show that Ker(w) = (Of)?. 


2Notation: for A an abelian group and n € N*, the subgroup killed by n is denoted by „A. 
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(iv) Conclude that we have a short exact sequence 
1> OK /(OK)? — AUK)/(K*)? — 2Cl*(K) > 1. 


(v) Show that OŁ /(O¢)? is of order 2. 

(vi) Let a € A(K). Show that NG (a) = t?, where t € Qt. 

(vii) Let ø be the nontrivial automorphism of K. Show that there is an element 
B € K* such that % = ie Conclude that a = q (mod (K*)?) for a unique 
squarefree q € N*. 

viii) Prove that A(K)/(K*)? is an elementary abelian 2-group of rank r. 

y 8 


(ix) Finally, show that rko(Cé*(K)) =r -— 1. 
9. In section 4.9 the 2-rank of the ideal class group of a quadratic number field has 
been computed using the algorithms for the ideal class groups given in the same 


chapter. Show that the formula for the 2-rank also follows from the computation 
in the previous exercise. 
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Global class field theory is about abelian extensions of global fields. In this book 
mainly number fields are considered. In chapter 9 the absolute case was studied: 
abelian extensions of Q. In this special case much can be done without class field 
theory in full generality. The description of class field theory in this book is from the 
ideal-theoretic viewpoint, which is in a sense the classical one. In a more modern 
approach one proceeds from local to global, starting with class field theory for local 
fields. Then for the global theory all completions of a number field, archimedean 
and p-adic, are considered simultaneously. In our approach local class field theory 
will follow from the global theory and finally, in the last chapter, the relation with 
the modern global theory will be established. 


In case of an abelian number field the splitting behavior of a prime number is 
determined modulo some N € N*, the conductor of the field. The splitting of a 
nonramifying prime number is described by its values under Dirichlet characters. 
If the base field K is an arbitrary number field, the situation is much more com- 
plicated: its ring of integers need not to be a principal ideal domain and generally 
there is more than one infinite prime. Nevertheless, there is a similar regularity: 
there is a conductor and there are Dirichlet characters. The ‘ray class groups’ take 
over the role of the groups (Z/N)*. They are described in the first section. Char- 
acters on the ray class groups will determine the (generalized) Dirichlet characters, 
which in this context are defined on the monoid of nonzero ideals. Our goal will 
be the Classification Theorem, which describes a correspondence between abelian 
extensions of a number field and finite groups of Dirichlet characters of this num- 
ber field. Associated to an abelian extension of number fields we have two abelian 
groups: the Galois group and a group of Dirichlet characters. Moreover, we have a 
homomorphism of one group to the dual of the other, but the problem is to show 
that it is an isomorphism. In section 13.4 we make a first step: it will be shown 
by analytical means that the order of the group of Dirichlet characters is less than 
or equal to the order of the Galois group. In section 13.5 the map between these 
groups is described. The next chapter is devoted to the proof that it is actually 
an isomorphism. This is known as Artin’s Reciprocity Theorem. In chapter 15 the 
classification is completed with a proof of the existence theorem: each finite group 
of Dirichlet characters corresponds to an abelian extension. 
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13.1 Ray class groups 


In chapter 14 we will see that there is regularity in the splitting of primes in 
an abelian extension of a number field K. This is what Artin’s reciprocity is 
about. The description of this regularity uses ray class groups C’, (A), defined in 
Definition 13.3. They depend on a ‘modulus’ m, just as the groups (Z/N)* depend 
on N. It turns out that, in this context, it is convenient to use the more general 
notion of prime: not only prime ideals but also the infinite primes as described in 
section 10.4. 


13.1 Definitions and notations. Let K be a number field. A modulus of K is 
a formal product of primes of K, the finite ones can have an exponent > 1. The 
exponent of an infinite prime is 0 or 1. The collection of moduli of K is denoted by 
M(K). Via unique factorization of ideals the products of finite primes correspond 
to nonzero ideals of Ox. Products of infinite primes correspond to collections of 
infinite primes of K. So: a modulus m of K is determined by an ideal mg Æ (0) of 
Ox and a collection Mæ of infinite primes. Notation: m = momoo. 


The collection M(K) of moduli of K is an abelian monoid in an obvious way: the 
product of moduli m and n is mpngm.oNo, where mono is the product of ideals and 
Mæn the union of the collections of infinite primes. The neutral element 1 of 
this monoid is the unit ideal Ox. The notion of divisor comes with this monoid 
structure. Moreover the relation ‘is a divisor of’ is an ordering of the set of moduli. 
This ordering is such that we have the notions of greatest common divisor (gcd) 
and least common multiple (lcm). 


The notation M (ic) will be used for the monoid, the ordered set as well as for the 
category determined by the ordered set. 


13.2 Notation. Let K be a number field and m € M(K). Then 
I™(K):= {a € I(K) | vp(a) = 0 for all p | mo }. 


The group I™(K) depends only on the finite part mo of the modulus m. In the 
notation of section 6.4: I™(K) = Ig(K), where Q = {p € Max(Ox) | pf mo }. It is 
a free abelian group on the set of finite primes not dividing mo: 


"K)> @ z, 
pEPo(K) 
p{mo 


where the maps I" (A) > Z are the restrictions of the vp: I(K) > Z. 
13.3 Definitions and notations. Let K be a number field and m € M(K). Then 


Km := {a € K | vp(a) > 0 for all p | mo}, 
K} := {a € Kx | up(a— 1) > vp(mo) for all p | mo}, 
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and oy(a) > 0 for all real p | mao } 
Sm(K) := {00x €1(K)| ae Kj}, 
Cem (I) := INC) /Sm(K). 


The ring Km is the localization Kp of Ox, where P = {p € Max(Ox) | p|mpo }. It 
is a semi-local Dedekind domain; its group of units is 


Ky = {a € K* | v(a) = 0 for all p | mo } 


and K} is a subgroup of this group. Elements of K1 are said to be 1 modulo m. 
The group Sm(K) is called the ray modulo m of K. The group @(K) is called 
the ray class group modulo m of the number field K. 


For m = p, a finite prime, the ring Ky is a discrete valuation ring. The notation 
Ky usually is reserved for the p-adic completion of K, but in this context it is 
the valuation ring of the discrete valuation vp: K* — Z. For distinction we will 
sometimes use the notation K¢p} for this ring. For p real infinite we have 


Ky = {a € Ky | o(a) > 0} 


and for p complex infinite 
1 * 
K, = K;. 
The group Sm(K) is the group of principal fractional ideals of Ox generated by 


elements 1 modulo m. 


For the unit element (1) of the monoid M(K) we have Ka) = K, Kay ae Ga 
Sa (K) =P(K) and @)(K) = Ce(K). 


First we have a look at the structure of the groups K*/K;,. 


13.4 Lemma. Let K be a number field and m a nonzero ideal of Ox (= a product 
of finite primes of K). Then the inclusion Ox > Km induces an isomorphism 


(Ox/m)* -> Kq/Km- 


PROOF. By Corollary 6.27(i) the inclusion Ox — Km induces a ring isomor- 
phism Ox/m — Kym/mKm and hence also a group isomorphism (Ox /m)* > 
(Km/mKm)*. Since Km is semi-local, the ring homomorphism Km > Km/MKm 
induces by the Chinese Remainder Theorem a surjective group homomorphism 
Kx > (Km/mKm)* and we have 


Ki, = Ker(Ký > (Km/(mKm))*) =1+mK qn. 


13.5 Lemma. Let K be a number field and m E€ M(K). Then we have a short 
exact sequence 
c 
1— Ky, = Kh > [[ 21 


Pp] Moo 
p real 
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where the maps Kh, > u2 are given by a œ sgn(op(a)). (Here J] stands for the 
direct product of groups.) 


PROOF. The exactness at K}, follows directly from the definition of K}. It 
remains to show that the map K}, — [] 2 is surjective, ie. that K}, contains 
elements with prescribed signs under the real embeddings in mao. Note that the 
ideal mp maps to a lattice in the real vector space R” x C* and that therefore the 
subset 1 + mo of Kù, contains elements with prescribed signs. 


13.6 Proposition. Let K be a number field and m € M(K). Then we have an 
isomorphism 
K/K > (Ox/mo)* x [] m (13.1) 


pimo 
p real 


induced by the inclusion Km > Km, and the maps Kù > u2, a œ> sgn(op(a)) for 
real p | ma- 


PROOF. The factor groups of K} C Kh, C Kù form the short exact sequence 


1— [| m — Ka/Ki — (Ok/m) — 1, (13.2) 

pimo 

p real 
which is split in a natural way by the retract induced by the maps Ky, > Me, ate 
sgn(op(a)). 


13.7 Corollary. Let K be a number field and m,n E€ M(K) such that m | n. Then 
the inclusion K* + K* induces a surjective homomorphism K¥/K} > K} /KŁ. 


PROOF. In the commutative diagram with exact rows 


1 —> Il u2 — K*/K1 — (Ox /no)* — 1 


alte | | 
Į 


— II ug — K*/K} > (Ox/mo)* — 1 


P| Moo 
p real 


the vertical maps on the left and on the right are surjective; the last one as a 
consequence of the Chinese Remainder Theorem. 
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13.8 Definitions. For K a number field a contravariant functor 
F: M(K) > Ab 


is called an arithmetic projective system of K. This means that for each pair 
m,n E€ M(K) with m | n we have a group homomorphism fA: F(n) > F(m) such 
that 


fn =1F(m) for all m € M(K), 


m2 £M3 — fM3 


m dm T for all m1, m2, m3 € M(K) with mı | mə and mə | m3. 


An arithmetic projective system F of K is called multiplicative if for all m,n € 
M(K) with gcd(m, n) = 1 the homomorphism 


F(mn) > F(m) S F(n), aH (f(z), f™"(2)) 


m n 


is an isomorphism. An arithmetic projective system F of K is called quasi- 
multiplicative if it preserves bicartesian squares, i.e. for all m,n € M(K) the 
diagram 


a m,n) 


F(Iem(m, n)) ——————_ F'(n) 
ri (m, | odn) (13.3) 
framm) n) 
F(m) ———-> F(gcd(m, n)) 


is bicartesian. 


13.9 Lemma. An arithmetic projective system F of a number field K is multiplica- 
tive if and only if it is quasi-multiplicative and F(1) = 0. 


Proor. For m = p” and n = pf, say with r > s, we have gcd(m,n) = p° and 
Icm(m,n) = p”. So in this case the diagram (13.3) becomes 


= 
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which trivially is bicartesian. For multiplicative F diagram (13.3) is a finite direct 
sum of diagrams of this type. Hence such a system is quasi-multiplicative. For 
m =n = 1 the bicartesian diagram yields a short exact sequence 


0> F(1) > F(1)@ F(1) > F(1) > 0, 
which shows that F(1) = 0. 


Conversely, let F be quasi-multiplicative and such that F(1) = 0. Then for m,n € 
M(K) with gcd(m,n) = 1 the following diagram is bicartesian 


ft 


F(m) ——— > F(1) 


Since F(1) = 0 this means that the corresponding homomorphism F (mn) > 
F(m) $ F(n) is an isomorphism. Hence F is multiplicative. 


13.10 Proposition. The arithmetic projective system m œ> K*/K} of a number 
field K is multiplicative. 


PROOF. For the modulus 1 we have Kj = K* = Kł and so K}}/K+} is trivial. By 
Lemma 13.9 it suffices to show that the system is quasi-multiplicative. Let mı, m2 € 
M(K) and put m = gcd(m,, m2) and n = Iem(m 1, m2). Via the isomorphism (13.1) 
the square 


Bek) —> Kj, /Kh, 


K/K, —> Ka/Km 


is the direct product of two squares, one of them being 


(Ox /no)* — (OK /m2,0)* 


(Ox/m1,0)* =} (Ok/mo)*. 
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The groups in this square are the unit groups of the rings in 


Ox /no — Ox/m2,0 


Ox/M1 ——_ Ox /mo 


and this square is bicartesian since no = lem(m1,0, M2,0) = mM1,0 N M29 and mp = 
gcd(m1,9,M2,9) = M19 + M29. It follows that the square of groups of units is 
cartesian as well and since the homomorphisms in this square are surjective, it 
is bicartesian. The other of the two squares in the product is easily seen to be 
bicartesian as well. 


By Proposition 13.6 the group K/K} is finite. Its order is #(Ox /mo) - 2°, where t 
is the number of real infinite primes in moo. Let’s define y(m) = #(K3,/Kn). Then 
y is multiplicative in the following sense: 


g(mn) = y(m)y(n) if ged(m,n) = 1. 


The function y generalizes the Euler totient function. 


13.11 Example. Let m € N* with m > 3 and let co be the unique real infinite 
prime of Q. We compute Q*,/Qi,, where m = (m)oo. Note that Q, = Q* and 
Qi, = Q+. We have 


QAR > Qin /Qmy x VW /Qr -> (Z/m)* x pa. (13.4) 


The class of an z € Z\ mZ in Q*,/Q}, maps under this isomorphism to (%,sgn(z)). 


13.12 Example. Let K be a number field. For K the modulus oo denotes the 
product of all infinite primes of K. We have Kœ» = K and Ki, = K* in the 
notation of exercise 10 of chapter 6. So K /KŁ = K*/K*+ 5 wh, where r is 
the number of real infinite primes of K. The ray S..(K) is the group of principal 
fractional ideals generated by totally positive elements and the ray class group 
I(K)/S..(K) is the narrow ideal class group Ct (K). 


Let m be a modulus of a number field K. By Proposition 2.28 the restriction 
I™(K) > CK) of the canonical map I(K) > Cé(K) is surjective. If a € I™(K) is 
in the kernel of this map, then a = aOx for ana € K*. Clearly a € Kj, so the 
sequence 

Ký — I"(K) — CK) — 1 


is exact. It follows that the ker-coker exact sequence of the triangle 
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K} w(K 


SZ 


is the exact sequence 
1 — Ok NK] — Ok — Ki /K] — Cn(K) — CK) — 1. (13.5) 


Since the groups K*/K} and Cé(K) are finite, the ray class group Clm(K) is finite 
as well. More precisely, the exact sequence (13.5) implies: 


13.13 Theorem. Let m be a modulus of the number field K. Then we have a short 
exact sequence 


1 — K} /KiO% — Clm(K) — (K) — 1. 


13.14 Example. For the modulus (m)oo of Example 13.11 the isomorphism (13.4) 
induces an isomorphism 

Qn /Qinb2 —> (Z/m)* 
which maps the class of an 2 € Z\ mZ to |x|. By Theorem 13.13 we have an 
isomorphism (Z/m)* + Cm(Q), which for a € Z \ mZ sends g to the class of (a) 
in Clm(Q). For the modulus (m) we have an isomorphism 


Qin) /Q(my #2 —> (Z/m)*/(=1) 
and the isomorphism (Z/m)*/(—1) + Clim) (Q) sends the class represented by an 
a € Z \ MZ to the class of (a). 


In chapter 9 a correspondence has been established between abelian number fields 
and finite groups of Dirichlet characters. These characters are essentially characters 
of groups (Z/N)*. In our approach to class field theory the groups Clm(K) will 
play the role of the groups (Z/N)* in the absolute case. We derive some properties 
for ray class groups which are similar to properties of the groups (Z/N)*. 


13.15 Proposition. Let m and n be moduli of a number field K such that m | n. 
Then the inclusion I"(K) + I®(K) induces a surjective homomorphism Œa (K) > 
Cem (K). 


PROOF. We have a commutative diagram 


1 —> Kx/K}10% —> Cl,(K) ——> UK) — 1 


| | 


1 — K*/K1LO% — Cn(K) ——> UK) — 1 
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in which by Theorem 13.13 the rows are short exact sequences. By Corollary 13.7 
the map K* + K% /K}0% is surjective. So also Cln (K) > Clm(K) is surjective. 


We will have a closer look at the arithmetic projective system m > Clm (K) of the 
number field K. It’s convenient to convert bicartesian squares into short exact 
sequences as described at the end of section 9.2. 


13.16 Lemma. Let 


t 5 0 


Co >0 


>0 


be a short exact sequence of commutative squares of abelian groups. If two of the 
three commutative squares are bicartesian, then so is the third. 


ProoFr. The short exact sequence of commutative squares translates into a short 
exact sequence of complexes (the columns in the diagram): 


0 0 0 
0 > A’ > BI O >0 


(0) >A > B >C >0 
0 0 0 


If two of these complexes are exact, then so is the third. The proposition follows 
from this. 


There is an obvious notion of morphism of arithmetic projective systems: 


13.17 Definition. Let F; and F> be arithmetic projective systems of a number 
field K. A morphism of arithmetic projective systems g: Fı — Fə is a system 
(9m)mem(K) Of group homomorphisms gm: Fı (m) — F2(m) such that for all m,n € 
M(K) with m | n the diagram 
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Fy(n) —— y(n) 


Sin Sin 
Im 
F\(m) ———> F)(m) 
commutes. (Or for short: g is a morphism of functors.) 


Since bicartesian squares correspond to short exact sequences as in the proof of 
Lemma 13.16 we have for arithmetic projective systems: 


13.18 Corollary. Let 0 > F’ => F > F” +0 a short exact sequence of arithmetic 
projective systems of a number field K. If two of them are quasi-multiplicative, 
respectively multiplicative, then so is the third. 


PROOF. For quasi-multiplicativity this is immediate and for multiplicativity it 
follows from Lemma 13.9. 


13.19 Lemma. The arithmetic projective system m œ K1 of a number field K is 
quasi-multiplicative. 


PROOF. For moduli m of K we have short exact sequences 


1— Ki, — K* >Pz—-0 


p|mo 


and 


1— Ki — Ki, — K*/Ki — 1. 
The arithmetic projective systems 
mo K*, me pz and m= K*/Ki, 
p|mo 


are quasi-multiplicative, the last one by Proposition 13.10. So by Corollary 13.18 
the system m+> Kj. is quasi-multiplicative as well. 


13.20 Proposition. Let m; and mz be moduli of a number field K. Then for 
m = gcd(mı, m2) and n = Iem(mj, m2) the square 


Ce, (Kk) ——> Chm, (K) 


Cem, (K) ——> Clm(K) 
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of canonical projections is cocartesian. 


PROOF. By Lemma 13.19 we have a commutative diagram with exact rows 


1 > K1 > Kn, x Kho > KL +1 


1 — FMK) — I™ (K) x I™(K) — (K) 1 


and by taking cokernels of the vertical maps we obtain an exact sequence 


Cha (K) — Clm, (K) x Om (K) — Un(K) — 1. 


13.2 Dirichlet characters of a number field 


Let K be a number field. Dirichlet characters of K are essentially characters 
of ray class groups of K. They will generalize the Dirichlet characters defined in 
section 9.3 for the field Q. There is, however, a subtle difference, see Example 13.28. 


13.21 Definitions and notation. Let K be a number field and m a modulus of 
K. A Dirichlet character modulo m of K is a map x: I*(K) > C satisfying 


(DC1) for all a € I+(K): x(a) #0 <= gcd(a, mo) = 1, 
(DC2) x(ab) = x(a)x(b) for all a,b € I+ (K), 
(DC3) x(aOK) = x(GOx) for all a, 8 € Ox \ {0} with a = 8 (mod mo) 
and sgn(op(a@)) = sgn(op(8)) for all real primes p | mao. 
If x is a Dirichlet character modulo m of K, then 


Cm) > C*, g ++ y(a)x(6)~' (for a and b are ideals relatively prime to mọ) 


is a character of the ray class group modulo m. Conversely, a character 
x: Clm(K) > C* determines a Dirichlet character modulo m of K: 


x(a) if ged(a,mo) = 1, 


It(K)3C, av 
0 otherwise. 


Thus Dirichlet characters modulo m of K correspond to characters of the ray class 
group Cém(K). Since ray class groups are finite, Dirichlet characters take only 0 
and roots of unity as values. In particular a Dirichlet character is an ideal character 
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in the sense of Definition 8.29. The set of Dirichlet characters modulo m of K is 
denoted by Hm(K). It is a group under (x1x2)(a) = x1(a)x2(a); the conjugate 


character X: a +> x(a) of a Dirichlet character x is the inverse of x. The group 
Hm(K) is naturally isomorphic to Clm(K)’, the dual of the ray class group. 


These Dirichlet characters were introduced by Hecke. That is why I have chosen for 
the H-notation. Nowadays the name Hecke character is reserved for characters of 
idéle class groups, see section 20.2 for the notion of idéle class group. The Dirichlet 
characters then correspond to Hecke characters of finite order. 


A Dirichlet character x modulo (1) is a multiplicative map x: I*(K) — C with roots 
of unity as values and x(a) = 1 for all principal ideals a. It induces a character x 
of I(K) with x(a) = 1 for all fractional principal ideals a. 


As was the case for Dirichlet characters as defined in chapter 9, we can multiply 
Dirichlet characters of a number field even if their moduli differ: 


13.22 Definition. Let mı and m be moduli of a number field K, xı € Hm, (K) 
and x2 € Hm,(K). We define yi x2: I*(K) > C by 


(x1x2)(a) = xı (a)x2(a) 
for alla € I*(K). Then x1X2 E€ Hicm(mı ma) (K). 


Also for these Dirichlet characters we have the notions of induced and primitive 
character, which we now will make precise. Let m and n be moduli of a number field 
K such that m | n. Then by Proposition 13.15 we have a canonical surjective group 
homomorphism Cé,(K) + Cém(K). This homomorphism induces an injective ho- 
momorphism Cém(K)Y > Clx()” and thereby an injective group homomorphism 
in: Hm(K) > Hn(K). For x E€ Hm(K) the Dirichlet character i? (x) is given by 


(i if gcd(a, no) = 1, 
(3 


0 otherwise. 


23 
& 
~ 
~~ 
Pm, 
8 
II 
m 
> 
AAR 
a 
~~ 


13.23 Definition. Let m and n be moduli of a number field K such that m | n and 
let x E Hm(K). Then the Dirichlet character i? (x) € Hn(K) is said to be induced 
by x. A Dirichlet character modulo n of K is said to be a primitive Dirichlet 
character modulo n of K if it is not induced by a Dirichlet character modulo a 
proper divisor of n. 


From Proposition 13.20 follows: 


13.24 Proposition. Let mı and mz be moduli of a number field K. Then for 
m = gcd(m1, m2) and n = Iem(mj, m2) the square 
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Hm(K) - <2 Hin, (K) 


Hm, (K) —> H (K) 


of canonical injections is cartesian. 


From this it follows that every Dirichlet character of K is induced by a unique 
primitive Dirichlet character of K. 


13.25 Definition. Let x be a Dirichlet character of the number field K. The 
modulus of the unique primitive Dirichlet character by which x is induced is called 
the conductor of x. Notation: fy. 


13.26 Change of notation and terminology. From now on by a Dirichlet charac- 
ter we always mean a Dirichlet character modulo its conductor: Dirichlet characters 
are assumed to be primitive. They form a group H(A’). The notation Hm(K) will 
now be used for the subgroup of H(K) of all Dirichlet characters x of K with 
fy |m. That means that in H» (J) as originally defined all characters are replaced 
by primitive characters and that the multiplication is changed accordingly. Under 
this convention it follows from Proposition 13.24 that 


Hgcd(mı,m2) (K) = Hm, (K) N Hmo (K). 


Henceforth, Dirichlet characters in the sense of Definition 13.21 will be referred to 
as Dirichlet pre-characters. 


13.27 Definition. Let K be a number field and X a finite subgroup of H(K). 
The least modulus m of K for which X C Hm(K) is called the conductor of X. 
Notation: fx. 


Obviously, the conductor of a finite group of Dirichlet characters is the least common 
multiple of the conductors of the Dirichlet characters in this group. 


13.28 Example. There is a one-to-one correspondence between Dirichlet charac- 
ters as defined in chapter 9 and Dirichlet characters of Q as defined in this section. 
It is induced by the bijection N* > I+ (Q), n œ> nZ. Thus a Dirichlet character 
x: Z— C corresponds to the Dirichlet character of Q defined on finite primes by 
pZ => x(p). A Dirichlet character x of Q determines a Dirichlet character in the 
sense of chapter 9 determined by n + x(nZ) for n € N*. The conductor of the 
Dirichlet character of Q corresponding to a Dirichlet character x is (N,) if x is 
even, i.e. if x(—1) = 1, and it is (Ny)oo if x is odd. The monoid isomorphism 
N* + I*(Q) induces a group isomorphism H(Q) & D and for m € N* it restricts 
to H(m)oo(Q) 3 Dm. 
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Dirichlet characters are determined by their value on finite primes up to a finite 
number of primes: 


13.29 Lemma. Let xı and x2 be Dirichlet characters of a number field K and m 
a modulus of K. Suppose that x(a) = x2(a) for alla €I™*(K). Then xı = x2- 


PROOF. Choose a modulus n which is a multiple of fy, fy, and m. Then the 
Dirichlet characters x; and x2 induce the same Dirichlet pre-character modulo n 
and are therefore equal. 


The main theorem of class field theory is the Classification Theorem. It describes 
finite abelian extensions of a number field K in terms of Dirichlet characters. Such 
extensions will correspond to finite subgroups of H(A). We will conclude this 
section by describing the group of Dirichlet characters that is going to correspond 
to a given abelian extension. The description uses the notion of norm for fractional 
ideals as described in section 7.6. 


13.30 Notational convention. Let L : K be a number field extension. A modulus 
m of K determines a modulus of L: the modulus with finite part j£ (mo) = moOz 
and as infinite part all infinite primes of L above infinite primes in mæ. This 
modulus of L will also be denoted by m. 


13.31 Proposition. Let L : K be a number field extension and m a modulus 
of K. Then jK(I(K)) © I™(L), NE(I™(L)) © IM(K), NE(L4) © K} and 
NE (Sa (L)) € Sa(K). 


ProoF. The first two inclusions follow directly from the definitions. The last 
inclusion is, by Proposition 7.67, a direct consequence of the third, so it remains 
to prove that NZ (LL) C KŁ. 


Let M : K be the normal closure of L : K and oj,...,0,% the embeddings of L 
in M which leave the elements of K fixed. Choose prolongations—also named 
01,---,0%—0f these embeddings to automorphisms of M. Then for each a € L we 
have NŁ (a) = 01(a)--- ox (a). 

Since Kh, N Kh, = Khim, if ged(mi, m2) = 1, it suffices to prove that NK (Lp) C 


mımzə 


Kee for primes p of K. We will do so separately for p finite and p infinite. 


Let a € Lir, where p is a finite prime of K and r € N*. Then v4(a — 1) > ex(q)r 


for all primes q of L above p. Hence for all primes t of M above p we have 
v(a — 1) > ex (tex (a)r = e$” r, 


where q is the prime of L under r. For each of the automorphisms ø; and each of 
the primes t of M above p we have 


ve(ojla)-— 1) = ve(o3(@ — 1)) = vila ais On, 
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Put e = ef™) and let t be a prime of M above p. Then the above inequality means 


that o;(a) € My and so 

NZ (a) = 01(a)---ox(a) € MŁ», 
that is vu.(NZ(a) — 1) > er. Since vy(Nk(a) — 1) = e - vp(NĘ (a) — 1), it follows 
that vp(N% (a) — 1) > r, meaning that Ng (a) € Kj.. 
Let a € Li, where p is the real infinite prime corresponding to an embedding 
a: K — R. Choose a prolongation T: M —> C of o to M. Then the k embeddings 


TO1,...,T0k: M — C have different restrictions to L: if ra;(8) = Toj(8) for all 
6 € L, then by injectivity of r we have o;(8) = 0;(() for all 8 € L. Hence 


o(Nx(a)) = T(NK(a)) = Toi (a) - ToR(a) 


and this is a positive real number: to;(a@) > 0 for all real prolongations to; of o 
and the factors To; (a) for all complex prolongations To; come in pairs, which are 
complex conjugates. 


The notion of transfer for ideal class groups is now easily generalized to ray class 
groups. 


13.32 Definitions and notations. Let L: K be a number field extension and m 
a modulus of K. By Proposition 13.31 the norm map N¥: I(L) > I(K) induces a 
homomorphism Cém(L) —> Clm(K), the transfer, denoted by tr%. The cokernel of 
this map is denoted by Cé,(L : K): 


Cem (L : K) = ™K)/NK (I™(L))Sm (K). 


As for ideal class groups we have: 


13.33 Corollary. Let L : K be a Galois extension of number fields and m a modulus 
of K. Then the ray class groups modulo m form a Galois module with transfers 
associated to L : K. The transfer map being the map given in Definition 13.82. 


For an extension L : K of number fields and a modulus m of K the transfer 
tri: Clm(L) + Clm(K) induces a map from Hm(K) to Hm(L). Since for any m 
this last map is induced by N% : I(L) > I(K), we have a map H(K) > H(L): 


13.34 Definitions and notations. Let L: K be a number field extension. Then 
the norm map N% : I(L) > I(K) induces a map vk: H(K) + H(L), the conorm 
map. The kernel of vk is denoted by H(L : K); its elements are called Dirichlet 
characters of L : K. The subgroup of H(L : K) consisting of Dirichlet characters 
of L: K with conductor a divisor of a modulus m of K is denoted by Hm(L : K), 
so 

Hm(L: K)=H(L: K)NHm(K). 


It is the kernel of the map Hm(K) + Hm(ZL) and so it is isomorphic to the dual of 
Clm(L : K), the cokernel of Clm(L) > Clm(K). 
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By Lemma 13.29 the Dirichlet character vř (x) of L is determined by vf (x)(q) = 
x(N%(q)) for all but finitely many primes q of L. The group H(L : K) consists 
of all Dirichlet characters x € H(K) with the property that x(NX(a)) = 1 for all 
a €I'*(L), where f is the conductor of x. 


The groups H(L : K) for abelian L : K are important for class field theory. In 
section 13.5 their role is explained. A direct consequence of the definition is the 
following. 


13.35 Lemma. Let £1: K and Lə: Lı be number field extensions. Then 
PROOF. The conorm map v, : H(K) + H(L2) is the composition of the conorm 


maps vE, and vfi. So for the kernels of the conorm maps we have H(Lı : K) C 
H(L2 i K). 


13.3 Counting ideals in ray classes 


Let K be a number field of degree d. We have seen that the Dedekind zeta function 
g(s) is meromorphic on the halfplane R(s) > 1 — i with only a simple pole in 
s = 1 (Theorem 8.20). The residue in s = 1 was computed by counting ideals in 
ideal classes. Instead of ideal classes we now count, more generally, ideals in ray 
classes. 


13.36 Definition. Let K be a number field and m a modulus of K. The partial 
zeta function of a ray class C modulo m is defined by the Dirichlet series 


i: aeCni*(K) N(a) 


where jo(n) = #{a € CNI*(K)|N(a) =n}. 


For the convergence of the Dirichlet series we consider 
N 
Jo(N) = #{a € CAIK) | N(a) < N} = $ jo(n). 
n=1 


We proceed as in section 8.2. Fix an ideal b € C71. Then we have a correspondence 
principal ideals (a) C b 


with |N (a)| < N-N(b), a = 1 (mod mo) 


{ ideals a in C \ => 
and o(a) > 0 for all real p | mæ 


with N(a)<.N f — 
a | ab 
abt 44 (a) 
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Choose an ag € Ox such that 
_ J 1 (modmo) 
ag = 
0 (mod b). 
The last set can then described as follows: 


the set of all principal ideals (a) with |N (a)| < N - N(b), 
a = ap (mod mob) and oy(a) > 0 for all real p | mæ- 


So instead of counting ideals we can count principal ideals: 
Jo(N) = #{ (a) €I*(K) | a = ao (mod mob), |N(a)| < N - N(b) 
and o,(a) > 0 for all real p | mq }. 


Choose a fundamental system €),...,€,4s—1 for the group of units O% NK}. Note 
that by the exactness of sequence 13.5 and the finiteness of K* / Kj, its rank is equal 
to the rank of O}. Use this system of units instead of the fundamental system 
used in section 8.2. It follows that we have to count the elements of (4(ao) + 
Ap) N Dy.n(mob) Which are positive under the embeddings op for real p | moo. Put 
Wm = #(u(K) N KŁ). Then the computation in section 8.2 leads to 


wm JIo(N) = koN + O(N1-4), 
where, t being the number of real p | moo, 


vol(D,)N(b) 
2¢5(Amoo) — 


Wm: KC = 
For the sake of obtaining simpler formulas the following notations will be used. 


13.37 Definitions and notations. Let K be a number field and let m be a 
modulus of K. Then, Reg(m), the regulator of m is defined as follows 


Reg(m) = Reg(O%N KŁ). 
Furthermore, we write 
N(m) = #(Kq/ Km) = 2'N(mo) 
and call it the norm of m. 


Thus we have 


Reg(m) = Reg(K) (13.6) 


and the formula for wm - kc becomes 


2"+5 vol(D’)N(b) 27+s75 Reg(m) 2" (2m)* Reg(m) 


~ 2EN(mpb)\/|disc(K)|  2*N(m),/|disc(K)|  N(m),/]disc(K)| 


Wm: KC 
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Let’s summarize this in a theorem: 


13.38 Theorem. Let K be a number field of degree d, m a modulus of K and C a 
ray class modulo m of K. Then the number Jc(N) of ideals a of Ox with N(a) < N 
satisfies 
Jo(N) =kcoN +O(N1-2), 
where 
2r) (27) Reg(m) 
#(u(K) N KA)N(m) y] disc) 


Kc = 


For ¢(s,C) this implies the following. 


13.39 Theorem. Let K, d, m and C be as in Theorem 18.88. Then ¢(s,C) has a 
continuation to a meromorphic function on the half-plane o > 1 — 4 with only a 
simple pole at s = 1 with residue kc. 


Using equation (13.6) we get 


_ 279 (a)? Reg(K) (Ok : (Ok N Kn) 
w(K) /| disc(K)| N(m) 


This formula already follows from the fact alone that kc does not depend on C. 
This can be seen as follows. 


1 1 
2 dao- oaa =la stee Mr) 


CEClm(K) acīm + pimo N(p)* plmo 


Put hm(AK) = #(Cém(K)). Then for the residue in s = 1 we have: 


27) (27)8) Reg 


(K) | l 
w(K) disc] II - xy) 
2709) (2m) Reg(K) _ #((Ox/mo)*) 


w(K) \/| disc(K)| N(mo) 


and by the exactness of sequence (13.5) 


AK) _ (Ok : (Ok NKa)) _ (Ok : (OK N Ka)) 
hm(K) #(Kn/Kn) 2t -#((Ox/mo)*) 


So it follows that indeed 
2") (an) 9) Reg(K) (Ok : (Ok N Kn) 
w(K) y| disc(K)]| ZA 
7 rons) Reg(K) (Ok : (OK N Kn) 
w(K),/| disc(K)| N(m) 


Kc = 


YI | a 


~ 


— 
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13.4 Dirichlet L-series and the First Fundamental 
Inequality 


In this section we use the notion of Dirichlet density to show that for a Galois 
extension L : K of number fields the group H(L : K) is finite and that its order is 
at most [L : K]. 


13.40 Definition. Let K be a number field and y € H(K). The series 


d= E 2 


acIt (K) 


is called the L-series of the Dirichlet character x. 


The L-series of the trivial Dirichlet character is just the Dedekind zeta function of 
K. It has a simple pole at s = 1. For the other Dirichlet characters we have the 
following. 


13.41 Proposition. Let x be a nontrivial Dirichlet character. The series L(s, x) 
converges absolutely on the half-plane o > 1 and has a continuation to an analytic 
function on the half-plane o > 1 — 4, where d is the degree of K. 


Proor. Put f= fẹ. The L-series converges absolutely on the half-plane o > 1 as 
does any Dirichlet series associated to an ideal character (Proposition 8.31). Since 
x is a Dirichlet character, the value x(a) is zero if and only if gcd(f, a) = 0, so 


Uawa: > ee >, a 


acI+(K) acIt+ (K) 


The value x(a) only depends on the ray class modulo f of a. So 
x(a) 1 
L(s,x) = 3 3 Nla) >, x(C) > (a) 
CeCe; (K) aeCni* (K) CeCe; (K) aeCni+ (K) 


= J, x(C)ets,C). 


CECE; (K) 


By Theorem 13.38 all ¢(s,C) have continuations to meromorphic functions on 
a>1- 4 and have only a simple pole at s = 1. The residue x; of ¢(s,C) doesn’t 
depend on C. So L(s, x) has a continuation to a meromorphic function on o > 1—4 
and has at most one simple pole at s = 1. But since y is nontrivial and 


XO KOs D> x(C)=0, 


CECE; (K) CECE; (K) 


the continued function L(s, x) is analytic at s = 1 as well. 
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As was the case for the Dirichlet characters in chapter 9, for nontrivial Dirichlet 
characters the L-series has a continuation to an analytic function on the whole 
complex plane. Neukirch gives a detailed exposition in [31] in which the complexity 
is built up gradually by subsequently considering the Riemann zeta function, the 
L-series of a Dirichlet character (in the sense of chapter 9), the Dedekind zeta 
function of a number field and, finally, the L-series of a Dirichlet character of a 
number field. 


13.42 Proposition. Let K be a number field and X a finite group of Dirichlet 
characters of K. Then the set 


Abe 


has a Dirichlet density. Moreover 6(P) < +, where h = #(X). 


PROOF. Proposition 8.31 implies that Sa wth 
plane o > 1 for each Dirichlet character x and 


x Xe) 
N(p)* 


log L(s, x) 


where f is the conductor of X. We have 


D => Nv =e 


XEX pif ptf xEX peP 
Hence 
L5 log L(s, x) : log(s — 1) + : J log L(s, x). 
h h i 
sep N h vex xEX 


By Proposition 13.41 the functions L(s, x) are for y # 1 analytic at s = 1. So if we 
knew that L(1, x) 4 0 for these x (which is in fact the case, as we will see later), 
we could conclude that 6(P) = i: For now, let ny be the multiplicity of the zero 
at s = 1 of the function L(s, x) (possibly ny = 0, as in fact is the case), that is 


L(s, x) 
(s — 1)" 


does not vanish at s = 1. Then 


log L(s, x) ~ ny log(s — 1) 


and 
1 1 yz nx LD ett nx 
5 eal 1) + ae | 1) = x l 1). 
peP N(p)s h og(s — 1) h og(s — 1) h og(s — 1) 
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So we have 


Since the Dirichlet density cannot be negative, for at most one of the characters 
x € X the function L(s, x) can have a zero at s = 1 and, moreover, it can only be a 
simple root. Let x“ be this exceptional character in X. It must be a real character, 
since otherwise the character y* would be exceptional as well. It will turn out that 
this situation doesn’t occur. 


The proof of Proposition 13.42 shows the following. 


13.43 Corollary. In the notation of Proposition 18.42: if 6(P) = i then L(1, xX) 4 
0 for ally Alin xX. 


13.44 Theorem (The First Fundamental Inequality). Let L: K be a Galois 
extension of number fields. Then the group H(L: K) is finite and #(H(L: K)) < 
[L: K]. 


PROOF. Since H(L : K) is a torsion group it suffices to prove that the order of 
each finite subgroup of H(L : K) is at most [L : K]. So let X be a finite subgroup 
of H(L : K), say #(X) = h. Let P be as in Proposition 13.42. Then 6(P) < . 
By Theorem 8.37 the set 


Q = {p € Max(Ox) | p splits completely in L and p { fx } 


has Dirichlet density TK If p € Q, then for q E€ Max(Oz) above p we have 
q € I* (L) and NŁ (q) = p. From X C H(L : K) follows that x(p) = vë (x)(q) = 1. 


So Q C P and as a consequence we have for the Dirichlet densities 


The finiteness of H(L : K) makes the following definition possible. 


13.45 Definition and notation. Let L: K be an abelian number field extension. 
The conductor of the extension L : K is the conductor of the finite group H(L : K). 
Notation for this conductor: fx (L). 


For a Galois extension L : K of number fields and a modulus m of K we have 
Hm(L:K)=H(L: K) = H(L: K) CH m(K) = fg(L)|m. 
Therefore, for multiples m of fx (L) the groups Cé,(L : K) are all isomorphic. More 

precisely: 


13.46 Proposition. Let L : K be a Galois extension of number fields, f = fx(L) 
and m a modulus of K such that f |m. Then the inclusion I™(K) C T(K) induces 
an isomorphism Clm(L : K) 5 Ce;(L: K). 
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13.5 The Artin map 


The Artin map of an abelian number field extension is defined on the subgroup of 
I(K) generated by the nonramifying prime ideals and takes values in the Galois 
group of the extension: 


13.47 Definition and notation. Let L : K be an abelian extension of number 
fields. The subgroup of I(K) generated by all prime ideals of K which do not 
ramify in L is denoted by I+ (K). So 


I” (K) = {a € I(K) | vp(a) = 0 for all in L ramifying p € Max(Ox) }. 
The Artin map of L : K is the map 


p% : 12(K) > Gal(L: K), ar II (YP W, 
pEMax(Ox) 
a1 


The kernel of y$? is called the Artin kernel of L: K. 


Thus the Artin map is given on the basis elements p of the free abelian group I” (K) 
by mapping p to the Frobenius automorphism of p in Gal(L : K). The Artin map 
L:K 


yp) is also called the Artin symbol, in which case often a notation like (2) is 


used for pl (a). 


For each modulus m of K, which is divisible by all in L ramifying primes, the group 
I™(L) is a subgroup of I+ (K), so for such m the Artin map has a restriction to this 
subgroup: 

pP | n: IMK) > Gal(L: K), avn ea). 


13.48 Theorem. Let L : K be an abelian extension of number fields and m a 
modulus of K which is a multiple of all in L ramifying finite primes of K. Then 
the Artin map, restricted to I™(K), 


gh |a: I™(K) + Gal(L : K) 


is surjective. 


PROOF. According to the Frobenius Density Theorem for abelian extensions 
(Theorem 8.39) each cyclic subgroup of Gal(Z : K) is generated by the Frobe- 
nius automorphism of some nonramifying finite prime p {m of K. 


In the next chapter it will be shown that, given an abelian extension L : K of 
number fields, there exists a modulus m of K such that the ray Sm(K) is contained 
in the Artin kernel of L : K. This has far-going implications. It is the reason why 
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ray class groups have been introduced. If for some modulus m the group Sm(K) 
is in the Artin kernel, then the Artin map induces a surjective homomorphism 
Cem (K) —> Gal(L : K) of finite groups. 


13.49 Definition. Let L : K be an abelian number field extension. A modulus m 
of K is called a modulus for L: K if 


(M1) all in L ramifying finite primes of K are divisors of m, 
L 
(M2) Sm(K) C Ker(p |). 


Note that (M1) is necessary for the Artin map to be defined. Later, in chapter 15, 
we will see that the moduli for L : K are the multiples of the conductor fx (L). 
It will be shown that the prime divisors of the conductor are just the ramifying 
primes, finite and infinite. So far we do not even know whether moduli for abelian 
number field extensions do exist. 


For the determination of the Artin kernel it is important to realize that it contains 
the norms of fractional ideals: 


13.50 Proposition. Let L: K be an abelian number field extension and m a mod- 
ulus of K which is a multiple of all finite ramifying primes. Then NE(I™(L)) C 


Ker(p’). 


PROOF. It suffices to show that ot) (N%(q)) = 1 for every unramified finite prime 


q of L. For such a q we have N4 (q) = pho, where p = qN K. The order of pP 


equals FO and hence N% (q) is in the kernel of the Artin map. 


If m is a modulus for the abelian extension L : K of number fields, then it are 
precisely the ray classes represented by norms of fractional ideals which constitute 
the Artin kernel: 


13.51 Theorem. Let L: K be an abelian number field extension and m a modulus 
for L: K. Then 


Ker(y |n) = N&(I™(L))Sm(K). 


i 
ProoF. By Proposition 13.50 we have 
N&(I™(L))Sm(K) © Ker(p |) 
and by Theorem 13.44 
#(I"(K)/N& (I™(L))Sm(K)) = #(H(L : K) N Hm(K)) < [E : K]. 


By Theorem 13.48 the index of the Artin kernel in I™(K) is [L : K]. So the two 
subgroups coincide. 
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13.52 Corollary. Let L: K be an abelian number field extension and m a modulus 
for L: K. Then the Artin map oy) induces an isomorphism 


I™ (K) /NE-(I™(L))Sm(K) > Gal(L : K). 


ProoF. This is a direct consequence of Theorem 13.48 and Theorem 13.51. 


Artin’s Reciprocity Theorem (Theorem 14.16) states that for every abelian number 
field extension there exists a modulus and moreover, that for such a modulus it 
suffices to be divisible by all ramifying primes, the finite ones to a sufficiently high 
power. 


The Artin map of a subextension is given by restriction of the automorphism to 
the subfield: 


13.53 Lemma (Consistency property). Let L: K be an abelian number field 


L for 


extension and L' an intermediate field of L : K. Then pE (a) = g(a) 
alla € 14(K). 


PROOF. A finite prime p of K that does not ramify in L, does not ramify in L’ 


either and for the Frobenius automorphisms we have oh) = pP 


L'* 


The behavior of the Artin map under a base field extension is as follows. 


13.54 Lemma. Let K' : K be a number field extension, L : K an abelian number 
field extension, m a modulus of K divisible by all finite in L ramifying primes of 
K andaeI™(K’). Then 


LK’ L , 
pE (a)r = pP (NE (a)). 


Proor. The maps a > AO and aw o (NE (a)) are both group ho- 
momorphisms from I™(K') to Gal(L : K), so it suffices to show that they coincide 
on the generating prime ideals of I™(K’). Let p’ € Max(Ox-) with p’ { m and put 
p =p NK and f = fx(p’). Then by Proposition 7.80 and the definition of the 
norm of a fractional ideal (Definition 7.65) 


LK’ LK’ L L L , 
ae ek= = GY e br N p: 


For the existence of a modulus for abelian extensions it suffices to consider cyclic 
extensions: 


13.55 Proposition. If there are moduli for cyclic number field extensions, then 
there is one for any abelian number field extension. 
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PROOF. Let L: Kk be an abelian number field extension. The dual of G = 
Gal(L : K) is generated by its cyclic subgroups, so in G there is a collection of sub- 
groups, say Hj,...,H,, such that G/H; is cyclic for i = 1,...,r and N; H: = {1}. 
Then L is the composite of the fields L”* and the extensions L*® : K are cyclic. 
Choose for each į a modulus m; for L¥ : K. A prime of K that does not ramify in 
each of the L+, does not ramify in L. So the primes not dividing m = mym2---m, 
do not ramify in L. Restriction of automorphisms in G to the subfields L: yields 
an injective group homomorphism 


G — G/H; x G/H2 x--: x G/H,. 


For a € I™(K) we have oh" (a) = ee (a)l by Lemma 13.53. Because 
Sm(K) C Sm,(K) for all i, the ray Sm(K) is in the Artin kernel of each of the 
extensions L : L”: and is therefore in the Artin kernel of L : K. 


In chapter 14 we will prove Artin’s Reciprocity Law. According to Proposi- 
tion 13.55 it suffices to prove it for cyclic extensions. A consequence will be that 
the Artin map induces an isomorphism from Gal(L: K)“ to H(L : K). Thus to 
each abelian extension of K there is associated a finite subgroup of H(A). It will 
be shown in section 15.3 that every finite subgroup is of the form H(Kx : K) for 
a unique abelian extension Ky : K. This is the Existence Theorem. 


Thus a classification of abelian extensions of a number field K is obtained. Its 
proof will be completed in chapter 15. For a given number field K we will have a 
correspondence between abelian number field extensions L : K and finite subgroups 
of H(K): 


abelian finite groups of 
extensions of K Dirichlet characters of K 
L:K + > HLL) 
Ky: kK 4 1 X 


The maps LH H(L : K) and X > Kx : K are inverses of each other and they 
preserve the ordering given by inclusion. The field Kx is called the class field 
for X: the prime divisors of the conductor of H(L : K) are just the ramifying 
primes and the Artin map pP T(K) + Gal(L : K) induces an isomorphism 
Gal(L: K) S H(L: K). 
Finite subgroups X of H(K) are contained in Hm(K) for some modulus m of K 
and so determine a factor group of the ray class group Clm(K). The splitting of a 


prime of K in Kx is determined by its class in this factor group. It was Weber 
who introduced at the end of the nineteenth century the term ‘class field’. 


343 


13 Ray Class Groups and Dirichlet Characters 


The classification is both beautiful and deep. Our strategy for its proof is as follows. 


1. In section 14.1 we show that for cyclic number field extensions L : K we have 


#(M(L: K)) =[L: K]. 


. Though for cyclic extensions L : K the group H(L : K) has the right order, 


it still has to be shown that there is a modulus for L : K. This is done in 
section 14.3. As remarked above Artin’s Reciprocity Law follows from this 
in full generality. 


3. In section 15.3 the existence of class fields will be proved. 


13.56 Examples. A special case of the Classification Theorem: the group H1(K) 
of a number field K corresponds to the maximal nonramified abelian extension of 
K. This is the so-called Hilbert class field of K. Properties of this extension will 
be studied in section 15.8. The group H1(K) is (isomorphic to) the dual of CE(K) 
and the Artin map induces an isomorphism (K) + Gal(Ky,(x) : K). 


a) The field Q(V/2, v5) is the Hilbert class field of Q(V/10). Actually, this is a 


direct consequence of exercise 7 of chapter 7. 


b) The field Q(a, /—23), where a? = a+1 is the Hilbert class field of Q(/—23). 


The extension is unramified (exercise 9 of chapter 7). Exercise 13 of chapter 3 
was about the computation of the ideal class group of Q(./—23). The groups 
Gal(Q(a, V—23) : Q(/—23)) and Cé(Q(./—23)) are indeed isomorphic. It is 


far from obvious that the Artin map induces an isomorphism. 


EXERCISES 


1. Let K = Q(V—2, V3) and let m be the modulus (2). An integral basis of K is 
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(1, /—2, V3,a), where a = a In Example 5.23 it is shown that C(I) is 
a group of order 2 generated by the class of the prime ideal p2 = (2,a+ 1) and in 
Example 5.37 that Oj = (—1,a). 


(i) Compute K/K}. 
(ii) Compute Cém (Kc). 


(iii) Determine the conductor of Hm(K). 


. Let K = Q(V2, V3) and let m be the modulus oo. An integral basis of K is 


(1, V2, V3,a), where a = vetve, In Example 5.24 it is shown that the group 
Cé(K) is trivial and in Example 5.38 that O% = (-1,14 V2, V2 + V3, a). 
(i) Compute Ký /Kà- 
(ii) Show that Cfm(K) is of order 2. 
(iii) Determine the conductor of Hm(K). 


10. 


Exercises 


. Let K be a cubic number field with one real embedding. Show that Cl.(K) = 


Cé(K). What is the conductor of Ho (K)? 


. Let K = Q(W2). Then Ox = Z[¥2], a principal ideal domain (Example 5.18). 


The unit group O% is generated by —1 and W/2—1 (Example 5.42). The prime 
number 3 totally ramifies in K, say (3) = p°. 


(i) Compute Cém(A) for m = (3) and for m = poo. 
(ii) Determine the conductor of H 3) (K). 


. Let p be a prime number = 1 (mod 4). Determine the number of Dirichlet characters 


of Q(z) having conductor (p). 


. Let p be a prime number and p the unique prime of Q(¢,) above p. Prove that 


Cly (Q(Sp)) = Ql). 


. Let L : K bea number field extension. In 13.30 a map M(K) — M(L) is described. 


Let’s denote this map as jf. Then 
jÉ (m) = jë (mo) ir (mo), 


where the second jf is the map defined in Definition 13.33 (restricted to I+(K)): 
jE (mo) = moOz and jf (mə) is the product of all infinite primes above the primes 
in mæ. Show that the map 7}. is injective. 


. Let L be an abelian number field and K a subfield of L. Show that there exists a 


modulus for L: K. Prove that H(L : K) = D(L)/D(K). 


. Let K be a number field and x a nontrivial Dirichlet character of K of odd order. 


Show that the remark on page 339 implies that L(1, x) Æ 0. 


Show that Q(i, V5) is the Hilbert class field of Q(,/—5). Verify that the Artin map 
induces an isomorphism Cé(Q(/—5))  Gal(Q(i, V5) : Q(./—5)). 
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Let L : K be an abelian number field extension. In section 14.3 we will prove 
that there exists, in the sense of Definition 13.49, a modulus m for L : K, which 
by Theorem 13.51 means that the Artin map Orla is defined and induces an 
isomorphism 

I™(K)/NE(I™(L))Sm(K) “> Gal(L : K). (14.1) 


This is Artin’s Reciprocity Law. We have already seen that it suffices to show 
that such a modulus exists for cyclic extensions (Proposition 13.55). We first 
prove in section 14.1 that for cyclic extensions the two groups in (14.1) are of 
equal order. For this we use the Galois cohomology computations in section 12.3. 
As a byproduct we obtain Hasse’s Principle for cyclic number field extensions in 
section 14.2. 


In section 14.4 we show that as a consequence of Artin’s Reciprocity Law the map 


abelian finite groups of 
extensions of K Dirichlet characters of K 
L:K ıı > H(L:K) 


is injective. In the next chapter we show that it is a bijection. 


14.1 The Fundamental Equality 


Let L : K be a cyclic Galois extension of number fields of degree n. Put G = 
Gal(L : K) = (o). We show for a modulus m of K which is a multiple of all in L 
ramifying primes, with the finite ones to a sufficiently high power in m, that the 
group 

Aall : K) = I™K)/NE(I™L))Sa (K). 


is of order n = [L : K]. By the First Fundamental Inequality (Theorem 13.44) we 
already know that its order is at most n. Note that by Artin’s Reciprocity Law, 
which will be proved in section 14.3, this group is for some modulus m isomorphic 
to the Galois group G and that the isomorphism is induced by the Artin map. 
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Here we only prove that it has the right order. This is just a step in the proof of 
Artin’s Reciprocity Law. 


We start with a modulus m of K which is a multiple of all in L ramifying finite 
primes of K. In the computation we will need extra conditions on m. 


Let the homomorphism f: L* + I™(L) be the composition of the homomorphism 
L* + I(L), a > aQz and the projection I(L) => I™(L). The homomorphism 
f induces a homomorphism f,: H°(L*) > H°(I™(L)). By Theorem 12.17 and 
Corollary 12.19 


H°(L*) = K*/NR(L*) and H°(I™(L)) = I"(K)/Ng(I"(L)). 


The group Cém(L : K) is a homomorphic image of I™(K)/N4(I™(L)), so we have 
a commutative square 


HPL) —> K* NE) KG, 
Ja g 


H(I™(L)) ——> Clm(L : K) 


in which the vertical maps are induced by f. This square can be completed to 
the diagram with exact rows and columns on top of the opposite page. The snake 
lemma and the surjectivity of Kj, > Sm(K) are used here. From Proposition 13.6 
and the first two exact sequences in the proof of Lemma 13.19 follows that the 
group K*/K} is finitely generated. The group K*/N%(L*) is a torsion group. So 
k*/N.(L*)K}. is finite: it is a finitely generated torsion group. It follows that 
Coker(f*) is finite and we will see that Ker(f,.) is finite as well. The diagram then 
shows that 


#(Coker(f.)) 
i#(Ker(f.)) 


We will compute the first two factors of the product on the right hand side. The 
outcome will be that their product is [L : K]. 


#(Cm(L : K)) = #(K*/NK(L*) Kn): -#(X). (14.2) 


Computation of the order of K*/N%(L*)K} 


In this computation the modulus m of K is an arbitrary one, but at the end it is 
required that its finite prime divisors occur in m with sufficiently high powers. 


14.1 Proposition. The arithmetic projective system m =œ K*/NE-(L*)K} is mul- 
tiplicative. 
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1 1 1 
1 X > Ker(f,.) ——————> Ker(g) ————> 1 
1 > Ka , HO(L*) ——> K* /NE(L*)Ki, — 1 
NE(L*)N KA ie 
fe g 
Sm(K) x 


1 —————> Coker(f,) ————> Coker(g) ———> 1 
1 1 


PROOF. Let mı and mo be moduli of K such that gcd(m,,mz) = 1. Then to 
prove that the map 


K* /NK(L*)K mm —> K*/NE(L") Km, x K*/NK(L*)K m 
is an isomorphism. This means that we have to prove 
NK (L*)Km, ONK(L*) King = NK(L*) Kimm 


and 
Ni(L*) Kn, NE(L*) Kh, = K*. 


By Lemma 13.19 K}, Kp, = K*, from which the last equality follows. 


m2 


For the proof of the first equality let y = Nk(a1)b) = N%(az)be with a1, a2 € 
L*, by € Kh, and by € Kis From Ll, N Ll, = Ll ma and Do Lin = i 
(Lemma 13.19) follows that L*/Li,,m, —? L*/Lh, x L*/Lh,. So there exists an 
a € L* such that a = a; (mod Lj,,) and a = az (mod Lj,,). Then by Proposi- 
tion 13.31 y = NE(a)NZ(a71a1)b) € Nk (a)Kh, and similarly y € NE (a)Kq,,- 
Hence y € NZ-(a)K} So 


my ,M2° 


NK (L*) Km, ONK(L*) King © N&(L*) Kem: 


my 


Equality holds because the other inclusion is obvious. 
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So the computation of the order of K*/N%(L*) Kj, comes down to this computation 
in case the modulus m has only one prime divisor. Completion at this prime will 
be used for this computation. First note that in general global norms are local 
norms: 


14.2 Lemma. Let L: K be a Galois extension of number fields, p a prime of K, q 
a prime of L above p anda € L. Then there is a B € L such that N} (8) = N% (a). 


PROOF. Put G=Gal(L: K) and Z = Zx(q). The restriction of automorphisms 
in Gal(L, : Kp) to L induces an isomorphism Gal(L, : Ky) > Z (Theorem 10.45). 
Let R be a system of right representatives of the right cosets of Z in G. Then 


Nk(@) = J] o) = J I rol) = JI e) = Ng (TI ao). 


o€G pERTEZ pER pER 


14.3 Lemma. Let p be a finite prime of K, q a prime of L above p and t € N*. 
Then the inclusion K* —+ Ky induces an isomorphism 


K*/N&(L*) Ky > Kf /N§(L*)(1 +f’). 


PROOF. By Lemma 14.2 we have NX (L*) C Nj(L%). The induced map is surjec- 
tive since the map K* + Ky /(1+p*) is surjective. For injectivity we need 


K* ON§(L*)(1 + 6°) C NK (L*) Kp 


Let y = Nj(a)8 with y € K*, a € Lý and 8 € 1+ *. Since Ly = L*(1+ 4“), 
where e = eD, we can assume that œ € L*. Then £ € (1+ p') K* = Ki. Put 


Z = Zx(q) and let R be a system of representatives of the right cosets of Z in G. 
Then pOz = ] [per p(q)°. Take a” such that 


, _ J a (mod Lie), 
a = 
1 (mod L} ye) for p¢ Z. 


p(a)e* 
Then p~'(a’) = 1 (mod Let) if p ¢ Z and so 
Nla) = [J [r= [] 7) = Ne’) 


pERTEZ TEZ 


Np 


(a) (mod Let). 


Thus N§(a) € NE(L*)(L1.. N K*) = NĘ(L*)K},. So y = Ni(a)B € NĘ(L*)KL. 


14.4 Lemma. Let p be an infinite prime of K and q a prime of L above p. Then 
the inclusion K* — Ky induces an isomorphism 


K* /Ni(L*)K, > K}/N4(L*). 
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PROOF. The group Kj/N}(L%) is trivial if p does not ramify and otherwise it is 
of order 2. If p is oe then K; 1 — K*. So let’s assume that p is real and 
corresponds to an embedding op: K r, R. For 6 € L* we have 


E J[ oar ) 


TEG 


where g4 is a fixed embedding of L in R or C above the embedding cay. If p does 
not ramify, choose 6 € L such that oq7T(8) < 0 for exactly one of the embeddings 
oT: L > R. Then N&(f) ¢ Ky and so also the group K*/Nk(L*)Ky is trivial. 
If p ramifies, then there is a To € G of order 2 such that og7 = Gq. In this case 
oy(N%(8)) is a product of elements o47(8) + oq770(8) = q7(8) + oq7(B) > 0 and 
so Nk (8) € K}. 


14.5 Proposition. For sufficiently high exponents of the finite primes in the mod- 
ulus m we have 
#(K * TIN i) Kh) =|[e rae 


plm 


PROOF. Let p be a finite prime of K and q a prime of L above p. By Theo- 


rem 11.22 1+ * C Kj” for t > vp(n) + 1: Where p is the prime number under p 
and e = a” =eg(p). For such t we have by Lemma 14.3 an isomorphism 


K* /Ni(L*) Kye —> Kj /N8 (L3) 


and by Theorem 12.22 the last group is of order eP se fp ©. So the proposition follows 
from Proposition 14.1 and Lemma 14.4. 


It is only in this last proposition we need that m is a multiple of a sufficiently high 
power of each of its finite prime divisors. The exponent t of such a prime p has to 
be such that 1+ p’ C N} (L}). 


i (Coker(f.)) 
i (Ker(fx)) 


This computation holds for all moduli m. Only at the very end of this computation 
the modulus m is required to be a multiple of all ramifying primes. 


Computation of 


Let Q be the set of finite primes of L which do not divide m. Then we have the 
exact sequence of G-modules 


1 — Lọ —> L* F, (L) > (Lo) — 1. 
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Let Y be the image of f: L* > I™(L). The above exact sequence splits into two 
short exact sequences 


1 > Lo +L» 3 Y — 1 


and 
1 — Y — M(L) — Ce(Le) — 1. 


Because H!(L*) = 1 and H'(I™(L)) = 1, the exact hexagons of cohomology groups 
become exact sequences 


1 — H'(Y) — H° (L5) — H? (L*) — H° (Y) — (Lg) — 1 
and 
1 — H'(C&(Lg)) — H? (Y)  H°(I"(L)) — H” (Œ(Lgo)) — H! (Y) — 1. 


These sequences fit in the diagram for the ker-coker exact sequence of H°(L*) > 
A°(Y) > H°(I™(L)): 


ANY) HY) 


‘ va 


oe. J 


1 ———> Ker( f1) —> H°( o E I™(L)) — Coker(f..) ——— 1 


)— r, 


z i 


1 1 


Connecting head and tail of the exact sequence from the top left to the top right 
yields an exact hexagon 
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Since Cé(Lg) is finite, it follows that 


#(Coker(fx)) 


Ra) ~ 0) (14.3) 


As at the end of section 6.3, the ker-coker exact sequence of L* + I(L) => I™(L) 
is: 


1 — O} — Lọ > Dz > COL) — CO(Lg) — 1. 


almo 
Since C(Oz) and Cé(Lq) are finite, we have 
qa(L9) = (O07) - (® Z). 
q|mo 
This leads to a formula for the Herbrand quotient of Lọ: 
1 
(®2) = Ta ® 2) = II eD p0 

q|mo plmo —q|pOx mo “P Jp 

and so by Theorem 12.24 
Lo) =[E: : 
q( Q) =| pA II eD pO) 


p|mo 
or p infinite 


We obtained the following: 


14.6 Proposition. If the modulus m is a multiple of all ramifying primes, then 


#(Coker(f.)) ay TT) 
Akay er La 
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Conclusion 


Let L : K be an abelian number field extension. Choose a modulus m of K such 
that the prime divisors of m are the in L ramifying primes and such that the finite 
ones among these have in m a power such that Proposition 14.5 applies. Then by 
this proposition and Proposition 14.6 the equation (14.2) becomes 


#(Clm(L : K)) = [L: K]: #(X). 
So #(Clm(L : K)) > [L : K]. Hence we proved: 


14.7 Theorem (The Second Fundamental Inequality). Let L : K be a cyclic 
Galois extension of number fields and m a modulus of K divisible by all in L 
ramifying primes, the finite ones to a sufficiently high power. Then 


H#(Clm(L : K)) > [L: K]. 


The First Fundamental Inequality (Theorem 13.44) tells us that 

#(Clm(L: K)) = #(H(L: K)OHm) <H(L: K) < [L: K]. 
So we proved the fundamental equality, which is stated here explicitly because of 
its importance: 


14.8 Theorem (The Fundamental Equality). Let L : K be a cyclic Galois 
extension of number fields and m a modulus of K divisible by all in L ramifying 
primes, the finite ones to a sufficiently high power. Then 


#(Clm(L : K)) = ([L: K]. 


For the m in the theorem we have in equation 14.2: #(X) = 1. A consequence is 
a local-global principle of Hasse as formulated in the next section. 


In more modern approaches the first and second inequality are called respectively 
the second and the first inequality, in accordance with the order the inequalities 
are proved. 


For m as in the theorem we have H(L : K) C Hm(K). In particular fx(L) | m, 
which implies that the prime divisors of fx(Z) ramify in L. In terms of Dirichlet 
characters we now have: 


14.9 Corollary. Let L: K be a cyclic Galois extension of number fields. Then 


#(M(L: K)) =([L: K]. 


and the prime divisors of the conductor of L: K ramify in L. 
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14.2 Hasse’s Principle 


For a first indication of the strength of this theorem, let L : K be acyclic unramified 
number field extension. Then we can take m = (1), the trivial modulus, and we 
obtain 


#((K)/Nx(I(L))P(K) = [L : K]. 
The group I(K)/N%(I(L))P(K) is a homomorphic image of I(K)/P(K) = Cé(K). It 
follows that [L : K] | #(CŒ(K)). So the existence of an abelian unramified extension 


of K has consequences for the ideal class group of K. Later, when we have the full 
Classification Theorem, we will see that this works both ways. 


14.2 Hasse’s Principle 
Another consequence of the computation in the previous section is that X = 1, 
which means that the map Kj, + Sm(K) induces an isomorphism 


Ki r Sm (K) 
NEANKE NE(IP(L))NSa(K) 


(14.4) 
This leads to Hasse’s Principle for cyclic extensions: an element is a global norm 
if and only if it is everywhere—i.e. at every prime—a local norm. 


14.10 Theorem (Hasse’s Principle). Let L: K be a cyclic extension of number 
fields anda E€ K*. Then 


a E€ NE(L*) = ae NI (L3) for all primes p of K, 
where for each p the q is a prime of L above p. 


Proor. The >-part follows from Lemma 14.2. 


Since the map (14.4) is an isomorphism, it follows from the diagram on page 349 
that the following square is cartesian: 


H? (L*) ——+ K*/Nk(L*)KA 
fe g 
H°(I™(L)) ———+ Clm(L : K) 


Let a € K* be a local norm at a finite prime p of K, say a = N} (8p), where q is 


a prime of L above p and pp € Ly. Put fp = A. By definition of the norm for 
fractional ideals we have 


Up(a) = Up (NP (Bp)) = fp ` valp). 


355 


14 Artin’s Reciprocity Law 


Let P be the collection of finite primes p of K with p f mo. Choose for every prime 
p € P a prime q of L above p and let Q be the collection of these primes q of L. If 
a € K* is a local norm at all primes in P, then 


f(a) = TJ © = [| pr) = Nk(T] qr (>) € NE(I™(L)). 


peP peP qEQ 
So the image of a- NẸ (L*) under f,: H°(L*) > H} (I™(L)) is trivial. 


Let a be a local norm at every prime p of K. Then in particular a is a local norm 
at the prime divisors of m. Lemma 14.3, Lemma 14.4 and Proposition 14.1 imply 
that a € N%(L*)K], so also the image of a- N&.(L*) under the horizontal map is 
trivial. Since the square is cartesian it follows that a € N4 (L*). 


Furtwangler proved the principle for cyclic extensions of prime order in 1902. Hasse 
originally conjectured that this principle holds in general for abelian number field 
extensions. In 1931 he proved that the principle holds for cyclic extensions in 
general ({16]). In the same paper he gave a counterexample: 3 is a not a global norm 
for the biquadratic extension Q(/—3, V13) : Q, but is a local norm at every prime 
of Q (exercise 3). In 1967 Tate gave, using idéles and cohomology, in [7] another 
counterexample as an exercise: Q(V13, V17) : Q. In [21] M. Keune has shown that, 
using a method similar to Hasse’s, for prime numbers p and q with p,q = 1 (mod 4) 
and (2) = 1 the biquadratic extension Q(,/p, \/q) : Q is a counterexample. 


14.3 Artin’s Reciprocity Law 


In this section we prove the existence of a modulus for any abelian number field 
extension. The following propositions show that the existence of a modulus for 
some abelian number field extensions implies the existence of a modulus for various 
other extensions. 


14.11 Proposition. Let m be a modulus for the abelian number field extension L : K 
and let K' : K be any number field extension. Then m is a modulus for K'L : K' 
as well. 


PROOF. The ray Sm(K) is contained in the Artin kernel of L : K. By Proposi- 
tion 13.31 NÆ (Sm(K’) C Sm(K), so for a € Sm(K’) we have, using Lemma 13.54, 


K'E L d 
P% (a) = pK (NE (a) =1. 


So the ray Sm( K’) is in the Artin kernel of K'L : K’. 


14.12 Proposition. Let m be a modulus for the abelian number field extension L : K 
and let K' be an intermediate field of this extension. Then m is a modulus for both 
L:K' and k': K. 
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Proor. That m is a modulus for L : K’ follows from Proposition 14.11. Since 
Ker(y2) Cc Ker(y )) the modulus m is a modulus for K’ : K as well. 


For cyclotomic extensions there is a modulus: 


14.13 Proposition. Let K be a number field and L an intermediate field of a cy- 
clotomic extension K (Gm): K. Then the modulus (m)oo (extended from Q) is a 
modulus for L: K. 


Proor. The modulus (m)oo is a modulus for for Q(¢m) : Q. The proposition 
follows from Proposition 14.11 and Proposition 14.12. 


For the proof of Artin’s Reciprocity Law we need a lemma which is a corollary of 
the following lemma. 


14.14 Lemma. Let a,n € N* anda > 2. Then infinitely many odd prime numbers 
l have powers l™ such that n | o(a), where a € (Z/I™)*. 


PRooF. First we show that there is a power /’” of a prime number l such that 
a € (Z/I™)* is of order n. 


The n-th cyclotomic polynomial is defined as 


®,(X)= |] (X-¢h) ZX]. 


O0<k<n 


gcd(k,n)=1 


Because a > 2 we have |a—¢*| > 1 and there is equality only if k = 0 and a = 2. For 
n > 2 it follows that |®,,(a)| > 1. Let l be a prime divisor of ®,,(a). Then a € F} 
is of order nl~*\™, Since p(X) | X” — 1 in Z[X], it follows that l | a” — 1. Put 
m = v(a” — 1). Then o(@) | n, where @ € (Z/I)*. Because Ker((Z/1™)* — F7) 
is an l-group, o(@) = nl~* for a k with 0 < k < vu(n). Suppose k > 0. Then 
I™ | a”/! — 1 and in particular a”/! = 1 (mod1). From 


at —1= (av! _ ign + ar 072/1 Pais ar” $ 1) 


and a” 7D/! 4 a” 0-3/1 4... +a?” +1 = 0 (mod!) follows that v(a”! — 1) < m, 
contradicting I" | a”/! — 1. So k = 0, that is o(@) = n, where @ € (Z/1™)*. 


Apply this construction with n replaced by pn, where p is a prime. Since the prime 
divisors of #((Z/l’)*) for all powers of a single prime l are divisors of (I(l — 1), 
infinitely many l are obtained when p varies over all primes. Hence n | o(@) for a 
modulo powers of infinitely many (odd) prime numbers. 


14.15 Lemma. Let L: K be a number field extension and p a finite prime of K. 
Then there are powers q of infinitely many odd primes such that 


p{qOk, [L: K] | ofp) and K(q)NL=K. 
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ProoF. The number field L has only finitely many subfields. Let Ky,...,K; 
be the subfields of L which are contained in a cyclotomic field, say K; C Q(Cm,). 
Put m = mymz::-m,. By Lemma 14.14 there are powers q of infinitely many 
odd primes such that gced(q,m) = 1 and the order of pD (= order of N(p) 
in (Z/q)*) is a multiple of [L : K]. It remains to prove that K(¢,) O L = K. 
The subfields of L contained in a cyclotomic field are all contained in Q(¢m). So 


LAQG) E Qm) A Q(Cq) = Q and also K N Q(¢,) = Q. By Galois theory 
Gal(Q(¢q) : Q) = Gal(L(¢,) : L) = Gal(K (Gq) : (LN K(Gq))) 


and 
Gal(K(¢q) : K) = Gal(Q(6,) : Q). 
Hence LN K(¢,) = K. 


14.16 Theorem (Artin’s Reciprocity Law). Let L: K be an abelian extension 
of number fields. Then there is a modulus m of K having the ramifying primes as 
its prime divisors, such that the Artin map og: I (K) > Gal(L : K) induces an 
isomorphism 


I™ (K) /NE-(I™(L))Sm(K) > Gal(L : K). 


ProoF. By Proposition 13.55 we may assume that L : K is cyclic. Let m be such 
that the Fundamental Equality holds for L : K: 


#(Clm(L : K)) = (K) : Nk (L))Sm(K)) = [L : K]. 


Choose a generator o of Gal(Z : K). We will construct an a € I®(K) such that 


oP (a) =o and for all finite primes p { m the following property holds: 


p 


(P) if oP = ot, then a E€ N&(I"(L))Sm(K). 


The proof will consist of three parts: the construction of a, the proof of property 
(P) and finally the theorem will be proved using property (P). 
Construction of a 


By Lemma 14.15 there is an odd prime power qı such that 
ged(mOx,m)=1, [L:K]|[K(&a):K] and K(&)NL=K. 


(Just take some finite prime p of K, choose qı such that gcd(q10x, m) = 1 and note 


that o(p Sa) | [K(¢q,) : K].) Let Gal(L(¢,,) : L) be generated by c1. Choose 
prolongations of ø and g1 to L(Cq, ) such that the restrictions to respectively K (¢q, ) 
and L are the identity. Put Kı = L(q,)°7!. Choose a, € I®™(K1) such that 
pe a) = øc; and take a = NẸ (a1) € I” ™(K). Then 


L(a 4 a 
p D) Ca) = oo and pP (a) = p Ma)|, =. 
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L (Car a2) 
w ri 
L(a) K3 L(Caz) 
O1 02 
oo} aoe 
oO L oO 

ky Ko 

K (Ca) o K (Ca) 
O1 02 

K 


From 


Gal(L(Cq,) + Ki (Cq,)) = Gal(Z(Cq,) : K(Cq.)) O Gal(L(Cq,) : K1) 
= (0) N (a01) = {1} 


follows that Ky(¢y,) = L(¢q,). So the extension L(¢,,) : Kı is cyclotomic and 
therefore (q,)oo is a modulus for this extension. 


Proof of property (P) 


Now let p be a finite prime of K not dividing m. Then pP = ot for an integer t. 
Again by Lemma 14.15 there exists an odd prime power qz such that 


pt aOK, ged(qOx,m) =1, K (Gor) L(Gq) =K and [L: K] | ofo C). 


Fix a generator o2 of Gal(Z(¢,,) : L) and choose the prolongation of 02 to L(¢q,) 
(K (Caz )) 


which restricts to the identity on L. Then py = o5 for some integer s. 
Because pP = a, we have pg oan) = o'o§ and so Ze = (oto). Put 


Ko = Le," ©. Again, from 


Gal(L(Cq.) : Ka(Cq2)) = Gal(L(Gq2) : K (Gq2)) N Gal(L (ega) : K2) 
= (0) N (ooi) = {1} 


follows that K2(Cq,) = L(¢q.). So (q2)oo is a modulus for the extension L(¢,,) : Ke. 
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Finally, put K3 = L(Cqq.)° 172. Then K3 D Ky, K2. Choose 63 € 1% ?™(K3) 


such that 
4142 i 


2 E 28 
7 = 0 0109. 


Then for bı = N% (b3) and 62 = N$? (b3) we have 


pie) C1) ao oieta) (p, ae. j = paw) (p (ba)l zee) 
so ig, = oat = vig (at) 
and 
gic) (by) _ pias) fh eed = o TE 
z aaae E E E A 


where pe is a prime of K2 above p. Note that p splits completely in Kə. Hence 


aré Ker (Y CD), I1”™1(Kı) —> Gal(L(¢q, ) : Kı)) 
ay 


and so, since (q1)oo is a modulus for L(a) : Kı 


1 k Nac) IM (L(Cqy) Sqm E) © N O EG SE): 


Similarly 


Apply Ný: and Nee 


b 
Š 2 ENE (I™(L))Su(K) 
and hence also 
FE NK (U"(L))Sm(K) 


The theorem follows from Property (P) 


Let c € I™(K) such that c is in the Artin kernel: BAO) = 1. For each finite prime 
pf m of K write pP =o'*. Thus for each p we have $ € NK (I™(L))Sm(K). 
Then 


a DEn epea 


p 
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where u = )¢tpvp(c). Because c is in the Artin kernel and o(o) = [L : K], this 
implies that [L : K] | u. Now 


¢ 


© ea E NE(I™(L))Sin(K) 
p 


au 


and because [L : K] | u we have a” € NZ(I™(L)). Hence c € NE(I™(L))Sm(K). 
Therefore, the Artin kernel is contained in N%-(I™(L))Sm(K). Finally, since both 
have index [L : K] in I™(K), they coincide. 


In particular, the trivial modulus (1) of a number field K is a modulus for any 
unramified abelian extension L: K and the Artin map induces an isomorphism 


I(K)/Nx(I(L))P(K) -> G. 


In other words, it induces a surjective homomorphism C(K) > G and the kernel 
of this homomorphism is trý (Cé(L)). 


14.17 Application. In Application 9.42 it was shown that for each finite abelian 
group G there exists an extension L : K of abelian number fields such that 
Gal(L : K) = G and no prime ideal of K ramifies in L. With a small adapta- 
tion of the proof one can realize that the infinite primes do not ramify either: 


Choose for i = 1,...,r the prime numbers p; in the proof such that p; = 
1 (mod 2n;). Then the Dirichlet characters x; are even. Choose Xr+ı to be 
an odd character. Then x = X1 '**Xr+1 is odd and as a result the field K is 
complex. 


So for any abelian G there exists an unramified extension with Gal(L : K) = G. 
By Artin’s Reciprocity Theorem we have a surjective homomorphism CK) > G. 
So for any abelian G there exists a number field K such that G is a homomorphic 
image of its ideal class group, or, what amounts to the same, the ideal class group 
contains a subgroup isomorphic to G. It is unknown whether any abelian G is 
realizable as an ideal class group of some number field. 


14.4 The dual Artin isomorphism and class fields 


An abelian extension of a number field determines a finite group of Dirichlet char- 
acters of the base field. We will show that each finite group of Dirichlet characters 
is the group of Dirichlet characters of at most one abelian extension. 


Let L : K be an abelian number field extension. By Artin’s Reciprocity Law the 
Artin map ot), I4(K) — Gal(L : K) induces an isomorphism Cm(L : K) 3 
Gal(Z : K) for some modulus m of K having the ramifying primes as its prime 
divisors. Dual to this isomorphism is an isomorphism Gal(L : K)  H(L: K). 
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14.18 Definition and notation. Let L: K be an abelian number field extension. 
Then the dual Artin isomorphism of L : K is the isomorphism 


og: Gal(L: K)“ 3 H(L: K) 
(2) = (2) Ky L 
defined by Oy’ (€)(a) = E(yx (a)) for all € € Gal(L: K)’ and all a € I+(K) N 
I+(K). 


By Lemma 13.29 the values of a Dirichlet character on all prime ideals but a fi- 
nite number of them determine the Dirichlet character. So ph) is determined by 


D (€)(p) = Ele) for all € € Gal(L : K) and all nonramifying p € Max(Ox). 


14.19 Proposition. Let Lı : K and Lz: K be abelian number field extensions such 
that Lı C Lə. Let p: Gal(L : K) —> Gal(Lı : K) be induced by restriction of 
automorphisms to Lı. Then the following square commutes 


PROOF. Let € € Gal(Lı : K)“ and p € Max(Ox) not ramifying in Lə. Then 


PE? P (Ep) = PE? (Ep) (p) = Elof?) = Elf) = BEY (Op). 


Hence gE? pv = H9, Note that H(L1 : K) C H(Lz : K) by Lemma 13.35. 


14.20 Corollary. Let Lı : K and Lo : K be abelian number field extensions. Then 


H(Li N Lo: K) = H(Lı : K) OAH(L2: K) 


and 


H(Lı Lo : K) = H(Lı : K) H(Lo : K). 


PROOF. By Galois theory the square 


Cullis) — Galt) 
p p 


Gal(L, : K) + Gal((L, Ly): K) 
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of surjective homomorphisms is bicartesian. By Proposition 14.19 the following 
square of inclusions is bicartesian as well. 


G 
H(Li N L2: K) —> H(Lə: K) 


C c 


C 
H(Lı : K) —> H(L1 Lə g K) 


14.21 Definition. Let K be a number field and X a finite group of Dirichlet char- 
acters of K. If L : K is an abelian number field extension such that H(L: K) = X, 
then L is called a class field for X. 

Class fields are unique. This is a consequence of: 


14.22 Proposition. Let Lı : K and Ly: K be abelian number field extensions. 


Lı C L = H(Lı ; K) C H(Lə ; K). 


PROOF. 
=>: This is Lemma 13.35. 
<: If H(Lı : K) C H(L2 : K), then by Corollary 14.20 H(LıLə : K) = 


H(Lə: K). This implies [LıLə : K] = [Lə : K] and since Lə C LiLə, 
we have Lo = LiLo, that is Ty C Lə. 


For an abelian extension of number fields we now have a correspondence between 
intermediate fields and groups of Dirichlet characters of the extension. 


14.23 Corollary. Let L : K be an abelian number field extension. Then the map 
L' + H(L' : K) is an inclusion preserving bijection from the set of intermediate 
fields of L : K to the set of subgroups of H(L: K). 

PROOF. The dual Artin map gy) is an isomorphism and induces an inclusion pre- 
serving bijection from the set of subgroups of Gal(L : K)” to the set of subgroups 
of H(L: K). 


In section 9.1 an elaborate but relatively elementary proof was given of the theorem 
of Kronecker and Weber. The proof involved a detailed study of various ramifica- 
tion groups. The following proof illustrates the strength of class field theory. 
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14.24 Theorem (Kronecker-Weber). Let K be an abelian number field. Then 


K is a subfield of a cyclotomic field. 


PROOF. The conductor fg(K) is either of the form (m) or (m)oo for some m € 


N*. So for such m we have H(K : Q) © Himo) = H(Q(Gm) 


K C QGm). 


: Q). Hence 


The Translation Theorem describes the behavior of the group of Dirichlet char- 
acters of an abelian extension under a change of the base field. It is based on 
Lemma 13.54. In the notation of this lemma, we have a commutative square 


where i is the restriction of automorphisms to L. Divide by the Artin kernels: 


(LK) 
Digi 
Cg (LK' 2K") ~= Gal( EK? sk) 


NE i 
w 
UalL : K) ————> Gal (L: K) 
Dually, 
pit) 
Gal(L : K) ————+ H(L: K) 
iY ye 
¥(K'L) 


Gal(K’L : K^)“ 


and this proves the following theorem. 
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14.25 Translation Theorem. Let K' : K be a number field extension and L: K 
an abelian number field extension. Then 


H(K'L : K') =vE,(H(L: K)). 


In particular, if K' is an intermediate field of L : K, then 


H(L: K") = vE(H(L : K)). 


EXERCISES 


1. Show that the proof of formula (14.3) simplifies if we assume that m is such that 
Lg is a principal ideal domain. 


2. Let m be a squarefree integer # 1. 


(i) 
(ii) 


Show that there exists an a € Q(\/m) such that Q(./m, va) : Q is not a 
Galois extension. 


Show that there exists an abelian extension L : Q(,/m) which is not contained 
in a cyclotomic extension of Q(./m). 


3. ([16]) Let L = Q(./—3, V13) and K = Q(./—39). Let Gal(L : Q) = (0,7) with o 
and T such that o(./—3) = /—8 and 7(./—39) = /—39. 


(i) 
(ii) 
(iii) 


(viii) 


Show that 3 is a local norm of L : Q at every prime of Q. 
Show that L : K is unramified. 


Let pe = (2, + v=). Prove that Cé(K) is cyclic of order 4 and that this 
group is generated by the class of p2. 

Let a = 2-¥=39 ee Prove that 3 is a norm of L : Q if and only if there exists a 
B € K* such that ay is a norm of L: K. 


Let 8 € K* and ps the unique prime of K above 3. Show that 


aß Op = P Bp 
o(f8) o(Bp2)” 


Show that for p € Max(Ox) the ideal class of HO is of order < 2. It is of 


order 2 if and only if the class of p is of order 4. 
Prove that there is a p € Max(Ox) such that the class of p is of order 4 and 


Up (5) is odd. 


Conclude that 3 is not a norm of L : Q. 


4. Let p be an odd prime number and q an odd prime divisor of p— 1. Let K = Q( yp) 
and L the subfield of Q(¢,) of degree q over Q. 


(i) 


Show that p totally ramifies both in K and L. 
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(ii) Let p be a prime ideal of KL above p and let p’ and p” be the primes under 
p of respectively K and L. Show that both Ky, : Qp and Lpr : Qp are Galois 


extensions. 
(iii) Show that there is an a € Lý» such that Ly = Qp(a) and a? € Qp. 
(iv) Show that p does not totally ramify in KL. 
(v) Prove that KL : K is an unramified Galois extension. Conclude that Cé(K) 
contains an element of order q. 
5. ([23], Theorem 1) Let L : K be an unramified cyclic extension of number fields. Set 
G =Gal(L : K). 
(i) Prove that the homomorphism L* > P(L), a œ> aOz of G-modules induces 
an injective homomorphism H°(L*) > H°(P(L)). (Hint: Hasse’s Principle) 
(ii) Prove that H°(OZ) = H'(P(L)). 
(iii) Show that the inclusion P(L) — I(L) induces a short exact sequence 


1 — I(L)° /P(L)° — CULI — H'(P(L)) — 1. 


(iv) Show that 


. _ #(C0(K)) 
(L)°  PL)") = eines BER) 
and 
HADS = —#OED) _. 290%). 


(P(L)¢ : P(K)) 
(v) Show that the inclusion O% — L* induces a short exact sequence 


1 —> P(K) — P(L)% > H'(O7) — 1. 


(vi) Prove that 
HAK) 


HADS) = PEK 


(vii) Let L: K be an unramified cyclic extension of number fields. Show that the 
order of the kernel of jf : Œ(K) > CŒ(L) is at least [L : K]. 


For [L : K] a prime number the final result in the last exercise is known as Hilbert’s 
Theorem 94. It is Satz 94 in [18], also known as Hilbert’s Zahlbericht. Translation: 
[19]. 
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The Classification Theorem relates finite groups of Dirichlet characters of a num- 
ber field to abelian extensions of this number field. What is so far still missing is 
the existence of an abelian extension corresponding to a given group of Dirichlet 
characters. This existence problem will be reduced in section 15.1 to the case in 
which the base field contains sufficiently many roots of unity. Then the extension 
looked for is a Kummer extension. Kummer extensions are treated in general in 
section 15.2. The full Classification Theorem is proved in section 15.3. A direct 
consequence is Chebotarev’s Density Theorem for Galois extensions of number 
fields (section 15.4). Dirichlet characters describe the splitting behavior of primes 
in an abelian extension of number fields. In the sections 15.5 and 15.6 this descrip- 
tion is completed with the Complete Splitting Theorem and a description of the 
conductor. 


In section 15.6 an isomorphism oe): K,/N}(L3) > Gal(L, : Kp), the local Artin 
map for the completion of an abelian number field extension L : K, is constructed. 
The so-called Hilbert symbols are based on this map. These symbols are treated in 
the next chapter. In this chapter the local Artin map is used for a description of 
the conductor of abelian number field extensions. 


In section 15.8 we have a look at the special case of unramified abelian extensions 
of a number field. The maximal one among these is known as the Hilbert class field. 
An important property of Hilbert class fields is the Principal Ideal Theorem: ideals 
in the base field become principal in the Hilbert class field. Using a generalization 
of Artin maps to Galois extensions of number fields in general, not just the abelian 
ones, as described in section 15.7, the Principal Ideal Theorem is reduced to pure 
group theory. The proof is in the last section. 


15.1 Reduction steps 


In this section reduction steps toward the Existence Theorem (Theorem 15.27) are 
made. We have to show that for any finite group X of Dirichlet characters of a 
number field K there exists a class field. Here is an outline of the proof: 


1. First we note that if for a group X’ > X a class field exists, then so there 
exists one for X. This is Proposition 15.1. 
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2. Next it is shown that, if there is a class field for the group v#,(X) of Dirichlet 
characters of K’, where K’ : K is abelian, then there is one for X as well. 
This is Theorem 15.7. The result of step 1 is used here. 


3. We will show that, if K contains un, then there is a modulus m of K such that 
the group ,,Hm(K) has a class field.’ This is Theorem 15.26. The required 
extension is a an n-Kummer extension. As explained in section 15.2 such 
extensions of K are classified by subgroups of K* containing the subgroup 
K*” of n-th powers as a subgroup of finite index. 


4. By the result of step 2 we may assume that the field contains un, where n 
is an exponent for the group X. Finally, by the steps 1 and 3, it suffices to 
choose the modulus m such that also X < ,Hm(K). 


The first reduction step: 


15.1 Proposition. Let K be a number field and let Xı and Xə be finite groups of 
Dirichlet characters of K such that Xı C X2. If there is a class field for X2, then 
there is a class field for Xı as well. 


PrRooF. This is just a reformulation of Corollary 14.23. 


The Classification Theorem describes a correspondence between abelian extensions 
of a number field K and finite subgroups of H(i). This proposition is the part of 
the theorem that describes the correspondence between subextensions of a given 
abelian extension L: K and subgroups of H(L : K). 


15.2 Lemma. Let L: K be a number field extension anda: L > C an embedding. 
Then the following squares commute. 


Nk vob) 
I(L) ———-+ I(k) H(o(K (o(L)) 
* ae * 
o(K) KT, 
I(o(L)) I(o(K)) H(K) ———+ H(L) 


PROOF. For the commutativity of the first square it suffices to show that the maps 


No and o,N% agree on finite primes of L. Let q € Max(Oz) and p=qN K. 


Put f= ee Then o(q) € Max(Q,z)) and o(q) No(K) = o(p). Therefore, 


NZA) = Noela) = alp) = o(p!) = o(NK(a)) = (NK) (0) 


1Notation: For n € N* and A a (multiplicative) group „A is the subgroup of a € A with a” = 1. 
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The commutativity of the second square follows from the commutativity of the 


first. Let € € H(o(K)). Then (vE o*) (€) = vë (£o) and ote (6) = ve Ele: 


If m is the conductor of £, then the Dirichlet characters v¥ (€o,) and ry (E) 0. 


coincide on [7 '(™ (K) and so, by Lemma 13.29, they are equal. 


15.3 Corollary. Let L : K be a number field extension. Then an embedding o: L S 
a(L) CC induces an isomorphism 


o*: H(o(L):0(K)) > H(L: K), € fox. 
15.4 Notation. Let L : K be a Galois extension of number fields, o: L > C an 
embedding and 7 € Gal(L : K). Then we have a group isomorphism 
fo: Gal(L: K) > Gal(o(L): 0(K)), T= oro™!. 
15.5 Lemma. Let L : K be an abelian number field extension, o: L —> C an 


embedding and m a modulus for L: K. Then the following squares of isomorphisms 
commute. 


p 
UalL: K) —— > Gal(L: K) 
~ | Ox ~ fo 
CE) 


CT 1 0(K)) EL, Gal(o(L) : o(K)) 


alet se" —" Het) se RY 
Gal(L: K)“ — H(L: K) 


PROOF. Let aeI™(L). Then 


fek (a) = og? (alo? = oC) (o(a)). 


The commutativity of the second square follows from the commutativity of the 
first. 
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15.6 Proposition. Let K : Ko be a Galois extension of number fields and L : K 
an abelian number field extension. Then L : Ko is a Galois extension if and only 
if T*(H(L: K)) =H(L: K) for allr € Gal(K : Ko). 

If L: Ko is a Galois extension, then the action of Gal(K : Ko) on H(L : K) is 
compatible with the action of this group on Gal(L : K), i.e. for r € Gal(K : Ko) 
the following diagrams commute (m is a modulus for L: K): 


(L) (LZ) 


p ğ 
Chek) —* Gal(L: K) Gal(L: K) —* + H(L: K) 
~ | Tx ~| fr ~ FY ~ |7* 

A ee 
Clin (L : K) —— Gal(L : K) Gal(L: K) ——> H(L: K) 


where the T in f- is a prolongation of T to L. 


PROOF. Let an embedding o: L > C satisfy o(a) = a for alla € Ko. Then 
o(K) = K because K : Ko is a Galois extension and so by Corollary 15.3 
o*(H(o(L): K)) = H(L: K). Hence the following are equivalent: 
L : Ko is a Galois extension; 
o(L) = L for allo: L > C with o(a) = a for all a € Ko; 
H(o(L): K) =H(L: K) for all o: L > C with o(a) = a for all a € Ko; 
(o>) H(H(L : K)) =H(L: K) for all o: L > C with o(a) = a for all a € Ko; 
o*(H(L: K))= H(L : K) for all o: L > C with o(a) = a for all a € Ko; 
T*(H(L: K)) =H(L: K) for all 7 € Gal(K : Ko). 
The last equivalence follows from the fact that every 0: L — C fixing elements of 


Ko is a prolongation of some r € Gal(K : Ko). The commutativity of the diagrams 
follows from Lemma 15.5. 


15.7 Theorem. Let K' : K be an abelian number field extension and X a finite 
group of Dirichlet characters of K such that there is a class field for v%,(X) C 
H(K’). Then there is a class field for X. 


PROOF. First we prove the theorem under the extra condition that the extension 
K' : K is cyclic. So let K’ : K be cyclic and L’ the class field for v#, (X). Let 7 
be a generator of Gal(K’ : K). Then NK’r, = NK’ and so r*vĶ, (X) = vi, (X). 
By Proposition 15.6 the extension L’ : K is a Galois extension. The identity 
N*'7, = N¥ also implies that the action of r on vk,(X) = H(L’ : K’) is trivial 
and so by the same proposition the action of r on Gal(L’ : K’) is trivial. Since 
Gal(K’ : K) is cyclic this implies that L’ : K is abelian: the group Gal(L’ : K) is 


370 


15.2 Kummer extensions 


generated by the abelian subgroup Gal(L’ : K’) and a prolongation of 7 to L’. From 
vis, (X) = H(L’ : K') = Ker(v}s ) follows that X C Ker(v v%,) = Ker(vě) = 
H(L’ : K). Hence by Proposition 15.1 there is a class field for the group X. 


For the general case take a chain of cyclic extensions 


K= Ko C Ai CC Kyi CK; Ce CK HR. 


There is a sequence of finite groups of Dirichlet characters: 
X, vě (X), A a vě, (X), vie, (X), reeg vě (X) = VEX). 


Since Vie, (X) = na ae (X), we have by the cyclic case, that if there is a class 


field for Vie, (X), then there is one for Vie, 4 (X). This proves that there is a class 
field for X. 


This theorem makes it possible to assume in the proof of the Existence Theorem 
that the base field contains a primitive n-th root of unity, where n is an exponent of 
this finite group of Dirichlet characters: adjunction of a root of unity is an abelian 
extension. Then the class field extension has to be a Kummer extension. This 
was the second step in the proof. In the next section we consider first Kummer 
extensions in general. 


15.2 Kummer extensions 


In the previous section the proof of the Existence Theorem was reduced to the case 
in which the base field has enough roots of unity. The meaning of ‘enough’ in this 
context is made precise in the following definition. 


15.8 Definition. Let n € N*. An abelian extension L : K is called an n-Kummer 
extension if Gal(L : K) has exponent n and K contains a primitive n-th root of 
unity. 


For Kummer extensions the intermediate fields correspond to certain subgroups of 
the multiplicative group of the base field. This explains their relevance for class 
field theory. The theory of Kummer extensions is purely algebraic, it is a part of 
Galois theory. 


15.9 Proposition. Let K be a field containing a primitive n-th root of unity and 
L : K a cyclic Galois extension of degree n. Then there is an a € L such that 
L= K(a) anda” E K. 

PROOF. Let ¢ € K be a primitive n-th root of unity and o a generator of 
Gal(L : K). Then N (Å) = ¢” = 1. So by Hilbert’s Theorem 90 (Theorem 12.17) 
there is an a € L* such that 5% =¢. Then a(a*)=a* 4> n|k. Soa" € K 
and L = K(a). 
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15.10 Proposition. Let L : K be an n-Kummer extension. Then there are 
Q1,---,Q, E L such that af € K forj =1,...,r and L = K(a,...,Qr). 


PROOF. The group Gal(L: K)“ is generated by a finite number of elements of 
order a divisor of n. So by Galois theory there are intermediate fields L4, ..., Lr of 
L : K such that each Gal(L; : K) is cyclic of order a divisor of n and L = Lı +-+- Ly. 
Now the proposition follows from Proposition 15.9. 


15.11 Proposition. Let L: K be an n-Kummer extension and L = K(ay,...,Q,r) 
with af,...,a E€ K*. Then L” O K* = K*"(ay,..., ar). 


PROOF. Put L; = K(ay,...,a;) for j = 1,...,r. The extensions Lj : K are 
n-Kummer extensions. Clearly, K*” (a?,..., a7) C Li" N K*. We show that 
L}” O K* SOO eee Gy) for j=1,...,r. (15.1) 


Let 8 € Li such that 8” € K*. The group Gal(Lı : K) is generated by an 
automorphism o with o(a1) = ¢a1, where ¢ is a, not necessarily primitive, n-th 
root of unity. Then o(3) = ¢*@ for some integer k. From o(a] ") = Ba;* follows 
that 8 € K*(aı) and so p” € K*” (af). 

Assume that Li", QN K* = K*” (aĵ, .-.,a%_1) for some j < r. Let 6 € L such that 
p” € K*. The extension Lj : Lj—1 is a cyclic n-Kummer extension, so as above 
L” A Lt, = Le, (a). So 8” = a?ă, where y € L*_, and k € Z. Because 
a E Li, 1 K* = K*"(a?,...,07 1), we have 8” € K*"{a?,...,a?). So 
identity (15.1) holds for all j and in particular for j = r. 


A classification theorem for Kummer extensions: 


15.12 Theorem. Let K be a field containing a primitive n-th root of unity. Then 
there is a one-to-one correspondence between n-Kummer extensions of K and sub- 
groups A of K* containing K*”" such that A/K*” is finite: 


n-Kummer subgroups of K* containing K*" 
extensions of K as a subgroup of finite index 
L:K > De" 7 k* 


K(VA) < A 


(The extensions of K are assumed to be inside a fixed algebraic closure of K.) 
PROOF. We will prove: 


a) If L : K is an n-Kummer extension, then for A = L*” 1 K* we have L = 
K(WA) and A/K*" is finite. 
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b) If A is a subgroup of K* containing K*" and such that A/K*” is finite, 
then K(VA) : K is an n-Kummer extension and A = L*" N K*, where 


L=K(¥YA). 


For a proof of a) let L : K be an n-Kummer extension. Then by Proposition 15.10 
there are a1,...,a, E L* such that L = K(ay,...,a,) anda? € K forj =1,...,r. 
By Proposition 15.11 L = K(a1,...,@r) = K( VA). The group L*” N K*/K*" is 
generated by the classes of aj?,...,a%’ and these are of finite order. So the group 
A/K*" is finite. We have aj,...,0n E VA C L* and L = K(a1,...,a,r), SO 
L=K(VA). 


Now let A be a group with K*” C A C K* and A/K*" finite. Then A = 
K*"(a1,...,@r) with a1,...,a, E€ A and K(WA) = K(aj,...,a) : K, where 
a? =a; for j = 1,...,r. Put L = K(@1,...,@an). Then L: K is an n-Kummer 
extension and, as we have seen, L*” 1 K* = K*"(a},...,a?) =A. 


Theorem 15.14 describes the connection between the Galois group of a Kummer 
extension and the corresponding subgroup of the multiplicative group of the base 
field. The main tool is the following. 


15.13 Lemma. Let L: K be an n-Kummer extension and B € L* such that B” € 
K*. Then the map 


Gal(L: K) > pn, TH —— 
is a group homomorphism. 


PROOF. Let o,r € Gal(L: K). Put LP = Ç € un. Then 


or(8) _ o(68) _ olb) _ alB) 7(8) 


p b p P É 


15.14 Theorem. Let L: K be an n-Kummer extension. Then the map 


L” A K* > Gal(L: K)“, ac (= aa) 


induces an isomorphism (L*® N .K*)/K*” 7 Gal(L: K)“. 
Proof. By Lemma 15.13 we have a bilinear map 


o( Wa) 
ve 


Gal(L : K) x (L°" A K*)/K*" > un, (a,aK*") => 


The theorem follows from the nondegeneracy of this pairing. 
If o(3/a) = Ya for all o € Gal(L : K), then ņ/a € K* and so a € K*". 


If o( %/a) = Va for all a € L*” N K*, then it follows from Proposition 15.11 
that o = 1. 
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15.3 The Existence Theorem 


As indicated at the end of section 15.1 we can assume that the class field extension 
we are looking for is a Kummer extension. We need some results on the splitting 
behavior of primes in a Kummer extension of number fields. The first such property 
is given by the following lemma. 


15.15 Lemma. Let F be a local field containing a primitive n-th root of unity and 
a € F* such that v(a) = v(n) = 0. Then the n-Kummer extension F( Ya) : F of 
local fields is unramified. 


PROOF. The minimal polynomial of y = ~/a is X¢ — 8 for some d | n and 8 = qê. 
Put E = F(y). By Definition 7.22 


disc(1,7,...,747!) € dp (E). 
Since d | n and 8” = af, we also have v(8) = v(d) = 0. Then from 


a= +NE (dy4-1) = +d48¢-1 


disc(1,7,---,7 


follows that vp(disc(1,y7,...,y2~!)) = 0. So dp(E) = Or. Therefore, E : F is 
unramified (Theorem 7.28). 


15.16 Corollary. Let K be a number field containing un, a E€ K* and p a finite 
prime of K satisfying vp(a) = up(n) =0. Then p does not ramify in the n-Kummer 
extension K(*/a): K. 


Proor. Take the q-adic completion of K(%/a), where q is a prime above p, and 
apply Lemma 15.15. 


The n-Kummer extensions of a field K correspond to finite subgroups of K*/K*". 
For local fields this group is finite: 


15.17 Proposition. Let F be a local field. Assume that F contains a primitive n-th 
root of unity. Then 
#(F*/F*) = n®N(pr)". 


PRooF. We will use group cohomology in a rather trivial setting. Let G be a 
cyclic group of order n and consider F* as a G-module with trivial G-action. Then 
H°(F*) = F*/F*" and H1(F*) = un. So #(F*/F*") = n-q(F*)—1. We have the 
short exact sequence of G-modules 


i+ 0 — F 25 Z — 0. 


So q(F*) = q(O%)qa(Z) = q(O%)n7t and it remains to compute g(O%). For suffi- 
ciently large r we have 


#(H!(0r)) 1 


(Or) = al + p") = AP") = Or) = Or) F Or/nOr) 
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1 
= ———___ = N(pp) 


— #(On/pyr™) 


Hence #(F*/F*") =n-q(F*)-} = n2q(Op)-? = n2N(pp)"*. 


We will use the following lemma, which is similar to Proposition 14.1 and so is its 
proof. 


15.18 Lemma. Letn € N*. The arithmetic projective system m œ> K*/K*"K} of 
a number field K is multiplicative. 


PROOF. Let mı and mg be moduli of K with gcd(m,,m2) = 1. The identity 
Kn, Km, = K* implies that K*" Kj, K*" K}, = K*, so it remains to prove that 


K” K}, N K” K}, = Kt" K1 


m ,m2° 


Let c = a®b, = abby with a1,a2 € K*, by € K}, and bə € Kh, There is an 
a € K* such that a`™!aı € Kh, and alaz € Kh- Then c = a"™(a~'a,)"b = 


a"(a~taz)"bz and so (a™taı)”bı = a"(a7*az)"bo E€ Kh, O Kh, = Kim. Hence 
cE KK) ma. 


15.19 Proposition. Let K be a number field containing un and m a modulus of 
K divisible by the prime divisors of nOg and all infinite primes of K, the finite 
prime divisors with a sufficiently large exponent. Let S be the set of prime divisors 
ofm. Then 

#(K*/K*" K,,) = n5, 


where s = #(S). 
PROOF. By Lemma 15.18 #(K*/K* K} ) is the product of all #(K*/K*"K,,) 


over p € S. For p real infinite necessarily n = 2 and since K*? C Ky, we have 
#(K* /K*K,) = #(K*/K}) = 2. For p complex infinite #(K*/ K" K}) = 1. 
For finite p € S we have K*/K*" Kj, + K}/K%" for r sufficiently large. So by 
Proposition 15.17 #(K*/K*"K},) = n?N(p)?™. 


Let so be the number of finite primes in S and sæ the number of infinite primes. 
Then for n 4 2 by Lemma 15.18: 


H/K Ka) = TT PNO = nn (TT po) = NO) 
plmo plmo 


= n250 nl] = 250 p28 = n25. 


For n = 2 let ro. be the number of real infinite primes. Then 


#(K*/K*? Ki) =Š 2S0 N(20 g)2"= = 92800 p 9T +2(S00 Peo) . 9T 
= 92250+2500 = 225. 
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15.20 Definition. A collection S of primes of a number field K is called saturated 
if it contains Pæ (K). The collection Pao (K) is the smallest saturated collection of 
primes and is often denoted by Sy. 


15.21 Definition and notations. Let K be a number field, S a finite saturated 
collection of primes of K. Then I°(K) denotes the subgroup of I(K) of all a with 
Up(a) = 0 for all finite primes p € S. An element a € K* is called an S-unit of K 
if vp(a@) = 0 for all finite primes p ¢ S. The group of S-units of K is denoted by 
Ke, 

Note that K is the same the group as K% described in Notations 6.30, where P 
is the complement of S in P(K). So K5 is the unit group of the Dedekind domain 
Kp. The exact sequence (6.1) on page 140 becomes 


1— Ok — Kf — Q ZS UK) 4 @(K) 1, 
ES 
p finite 
where C9 (K) is the ideal class group of Kp. 


15.22 Definition. The group CL? (K) described above is called the S-ideal class 
group of K. 


By the above exact sequence Cé°(K) is isomorphic to the factor group of Cé(K) 
obtained by killing the classes of the finite primes in S. 


Theorem 6.31 can be reformulated as follows: 


15.23 Theorem. Let S be a finite saturated collection of primes of K and #(S) = s. 
Then K*/u(K) is a free abelian group of rank s — 1. 


Here we will need the following consequence. 


15.24 Corollary. Let the number field K contain a primitive n-th root of unity 
and let S be a finite saturated collection of primes of K. Then K%/(K%)" = 
(Zn)#0). 


15.25 Proposition. Let the number field K contain un and let S be a finite sat- 
urated collection of primes of K containing all prime divisors of NOK. Then the 
extension K(*/K%) : K is an n-Kummer extension with Gal(K( YKS) : K) = 
(Z/n)#) and the ramifying primes are all in S. 


PROOF. By Theorem 15.23 the group K® is finitely generated, so K(WKS) : K 
is an n-Kummer extension. By Theorem 15.14, Theorem 15.12 and Corollary 15.24 
we have 


Gal(K( YKS) : K) = K? K*” /K*” & KS /(KSAK*”) = RK = Zine, 


For each a € K5 and p € P it follows from Corollary 15.16 that p does not ramify 
in K(%/a). Hence none of the p ¢ S ramify in K( VKS). 
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15.26 Theorem. Let the number field K contain un and let S be a finite saturated 
collection of primes of K containing all prime divisors of nNOxK and such that 
CS (K) is trivial. Then form a modulus of K with prime divisors the primes in 
S, the finite ones with a sufficiently large exponent, the field K( YKS) is the class 
field for ,Hm(K). 


Proor. Put L= K(VKS). By Proposition 15.25 all in L ramifying primes of 
K are in S. Artin’s Reciprocity Law (Theorem 14.16) implies that H(L : K) C 
Hm(K). Because n is an exponent of Gal(Z : K), and therefore of H(L : K) as 
well, we have H(L : K) C ,Hm(K). By Proposition 15.25 #(H(L : K)) = n#(9), 
So it suffices to show that #(,,Hm(K)) = n#), 


The modulus m is such that I™(K) = IS(K). Let the map f: K* > I™(K) be 
the composition of K* > I(K), a > aOx and the projection I(K) > I™(K). For 
a € K* write (0x = aao with a € I™(K) and vp(ao) = 0 for all p € P, where 
again P is the complement of S in P(K). Then f(a) = a. The cokernel of f is 
isomorphic to Cé(Kp) (= Cé°(K)), a trivial group because Kp is a principal ideal 
domain. So f is surjective. 


Consider the following commutative diagram with exact rows 


Ke" Kn > a > > 1 
7, rO mK) OO O K) p 
Im(i)” I(K)” ITK)” Sm(K) 


in which the vertical maps are induced by f. Note that they are surjective. In 
particular the left most vertical map is surjective and from this it follows that we 
can complete the diagram to the diagram with exact rows and columns on top of 
the next page. For the middle vertical exact sequence note that the cohomology 
groups of a cyclic group of order n acting trivially the short exact sequence 


1 — KS — K* — I"(K)— 1 
yields the exactness of 
1 — H?(Kî) — H° (K*) — H° (I"(K)) — 1. 


Furthermore, we have K*”K5/K*" = K5/K° n K*” = KS/(K%)". 
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1 1 1 
aN IS en e1 mee S an eS 1 
1— KKNK Kn Krk E£ K” Kù si 
Ken Ken ker K} 
1 Ken f Ken í Kee KI ril 
i I™(K)"Sm (Ue) I™ (Kk) : I™ (I) x 
Imi)" Im(k)" I™(K)"Sm(K) 
1 1 1 
So for the order of „Hm(K) we have, using Proposition 15.19 and Corollary 15.24 
Hual K)) = #(1™(K)/I™(K)"S,,(K)) = m 
Hla PaK) = HEK Sm (KD) = Sen RL RD) 
= ee A(R" RK” A K” Ka) /K*” 


= no. #((K® KS nN KPKL )/K*”). 


It suffices to show that K*"K° N K*”K} C K*" or, what amounts to the same, 
KSAK*” K} C K*”. Let be KSOK*"K}. We show that the extension K (3%) : 
K is unramified. For p € P we have vp(b) = 0 (because b € K*) and vp(n) = 0 
(because p ¢ S). By Corollary 15.16 p does not ramify in K(%/b). For finite p € S 
we have b € K*" Kh C ky"(1 +p") = Ky” and therefore, p splits completely in 
K(3/b). Finally for real infinite p and n = 2 we have b € KY Kip E Kp Ky = Ky 
and from this it follows that p does not ramify. 


Since K( Vb) : K is an unramified abelian extension, Artin’s Reciprocity Law 
implies that its conductor is trivial. Hence the group 
K( Vb n 
I(K)/NK UK (70) PK) 
is of order [K( 3b) : K]. Let a € I(K). Since Kp is a principal ideal domain we can 
write a = d9-cOx with c € K* and ao € I(K) such that vp(ao) = 0 for all p € P. 


All finite p in S split completely in K(4/b), so we have ao € nxt vb) (I(K(3))). 
Therefore, [K(/b) : K] = 1, that is Yb € K*. Hence b € K*”. 
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15.27 Existence Theorem. For every finite group of Dirichlet characters of a 
number field there is a class field. 


PROOF. Let K be a number field and X a finite group of Dirichlet characters of 
K. Let n be an exponent of X. Put K’ = K(G,). Then Y := v, (X) is a finite 
group of Dirichlet characters of K’ and n is an exponent of this homomorphic image 
of X as well. Let f be the conductor of Y. Choose a finite saturated collection S 
of primes of K’ such that 


a) S contains all prime divisors of nO x’, 
b) Cé5(K’) is trivial, 
c) S contains all prime divisors of f. 


By Theorem 15.26 for moduli m with prime divisors the primes in S' and the finite 
ones with sufficiently large exponents in m, there is a class field for the group 
nHm( K’). Let, moreover, the exponents of the finite prime divisors of m be such 
that f | m. Then Y C ,Hm(K’). By Proposition 15.1 there is a class field for Y 
and, finally, there is a class field for X by Theorem 15.7. 


15.28 Notation. Let X be a finite group of Dirichlet characters of a number field 
K. The class field for X is denoted by Kx. 


The Existence Theorem was the main still missing part of the Classification The- 
orem announced in section 13.5. 


15.29 Classification Theorem. Let K be a number field. The following maps 
form a one-to-one correspondence between abelian number field extensions L : K 
and finite subgroups of H(K): 


abelian finite groups of 
extensions of K Dirichlet characters of K 
L:K ' > H(L: K) 
Kx:K 4 1 X 


The maps L++ H(L : K) and X > Kx : K are inverses of each other and they 
preserve the ordering given by inclusion. The prime divisors of the conductor of 
H(L : K) are ramifying primes. Form a modulus divisible by the conductor of 


H(L : K) and all ramifying primes, the Artin map pP: I™(k) > Gal(L : K) 
induces an isomorphism pP: Gal(L: K) J H(L: K). 
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PROOF. The groups H(L : K) were defined in Definition 13.34 and according to 
Theorem 13.44 they are finite. Lemma 14.22 implies that the map (L : K) > 
H(L : K) is injective. The existence of class fields now shows that it is a bijection. 
From Lemma 13.35 it follows that the maps preserve the ordering by inclusion. 
The statement concerning the Artin map is Artin’s Reciprocity Law. 


The first proof of the Classification Theorem was by Takagi in 1920. However, he 
had a different notion of class field: L is the class field of Cfw(L : K) if L : K 
is abelian and #(Cémn(L : K)) = [L : K]. Later, Artin introduced the Artin map 
and proved the Artin Reciprocity Law: the Artin map induces an isomorphism 
Com(L : K)  Gal(L: K). 


The values of Dirichlet characters of an abelian extension on nonramifying primes 
describe their splitting behavior in the extension. Theorems in the sections 15.6 and 
15.5 give extra information, especially for the ramifying primes. 


15.30 Example. In section 4.9 the 2-rank of the ideal class group of a quadratic 
number field K has been computed (Theorems 4.73 and 4.81). This was done by 
counting the number of elements of ,Cé(O x) using the theory behind the algorithms 
for the computation of the ideal class group of a quadratic number field. Here we 
use Cl(K)/Cé(K)? instead. This group corresponds to the group »H(K). Let’s first 
consider ,Həæ(K). The nontrivial elements of this group correspond to quadratic 
extensions L : K in which the finite primes do not ramify. Since Gal(K : Q) 
acts on Cé,.(4’) by inversion, the action of Gal(K : Q) on ,H.o(K) is trivial. By 
Proposition 15.6 this means that the extensions L : Q are Galois extensions. By 
Corollary 7.49 they are noncyclic. Set K = Q(./m) with m € Z squarefree Æ 0, 1. 


Ane 
Na 


where, since finite primes of K do not ramify in L, gcd(D,, Dk) = 1. This means 
that Dm = D,D,. So the number of quadratic extensions of K which are unrami- 
fied outside oo is equal to the number of ways Dm is the product of two nontrivial 
discriminants. This number is 2"?~)-! — 1, where r(Dm) is the number of prime 
divisors of Dm. It follows that the 2-rank of Cé.,(K) is equal to r(D,,) — 1. For 
m < 0 we have CE(K) = Cl (K), so this is the 2-rank of Cé(K) as well. 
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Now let m be positive. For the 2-rank of Cé(/’) there is the extra condition that 
D,, and Dy, have to be positive. For this use Lemma 4.10. The discrimimant Dn 
is positive if and only if the number of prime divisors = 3 (mod 4) of n is even. If 
m has no such prime divisors, that is if m is the sum of two squares, then there 
is no extra condition needed. So in this case the 2-rank of CŒ(K) is r(Dm) — 1. 
Otherwise the 2-rank is r(Dm) — 2. 


15.4 Chebotarev’s Density Theorem 


In section 13.4 we considered the L-series of a Dirichlet character x of a number 
field K. The series converges absolutely on the half-plane R(s) > 1 and it was 
shown that it has a prolongation to a meromorphic function on R(s) > 1 — KT 
For y the principal character it is the Dedekind zeta function of K, which has 
a simple pole at s = 1. For x £1 the function is analytic on R(s) > 1— KT 
(Proposition 13.41). As was the case with nonprincipal Dirichlet characters of Q, 
its nonvanishing at z = 1, which we are able to prove at this stage, has many 


consequences. 


15.31 Theorem. Let y be a nonprincipal Dirichlet character of a number field K. 
Then L(1,x) #0. 


PROOF. Let X be the nontrivial group (x) of Dirichlet characters of K. Put 
L = Ky. Then X =H(L: K). Let P be the set of prime ideals of K which split 
completely in L. Then by Theorem 8.37 we have 6(P) = 4, where n = [L : K] = 
#(X) = o(x). By Artin’s Reciprocity Theorem P is the set of nonramifying primes 
p of K satisfying x(p) = 1. So by Corollary 13.43 we have L(1, x) 4 0. 


This implies a generalization of Dirichlet’s theorem on primes in an arithmetic 
progression. We need a generalization of Lemma 9.51. 


15.32 Lemma. Let X be a finite group of Dirichlet characters of a number field 
K, f the conductor of X anda € I'(K). Then 


0 otherwise. 


> x(a) = th if x(a) =1 for all x € X, 


xEX 


Proor. For all y € X we have x(a) Æ 0, since a € I'(K). If xı(a) Æ 1 for some 
x1 € X, then from 


x(a) $9 x(a) = J xax(a) = J x(a) 


xEX xEX xEX 


follows that ` ex x(a) = 0. 
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15.33 Theorem. Let X be a finite group of Dirichlet characters of a number field 
K, f the conductor of X, a € I'(K) and P the set of finite primes of K with 


x(p) = x(a) for all x € X. Then 6(P) = zxy- 


PROOF. By Proposition 8.31 


log L(s,x) ~ X` fe p) 
P 


for all y € X. Now apply Lemma 15.32: 


wit x(a)x(p) _ xax) _ yn #(X) 
2, Xa) Ll0 ~ DD Nee = Le N T Le NO 


xEX xEX p 


By Theorem 15.31 


5 x(a) log L(s, x) = log Cx (s +» x(a) a) log L(s, x) ~ log g(s). 


xEX xEX 


Finally by Proposition 8.33 


3 = log Cx (s) 7 — log(s — 1) 


Hence 6(P) = 


=i 
#(X) 
A direct consequence is Chebotarev’s Density Theorem for abelian extensions, 


which is a stronger version of the Frobenius Density Theorem for abelian extensions 
(Theorem 8.31). 


15.34 Theorem. Let L: K be an abelian number field extension, o € Gal(L : K) 
and P be the collection of nonramifying finite primes p of K for which pP =o. 
Then 6(P) = KI 

PROOF. Let a €I/(K), where f is the conductor of L : K, such that p (a) =o. 


Then by Artin’s Reciprocity Theorem oh ) =o if and only if x(p) = x(a) for all 
x E€ H(L: K). By Theorem 15.33 we have 6(P) = 


[E:K] KT 


Chebotarev’s Density Theorem applies to Galois extensions of number fields in 
general. 


15.35 Theorem (Chebotarev). Let L: K be a Galois extension of number fields, 
G = Gal(L : K), o € G, C the conjugacy class in G of o and P the collection 
of nonramifying finite primes p of K above which there is a prime q of L with 


pP (aq) =o. Then ô&(P) = AR. 
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PROOF. Let p € Max(Ox) nonramifying in L and q € Max(O_z) such that qn K = 
p and eo (q) =o. Put Z = (ø). As was shown in the proof of Proposition 7.54 
the primes of L° above p of residue class degree 1 over K correspond to right cosets 
Zr with TZ7~1 = Z. For such a r we have 


L L L L = = 
pha = Vie (1(a)) = oe (r(a)) = a = Tor. 


Hence the number of primes p’ of L? above p such that fx(p’) = 1 and Oa = 
g is equal to the number of cosets (a)r with tor~' = ø. This is the number 
[Ce(c) : (o)], where Calo) = {r € G | or = ro }. Hence for P’ the set of primes 


p’ of L7 above a prime p € P such that fx(p’) = 1 and Oe = g we have 
6(P’) = [Ce (0) : (o)] - 8(P). 
) 


For Q the set of primes p’ of L” which do not ramify in L and satisfy pS =o we 


have by Theorem 15.34 
1 1 

6(Q) = —— = —. 
(Q) [L:L°7] o(ø) 
Because P’ C Q and Q \ P’ consists, apart from some ramified primes, of primes 
p’ with fx(p’) > 1, the sets P’ and Q have equal Dirichlet density. So finally 

ôP’) ô(Q) 

6(P) = = 
[Ca(o):(o)]  [Ca(a) : {o)] 
1 1 #0) 


— o(0): [Celo): (o) #(Celo)) [L:K] 


15.5 The Complete Splitting Theorem 


Dirichlet characters of Q describe the splitting behavior of prime numbers in abelian 
number fields. The analogy for Dirichlet characters of a number field K is not yet 
fully established: a prime p of K not in the conductor of an abelian extension 
L : K might ramify in L. For such a prime we would have y(p) 4 0 for all 
xEH(L: K). We will see that this cannot happen. A crucial step in the proof 
is the Complete Splitting Theorem, which we will prove in this section by first 
proving it for Kummer extensions, in which case it is a consequence of the following 
refinement of Theorem 15.26. 


15.36 Theorem. Let the number field K contain un and let S be a finite saturated 
collection of primes of K containing all prime divisors of NOK and such that 
CS (K) is trivial. Let S be the disjoint union of Sı and S2. For j = 1,2 let mj 
be a modulus of K with prime divisors the primes in S;, the finite ones with a 
sufficiently large exponent in mj. Put 


Wı = KKS AKK}, and Week KAK” K}. 
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Then the fields Ly = K(WW,) and Lz = K(W/W2) are the class fields for respec- 
tively 


Xı ={x € Hm (K) | x(p) = 1 for all finite p in S2} 
and 
Xə = {x E€ „Hm (K) | v(p) = 1 for all finite p in Sı }. 


Moreover, the splitting behavior of the primes in S in the fields Lı and Lz is as 
follows: 


a) The primes in Sı split completely in Lə and the primes which ramify in Lə 
belong to So. 


b) The primes in Sy split completely in Lı and the primes which ramify in Ly 
belong to Sı. 


Proof. The extensions L; : K are n-Kummer extensions: 
Ke" C W; C KKS C K* 
and the index of K*” in K*"K° is finite. 


First we prove the assertions about the splitting behavior of the primes in S in the 
fields L; and Lz. Let p € Sı and a € W2. Then in particular a € BO We will 
show that p splits completely in K(%/a). From this the complete splitting in Lə 
follows, because this field is the composite of such fields K (/a). We can assume 
that a € KI _ In case p is finite take the exponent k of p in m; large enough such 
that in the completion K, we have: Kir C1+p* C Kj”. This is possible by 
Theorem 11.22. Since a € Kir it follows that for a prime q of K(%/a) above p we 
have 


K(Wa)q = Kp( Va) = Ky. 


Hence zg Va) _ Gal(K(%/a), : Ky) = {1}. For p infinite we only have to 
consider p real and n = 2. In this case it follows from R(./a) = R. By symmetry 
the primes in Sə split completely in Lı. 


The field L is a subfield of the field K( VK), so by Proposition 15.25 the primes 
which ramify in Lı belong to S and since the primes in Sə split completely in Ly, 
they belong to Sı. Again by symmetry the primes which ramify in Lə belong to 
So. 


Since Lı : K is an n-Kummer extension and because all primes which ramify in 
Lı are contained in S1, by Artin’s Reciprocity Law we can assume that m; is a 
modulus for Lı : K. Then H(L, : K) C „Hm, (K) and since all finite primes in S2 
split completely in Lı, we have H(Lı : K) C X1. By symmetry H(Lə : K) C Xo. 
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We have to show that equality holds and for this it suffices to show that [L; : K] = 
#(X;) for j = 1,2. 


Put m = mım and let, as in the proof of Theorem 15.26, f: K* — I™(K) be 
the composition of K* — I(K) and the projection I(K) > I™(K). For be Kh, 
write bOg = b2b3 with by € I®(K) and b3 € I™(K). Then f(b) = 63 = 
bOK- b3! € (Sm (K)I®?. It follows that f induces a map from K*" Kh /K*" 
to (I™ (K)"Sm, (K)IS2) N I™(K))/I®(K)”. So we have a commutative diagram 
with exact rows 


p p ERa Ta rr 
Ken ken ee 

i (1) Sm, 1°? N I™ N a i ™ r 
(Im) (I™)” (Im)? Sm, IS2 n J™ 


in which the vertical maps are induced by f. In the bottom row the notation is 
simplified by deleting (K) in all cases. The middle vertical map is surjective and so 
is the one on the right. We show that also the vertical map on the left is surjective. 
For this let a € I™ (K), b € Kh, and c € I® (K) such that a” - bOx -c € I™(K). 
Write a = agaz and bO pg = bab3, where az, bo € [52 (K) and az, b3 € I™ (Kk). Then 
a” -bOK-¢ = a3 boc : a3 bz and since this is an element of I®(K) we have a}bgc = 1 
and a” - bOK +c =a%b3. Write a3 = a12-aOx with a2 € I5(K) anda € K*. Then 
a"bOK = (AOK)" - bOK = a}3ajo b2b3. Hence f(a"b) = a3 bs. 


It follows that we can complete the diagram to the diagram with exact rows and 
columns on top of the next page. The group Xj is the bottom right entry in the 
diagram and K*"K5 N | Gals ean = W>. So, as in the proof of Theorem 15.26, for 
the orders of the groups we have 


#(X1) = #(I"(K)/(I™ (K)"Sm, (KJI? (K) n I™K))) 


where s = #(S). By symmetry we have an analogous formula for #(X2). Hence 
i Gy a 
: IT / RPK) HR TET Ke) 1p, K]- [Ly K] 
= EU) by: R [bo : K] = [ba : K] [ba : 


Since [L; : K] < #(X;) for j = 1,2, it follows that [L; : K] = #(X;). 
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1 1 1 
vy a l 
ANTS an Jel *n TS K*” KSK? 
E e nk , my si 
Ken Kk*n K” Kn 
K” K1 K* K* 
1 ————> SL > > >1 
Ken Ken K”Kh 
4 (I™)"S,_, 152 n I™ I" , rm d 
(Im) mm)” (I™)"Sin, IS2 QI 
1 1 1 


From this the Complete Splitting Theorem follows for the special case of a Kummer 
extension: 


15.37 Proposition. Let L: K be ann-Kummer extension of number fields and p a 
finite prime of K such that y(p) = 1 for allx E€ H(L: K). Then p splits completely 
in L. 


PROOF. We use the notations of Theorem 15.36. Take S2 = {p}. Since p t fx (L) 
we can take Sı and m; such that fx(L) | mı. Then 


H(L: K) C {xX € pHm (K) | x(p) = 1} =X = HL: K) 


and therefore L C Li. By Theorem 15.36 the prime p splits completely in Lı and 
hence it does so in L. 


For infinite primes: 


15.38 Proposition. Let L : K be an n-Kummer extension of number fields and p 
an infinite prime of K such that p{fx(L). Then p does not ramify in L. 


PROOF. Similar to the proof of Theorem 15.37. Here we have 


H(L: K) C „Hm (K) = X1 = H(L1: K). 


Again it follows that p splits completely in L, that is it does not ramify in L. 


We generalize these two propositions to abelian number field extensions in general. 


15.39 Complete Splitting Theorem. Let L: K be an abelian extension of number 
fields and p a finite prime of K such that x(p) = 1 for ally E€ H(L: K). Then p 
splits completely in L. 
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PROOF. By induction on [|L : K]. If [L : K] > 1, there is an intermediate field K’ 
such that L : K’ is of prime degree, say |L : K'] = q. Since H(K’: K) CH(L: K), 
we may assume that p splits completely in K’. Let p’ be any prime of K’ above 
p. The extension L(¢,) : K’(¢q) is a g-Kummer extension. Let p” be a prime 
of K’(¢,) above p’. By the Translation Theorem 14.25 Dirichlet characters of 
L(¢q) : K’(¢q) are of the form vre) where x’! € H(L : K'). By the same 
theorem x’ = v, (x) for a x € H(L : K). The value of vÉ x) on p” is trivial 
K' (ĉa 
(out f= sr “”): 


Bey 0") =x)! = HE OO) = xp) = 1. 


By Proposition 15.37 the prime p” splits completely in L(¢,). Since [A’(¢q] : K’ 
is a divisor of q — 1, the prime p’ splits completely in L. It follows that p splits 
completely in L. 


For infinite primes: 


15.40 Theorem. Let L : K be an abelian extension of number fields and p an 
infinite prime of K such that p{fx(L). Then p does not ramify in L. 


PROOF. By induction on [|L : K]. If [L : K] > 1, there is an intermediate field K’ 
such that L : K’ is of prime degree, say [L : K'] = q. Since H(L: K’) CH(L: K), 
we may assume that p does not ramify in K’. If q is an odd prime, infinite primes 
of K’ do not ramify in L. If q = 2, the extension L : K’ is a 2-Kummer extension. 
For p’ any prime of K’ above p we have p’ { fx: (L). By Proposition 15.38 the prime 
p’ does not ramify in L. So p does not ramify in L. 


Otherwise put: if p is an in L ramifying infinite prime of K, the prime p is a divisor 
of the conductor fx (ZL). We will see that this holds for finite primes as well. This 
will be shown in the next section. 


15.6 Local Artin maps 


In this section L : K is an abelian number field extension, p a prime of K and 
q a prime of L above p. We fix a modulus n for L : K such that p | n and write 
n=p'm, where p{ m. 


The Artin map yh) will be used for the construction of a homomorphism 


a?) Ki > ZP, 


the local Artin map at the prime p. Thus we have a map oh) : Ky > Gal(Lq : Kp) 
for the abelian extension Lg : Ky of local fields. In the next chapter it will be 
shown that it depends only on the local field extension. Local Artin maps behave 
in local class field theory as Artin maps do in the global theory. 
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15.41 Notation. The homomorphism 


pE (ap—re(@))-1 if p is finite, 


K} > Gal(L: K), av 
" E fe aie if p is infinite 


is denoted by 0). It is the composition of 


i: Ki, > I"(K), am aOx, 


the projection 
p: I"(K) > I"(k), 


the Artin map 
pP |a: (K) > Gal(L : K) 


and inversion in Gal(L : K). 


For infinite p the order of the automorphism 0) (a) is at most 2; it can only be 2 
for p real infinite. 


15.42 Theorem. J)(K1) = ZY, 


Proor. First we show that 0)(K1) c Z\”. Let a€ K}. Put Z = Z”. The 
modulus m is a modulus for LŽ : K. Since aOx € Sm(K) we have for infinite p 


Zz 
IM (a)r = pS (aOn) tr =~ (a0)! = 112 
and for finite p 


Z Z 
Wara= pe p O = we (OK) k e = ya 


Put A = 0)(K1) and consider the extension L4 : K. We will show that p splits 
completely in L4. This will imply that L4 C LZ and hence A = Z. 


First the case of an infinite prime p. We have to show that it does not ramify in 
LA. Let a € Sm(K) NI"(K) = Sm(K), say a = aOx with a € K}. Then 


ok (a)lra = 9®(a)]ra = 1ra. 
This holds for all a € Sm(K), so 
Sm(K) NI"(K) E NK (I"(L4))S,(K), 
which implies that H(L4 : K) C Hm(K). In particular fx(L4)|m and so 


p{fx(L4). By Theorem 15.40 the infinite prime p does not ramify in L4. 
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Now let p be finite and a € (p)Sm(K)NI"(K), say a = aOxp* with a € K}. Then 
pk (lza = 9 (a) lza = 1ra. 
This holds for all a € (p)}Sm(K) NI" (4) and hence 
(P)Sm(K) OIK) E NK (M (L4))Sa (K), 


which now implies that H(L4 : K) C {X € Hm(K) | x(p) = 1}. It follows that 
fi(L4) | m and x(p) = 1 for all y € H(L4 : K), which by Theorem 15.39 implies 
that p splits completely in L4. 
The isomorphism K*/Ky, > K*/Ky, x K*/K,, induces an isomorphism Ky,/Ky > 
K*/ Kye and the inclusion K* > Ky induces for finite p an isomorphism 


K* /Ky: > Kp /A+$), 
and for p real infinite 
K*/K; > K/K}, 
where Ky = {a € Kf | op(a) > 0}. The composition of these two isomorphisms 
is an isomorphism 


n: Ky,/Ky —> Kj/(1+ 6"), respectively 1: Ky,/K, —> Kj/Kf. 
For a € K! we have J)(a) = eo) (aOx)7} = 1z, so 0) induces a map 
BE): KIJK} > ZP. 
15.43 Definition. The composition 
aoni g(L) 
K} — K3/(1+ ĵ') 4+ Kh/Ka — 2, for p finite, 
respectively 
=i p(L) 
K} — K/K} 7+ K},/K, — Zs” for p real infinite, 
is called the local Artin map at p and is denoted by a), It is a surjective map, 
because 04) (K1) = Z{ (Theorem 15.42). 
In the construction of the map 9” the modulus n has been used. The map 4) 
is defined on K}, so its domain depends on n. It is easily seen however that ow) 


does not depend on the choice of the modulus n (exercise 7). 


If a finite prime p does not ramify in L, the decomposition group z is generated 
by pP, the Frobenius automorphism of p in Gal(L : K). So in this case 0) (a) 


is a power of pP for each a € Ky: 
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15.44 Proposition. Let p be a finite prime of K which does not ramify in L. Then 
for each a E€ Ky we have 


L L)\ Vp (a 
Op (a) = (ep). 


PROOF. Since p does not ramify we can choose n = mp with m a modulus for 
L: K. Let a€ Ky. There is a b € K* with b =a (mod 1+). Take c € K* such 


that 
_ [1 (mod KA), 
C= 
b (mod Kj). 


Then vup(c) = vp(b) = vp(a) and cCOx E Sm(K). By the construction of a we 
have 


L —Upy (ec) \— — R Upa 
oP (a) = 9 (c) = pP (ep)! = pP Or HEP (py? = yP O, 


The consistency property of the (global) Artin map implies a consistency property 
for the local Artin map: 


15.45 Proposition (Consistency property). Let L’ be an intermediate field of 
L: K and yp’ the prime of L’ below q. Then ot (a) = I) (alr for alla € Kj. 


PROOF. The modulus n for L : K is a modulus for L’ : K as well. Let a € K} and 
put a@Ox = pta with a € I"(K). Then by the consistency property (Lemma 13.53) 


1 z N —1 
I (a) = g(a)? = (P Ale) = 8 Ir. 


The behavior of the local Artin map under base field extensions follows from the 
behavior of the global Artin map: 


15.46 Proposition. Let K’ : K be a number field extension, q! a prime of LK' 
above q and p' the prime of K' below q’. Then 


IF) (a), = 0 (NP (a)) for alla € KX. 


PROOF. The modulus n for L : K is a modulus for LK’ : K’ as well (Proposi- 
tion 14.11). Let a € K’},. Put e = ex(p’) and f = fx(p’). Choose a 8 € K'* such 


that 8 = a (mod 1 + pr’). Choose a y € K’ such that 


1 (mod K’),), 
7 = {6 (mod K' je), 
1 (mod Kec) for all t p’ above p (where e(t) = ex(t)). 


Then NK'(y) € K} and NĶ' (y) = NE'(8) (mod Kg). By definition of gh) we 
have oS) (NP (a)) = y“)(NK'(y)). By construction of y we have YOg: = p'*a 


390 


15.6 Local Artin maps 


with a € I"(K’) and s € Z. Then NK’ (y) = pf*N#'(a) and N¥'(a) € I"(K). By 
definition of the local Artin map: 


LK’ LK’ = L , L , = 
I (a) = oa)" and oN (a) = eK? (NE a. 


By Lemma 13.54 vy" (a)|, = oY (NE (a)) and so 90 (a)|, = VP (NE (a)). 


15.47 Proposition. (Ky : Nj(Li)) = [Lq : Kpl- 


PROOF. If L 4 K, choose an intermediate field M Æ K of L: K such that M : K 
is cyclic and put t = qN M. Then N} = NẸN? and so the following sequence of 
cokernels is exact 


Mz [NIT] — K*/N9(L*) —> Kt /NE(M*) — 1. 


By Theorem 12.22 the order of the third group is [M, : Kp], because M, : Ky is 
cyclic. By induction we may assume that the order of the first group is [Lg : Ma]. 
It follows that the order of K}/Nj(L%) equals [Lq : Kp], because it is at least 
[Lq : Kp]. 


15.48 Theorem. Ker(d{) = N4(L*). 


PROOF. Because oe): Ki > VA is surjective, A = Gal(L,: Kp) and 
[Ks : N&(L*))] = [Lq : Kpl, it suffices to show that N#(L*) C Ker(v”). For 
this, take K’ = L in Proposition 15.46: for each a € L} we have a) (Na (a)) =1 
and so N} (a) € Ker(o). 


15.49 Theorem. Let M be an intermediate field of L : K and t the prime of M 
below q. Then the local Artin maps induce an isomorphism of short exact sequences 


t 


N 
1 — Mz/N&(L2) —*+ Kt/N(L*) — Kš/NĘ(M{) — 1 


~] Me ~| 0? ~| 0 
C a7; 


1 —> 7 ——+ 74) Ze) 


>1 


ProoF. The vertical maps are isomorphisms by Theorem 15.48. Commutativity 
of the diagram follows from Proposition 15.45. 
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15.50 Lemma. A finite prime p does not ramify in L if and only if Oğ C Nj(L%). 


PROOF. If p does not ramify, then the group Gal(Ly : Ky) = Ze) is cyclic. By 
Theorem 12.23 H°(O3) = 1. Let a € OF. Then 
a E€ Ker(Ao;) = Im(No:) = N} (03). 


Conversely, assume OF C Np (L3), put e = eP and f = i and consider the 
following commutative diagram with exact rows: 


vq 


1 > OF > Ly >Z > 0 
Is [ns lr 
* » o 
1 > O% > Ky >Z > 0 


The map N}: Oğ — O% is surjective: if a € OF and a = Nj(a) with a € Li, 
then 0 = vp(a) = vp(Ng(a@)) = fvg(a) and so vq(a) = 0. The diagram shows that 
ef = #(K,/Ng(E4)) = f. Hence e = 1. 


Now we can show that the prime divisors of the conductor are the ramifying primes. 
This generalizes this property for the base field Q (Proposition 9.39). 


15.51 Theorem. [fp ramifies in L, then p | fx(L). 


PROOF. For infinite p this is Theorem 15.40. Suppose p is finite and p { fx(L). 
Then H(L: K) C Hm(K) and so 


Sm(K) NIK) C Nk (I"(L))Sa(L) = Kerlok ln). 
It follows that K} N Ki E Ker(4 Œ). Hence by Theorem 15.48 


O% C Ker(J\”) = N4(L*). 


So by Lemma 15.50 p does not ramify in L. 

As a consequence of this theorem we can generalize Theorem 9.48: 

15.52 Theorem. Let L: K be an abelian extension of number fields. Then 
cx(s)= [[ L(s,x). 


XEH(L:K) 


ProoF. The proof is a direct generalization of the proof of Theorem 9.48. It uses 
the product representations of the Dirichlet series and that a finite prime p of K 
ramifies in L if and only if x(p) = 0 for some xy € H(L: K). 
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The following proposition identifies the exponent of finite prime divisors of the 
conductor. 


15.53 Proposition. Let p be finite and ramifying in L. Then vp(fx(L)) = s, where 
s € N* is the least integer with 1+ p* C Nj(La). 


Proor. The following are equivalent: 
p° | fx(L), 
H(L: K) C Hpsm(K), 
Spm (K) C NR (I"(L))Sn(K), 
Spm (K) C Ker(pk |n); 
Khem C Ker(o™), 

1+ 6° C Ker(vh), 

1+ 6° CNj(L4). 


So the conductor is determined locally. The following notation is useful for a 
characterization of the conductor. 


15.54 Notation. Letn €N. The open subgroup U;” of K* is defined by 


O* if n = 0 and p is finite, 
KS if n = 0 and p is infinite, 
Us) = 4146" ifn>0 and p is finite, 
Kf ifn =1 and p is real infinite 
K3 if n = 1 and p is complex infinite. 


15.55 Definition and notation. For p a prime of K and s the least integer such 
that ui?) C N} (LY) the modulus pê of K is called the local conductor at p of L : K. 
Notation fp(L) = pê. 


So the conductor is the product of the local conductors: 


15.56 Theorem. fx(L) = [epi fo(L)- 


15.7 Generalized Artin maps and the group transfer 


Let K’ : K be a number field extension and x € H(A’). There is a modulus 
m of K such that, as a modulus of K’ it is a multiple of the conductor of x. 
The Dirichlet character x is equivalent to a Dirichlet pre-character x’ modulo m. 
Then xj#, is a Dirichlet pre-character modulo m of K. Thus the injective map 
j#,: I+ (K) > I*(K’) induces a homomorphism from the group of pre-characters 
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modulo m of K’ to those of K. For Dirichlet characters we use the following 
notation: 


15.57 Notation. Let K’ : K be a number field extension. The homomorphism 
H(K') > H(K) induced by injective map j#, : I+(K) > I*+(K’) is denoted by :% . 


For abelian extensions L : K of number fields we have the Fundamental Equality 
#(H(L : K)) = [L : K] = #(Gal(L : K)). The following application of the 
Existence Theorem tells us in particular that #(H(L : K)) < [L : K] for nonabelian 
Galois extensions L: K. 


15.58 Proposition. Let L : K be a Galois extension of number fields, G = 
Gal(L : K) and X = H(L: K). Then Kx = L@, or equivalently H(L : K) = 
H(L@ : K). 


PROOF. The fields L@ and K x both are intermediate fields of L : K and since 
Kx : K is abelian we have Kx C LC . Hence 


X =H(Kx :K) CH(L® : K) CH(L: K) =X 


and so Ky = Lo” 


For L : K a Galois extension of number fields, G = Gal(L : K), p € Max(Ox) not 
ramifying in L, up to conjugation the Frobenius automorphism yx(q) € G does 
not depend on the choice of a q E€ Max(Oz) above p (Proposition 7.75): 


yK(t(q)) = TYK(q)T for all 7 EG. 
So in this situation we can define a generalized version of the Artin map: 


15.59 Definition. The generalized Frobenius automorphism pP € G/G’ is defined 
by 


p = pK (q), 


where q € Max(Oz) above p. (Under the isomorphism G/G! % Gal(L® : K) 
it maps to oe" )) The prime ideals of Ox which do not ramify in L form a 


basis of the group I4(K). The generalized Artin map ph) is the group homo- 


morphism determined by sending the basis elements to the generalized Frobenius 
automorphisms: 


pd), I” (K) > G/G', am Tey. 
pla 
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By definition we have a commutative triangle 


Let f be the conductor of H(L@ : K) = H(L : K) and m a modulus divisible by f 
and all in L ramifying primes of K. Then the commutative triangle induces 


(x) GJG 
i 
UalL? : K) ~ 


and subsequently 


? GY 
H(L: K)=H(L@ : K) a 


The isomorphism gy thus defined is determined by PPE) = ¿(yx (q)) for all 


€ € GY and all nonramifying p € Max(Ox) and q € Max(Qz) above p. 


15.60 Definition. The map ğ® : Gal(L : K)“ % H(L : K) defined above is called 
the generalized dual Artin map of the Galois extension L: K. 


Now let L: K be a Galois extension of number fields and K’ an intermediate field 
of this extension. Put G = Gal(L : K) and H = Gal(L : K’). The inclusion map 
K — K' induces an injective homomorphism of fractional ideals 


jf: (K) >I (K'), am aOx. 
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We will show that there is a homomorphism VŪ : G/G' + H/H', depending only 
on the group G and the subgroup H of G, which is via the penetalized Artin maps 
compatible with j#, (Theorem 15.63). This group homomorphism is well-known 
in group theory. It is known as the transfer from G to H. 


First we define this group transfer. Let G be a group and H a subgroup of finite 
index n in G. The group G acts from the right on the set of right cosets of H in 
G: 

(Hr)-o0 = Hro. 


Let T be a set of representatives of the right cosets. For T € T and ø € G there is 
a unique To E€ T such that Hro = Hro. Thus the action of G on the right cosets 
induces a right action of G on the set T: 


TO = Tye 
Since Hro = Hrs, we have totz! € H. 
15.61 Lemma. The map 
G > H/H', av II Torz! 
TET 


is a group homomorphism and does not depend on the system T of representatives 
of the right cosets of H in G. 


PROOF. Let also R be a system of representatives of the right cosets. For each 
p E€ R there is a unique 7 € T such that Hp = Hr. So we have a bijection 
f: RT given by Hp = Hf(p). Let o € G. For each p it follows from 


Hf(po) = Hpo = Hpo = Hf (p)o = H f (p)o 
that f(pc) = f(p)e. Modulo H’ we have 


J| ror = [[ AOA = [] AA o ptz 


TET PER PER 
= (I ne (II papz") (II po f(Po))) 
PER PER PER 


The products in these formulas are well defined because modulo H’ the group 
is abelian. For the last congruence above the equality {p, | p E R} = Ris 
used. Hence the map does not depend on the choice of the representatives. Let 
01,02 E€ G. For each T € T 


[| pees. 


pER 


AT 5,62 = Hro\o2 = AT,5,02 = (Te, or 


and $0 Toros = (Toi )o- Then from 


= -1 
II TO102T5, oy =|[ TOIT To 92(Ta,)o, = 1=(]I TOIT aill To, 72 Tos) xy ) 


TET TET TET TET 
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= (II Torz!) (II Toara, ) 


TET TET 


follows that the map is a group homomorphism. 


This lemma justifies the following definition. 


15.62 Definition. Let G be a group, H a subgroup of G of finite index and T a 
set of representatives of the right cosets of H in G. The homomorphism 


V§:G/G > H/H', F> II TOTS 
fer 


is called the transfer from G to H. (Verlagerung is German for transfer.) 


15.63 Proposition. Let L: K be a Galois extension of number fields, K’ an inter- 
mediate field of L: K, G = Gal(L : K) and H = Gal(L: K'). Then the following 


diagram commutes: 


PROOF. Let p € Max(QOx) be such that p does not ramify in L and let 
q E€ Max(O_z) be above p. Put o = yx(q). Then pt) (p) =o and j#,(p) = pOx:. 
We have to prove that ot) (pOr) = VE (T). Theorem 7.53 describes the prime 
ideals of Ox: above p. The group Z = Zg(q) = (c) acts from the right on the 
set of right cosets of H in G. Let r be the number of orbits of this action and 
At,,...,Ht, a system of representatives of these orbits. Then the prime ideal 
factorization of pO x: is 


pO rr = (na) 1K") +++ (a)n K’) 


and fx(7;(q)N K’) = #([H7,]). Put fj = #([H7,]). Then 


T r a r 
L L T, — l 
pk (POr) = TT pe GNK = Tee GD = [m 
j=l j=l par 
= II T0457. 
j=l 
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The collection of right cosets of H in G is the union of the r orbits under the action 
of Z. The orbits are: 


An, Hno, -:-, Hro! 
Hr, Htoo, -:-, Hryof—! 
Hr, Hro, +++, Hrot. 


The Tjo’ with 1 < j < r and 0 < i < fj — 1 form a system of representatives of 
the right cosets of H. For 0 < i < fj — 2 the representative Tjo maps under right 
multiplication by o to the representative oaa so for these representatives there 
is no contribution to the product that defines the transfer of ø. Therefore, 


It follows that for the generalized dual Artin maps we have: 


15.64 Theorem. In the notation of Proposition 15.63: the following square is com- 
mutative: 


The homomorphism za is determined by 


Ler (x)(p) = x(pOr') 


for all x € H(L: K’) and all p € Max(Ox) which do not ramify in L. It is a map 
from a finite subgroup of H(A’) to H(K). For a given x € H(A’), one can take 
L : K to be the normal closure of K} : K, where K% is the class field for (x) over 
K'. Then x € (x) = H(K? : K') C H(L : K'). So the map ck’: H(K’) > H(K) 
is via the generalized dual Artin maps closely related to normal extensions L : K 
having K’ as an intermediate field. 
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15.8 The Hilbert class field 


Let K be a number field. Unramified abelian extensions L : K are the extensions 
having the trivial modulus (1) as conductor. By the Classification Theorem the 
maximal one among these corresponds to Ha)(K) and via Artin’s Reciprocity 
Theorem to the ideal class group of K. 


15.65 Definition. Let K be a number field. The ray class field for H(1)(K) is 
called the Hilbert class field of K. 


Thus, if K, is the Hilbert class field of K, we have isomorphisms 
gf): UK) X Gal(Ki: K) and gi: Gal(Kı : K)“ 3 Ha)(K). 


The following proposition illustrates the use of the existence of Hilbert class fields. 


15.66 Proposition. Let p be an odd prime. The group Cl(Q(¢p + C3 *)) is a homo- 
morphic image of Cé(Q(¢p)). In particular hy | hp. 


PROOF. Put K = Q(@+¢5'). Let Ki be 

the Hilbert class field of K and p the prime of ae 
K above p. Then p does not ramify in Kı and 

totally ramifies in Q(¢,) = K(G,). It follows Ki (Gp) 

that K(¢,)N Kı = K and that Kı (Cp) : K(G) 

is an unramified abelian extension with QU) 
Gal(Kı(¢p) : K(¢p)) = Gal(Kı : K) = (K). 
Let Lı be the Hilbert class field of K (Çp). Then wee Kı 
Kı(Cp) is an intermediate field of Lı : K(Cp). E 

So Cl( K) is a homomorphic image of CE( K (¢p)). Qo te) 


Using the transfer map for ideal class groups it is clear that the odd part of 
Cé(Q(¢p + G*)) is a homomorphic image of the odd part of Cé(Q(G,)). So the 
extra information given by this proposition concerns the 2-primary parts of these 
groups. 


The action of a Galois group on the ideal class group translates into an extension 
of Galois groups: 


15.67 Proposition. Let K : Ko be a Galois extension of number fields and Kı 
the Hilbert class field of K. Then Kı : Ko is a Galois extension. The action of 
Gal(K : Ko) on Gal( Ky : Ko) is via pk) compatible with the action on Cé(K). 

PROOF. This follows directly from Proposition 15.6: for each r € Gal(K : Ko) 
we have 7* (Ha (K)) = Ho (K). 
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The strength of the Classification Theorem is illustrated by the following compu- 
tation of the 2-rank of the ideal class groups of quadratic number fields. A much 
more elementary computation was given in chapter 4. Another proof, using more 
algebraic number theory, but no class field theory, is in the exercises 8 and 9 of 
chapter 12. 


15.68 Application. Let K be a quadratic number field, 7 its nontrivial auto- 
morphism and Kı its Hilbert class field. Unramified quadratic extensions of K 
correspond to elements of order 2 in Ha)(K). The 2-rank of CK) is equal to the 
2-rank of Haj(K). By Proposition 15.67 Kı : Q is a Galois extension. The action 
of r on H(1)(K) is by inversion, so for each unramified quadratic extension L : K 
we have r*(H(L : K)) = H(L : K) and, as a consequence, the extension L : Q 
is abelian. Since a prime number dividing disc(A’) ramifies in such L, the groups 
Gal(L : K) and the inertia group of this prime number are different subgroups of 
order 2 of Gal(Z : Q). On the other hand each prime number which ramifies in K 
also ramifies in exactly one of the two other quadratic number fields contained in 
L. Prime numbers which do not ramify in K, do not ramify in the other subfields 
as well. Put D = disc(K) and 


D=u- II p“, 


p|D odd 


where the product is over the odd prime divisors of D and u € {1,—4,8,—8}. 
Consider the set 


_ J {p* | p odd prime divisor of D } ifu=1, 
| {p* |p odd prime divisor of D}U {u} ifu #1. 


Set r = #(P) and let s be the number of negative elements of P. The quadratic 
field is real if and only if s is even. If either s is odd or s = 0, then the number 
of unramified quadratic extensions of K is equal to the number of bipartitions of 
P. In this case #(2H(1)(K)) = 2"~', that is the 2-rank of Cl(K) is r—1. For s 
even and s > 0 the number of unramified quadratic extensions of K is equal to the 
number of bipartitions of P into two subsets, both containing an even number of 
negative elements. In this special case the 2-rank of CŒ(K) is r — 2. 


The Principal Ideal Theorem 


Let Kı be the Hilbert class field of the number field K. The Principal Ideal 
Theorem (Theorem 15.74) states that for every ideal a of Ox the induced ideal 
ike, (a) = aOx, is a principal ideal. Alternatively: the homomorphism 


jk, CLK) > (K1) 
is trivial. Let Kə be the Hilbert class field of Ky. 
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15.69 Proposition. The extension Kə : K is a Galois extension and Ke = ki, 
where G = Gal(K2: K). 


ProoFr. By Proposition 15.67 Kə : K isa Galois extension. The extension Kə : K 
is unramified and hence KẸ : K is both abelian and unramified. So KẸ CK, 
that is G’ D Gal(K2 : Kı). Because K; : K is abelian, we also have Gal( K : K1) 2 
G. 


By Theorem 15.64 and Proposition 15.58 we have a commutative square 


(GN — 5 ’ H(K2 : Kı) = Hı(Kı) 


GY ——— > H(K: : K) = H(KẸ : K) =H(K,: K) = Hı(K) 


Thus the Principal Ideal Theorem is translated into pure group theory: the transfer 
V&: G/G' + G'/G" has to be the trivial homomorphism. 


We will show that indeed the transfer from a finite group to its commutator 
subgroup is trivial (Theorem 15.73). In the remaining part of this section G 
is a finite group. We will use the group ring Z/G] and its augmentation ideal 
I(G) = Ker(Z[G] > Z). 


15.70 Lemma. The map 6: G > I(G), o |œ o — 1 induces an isomorphism 


5: G/G! X 1(G)/(I(G))?. 


ProoF. The identity 


o102 — 1 = (01 — 1) + (02 — 1) + (o1 — 1)(02 — 1) (15.2) 


in I(G) shows that ô induces a homomorphism G — I(G)/I(G)? and since 
I(G)/I(G)? is abelian, we have a homomorphism 


5: G/G > (®/I(GP, 77], 


where F denotes the coset G’o and ø — I the residue class of ¢ — 1 modulo I(G)?. 
The set G is a Z-basis of Z[G] and so {o — 1 | o € G \ {1} } is a Z-basis of I(G). 
Clearly 6, is surjective and by identity (15.2) the homomorphism I(G) => G/G' 
determined by o — 1+ @ induces an inverse. 


Now let H be a subgroup of G and R a set of representatives of the right cosets of 
H in G such that 1 € R. 
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15.71 Lemma. The inclusion map I(H) > I(H) + I(H)I(G) induces an isomor- 
phism 
I(H)/I(H)? -> (I(H) + [(H)1(G))/1(H)I(G). 


PRooF. First we show that 
{(r—-Dp|re H\{l},pe R} 
is a Z-basis of I(H) + I(H)I(G). From 1 € R and the identity 
rales (Pole = ip) 


follows that the elements (7 — 1)p are in I(H) + I(H)I(G). They generate it as a 
Z-module: 


(Ti — 1)(tep — 1) = (172 — 1)p — (T2 — 1)p — (Tı — 1). (15.3) 


Classes of I(H)+I(H)I(G) modulo I(H)I(G) are represented by elements of I (H). 
So we have a surjective homomorphism 


I(H)/I(H} — (I(H) + I(H)1(G))/1(H)1(G) 
and from identity (15.3) follows that the homomorphism I(H) + I(H)I(G) > 
I(H), (rt — 1)p > 7 — 1 induces an inverse: 

(71 — 1)(t2p — 1) > (TT — 1) — (m2 — 1) — (nm — 1) 
= (Tı = 1)(12 = 1) E I(H)?. 


The transfer translates via the isomorphisms given by the lemmas into a homo- 
morphism f: I[(H)/I(H)? > (I(H) + (1(A)1I(G))/I(A)I(G): 


G 
Gie’ Mi > H/H! 
a I(H)/I(H)? 


[~ 


I(G)/I(G)? ——> (I(H) + I(E)(G))/I(H)I(G) 


The transfer is given by VẸ (@) =|] peR PO Po 1 and so 


f(@-1) = >> pops* - 1. 


pER 
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Modulo I(H)I(G) we have 


X wom —1) = So (p05! - 1)p0 =X po- p= po- p 


pER pER pER pER pER pER 
= > p(o — 1). 
pER 
Hence: 


15.72 Proposition. The homomorphism f in the commutative diagram above is 
given by 


H@=1) =X 0-1) 


pER 


15.73 Theorem. The transfer VẸ : G/G' + G'/G" is the trivial homomorphism. 


PROOF. Let o1,...,0, generate the group G. Then the homomorphism Z” —> 
G/G’ given by e; > gi for i = 1,...,n is surjective and we have a short exact 
sequence 


) 


0 — ze Y ze _, GIG’ — 1, 


where the (mig) stands for left multiplication by a matrix (mik) € Ma (Z). Then 
det(mik) = +#(G/G") and by replacing one of the generators by its inverse we can 
assume that det(mi,) = #(G/G'). Then for k =1,...,n: 


n 
J[o* = Tk E Œ. 
i=1 

From the identities 


0102 — 1= (o1 = 1) +01(02 = 1) 


o }—-1=-07'(¢—-1) 


follows that in Z[G] 


Tk — 1 = X aloi - 1) 
i=l 


with aj, = 0 (mod I(G)). So we can assume that 


(Tle) -1= Y nali- 1)=0 


i=1 
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with Hik = mix (mod I(G)). The group ring Z[G/G"’] is commutative and G > 
G/G" induces an isomorphism Z[G]/I(G’)Z[G]. Let (Ax;) € Mn(Z[G]) be such 
that (Agj) € Mn(Z[G]/I(G’)Z[G]) is the adjoint matrix of (m) and let u € Z[G] 
be such that det(mr) = E € Z[G]/I(G’)Z|G]. The transpose of the adjoint is the 
adjoint of the transpose: 


3 _ fu (mod (G')Z[G]) ifi=j, 
Daumas fh (mod I(G’)Z[G]) otherwise. 


Then for j =1,...,n 


uloj — 1) =X Anjtin(oi -—1) =0 (mod I(G')I(G)) 
i,k 


and so u(o — 1) = 0 (mod 1(G’)I(G)) for allo € G. The element 7 € Z[G/G’] 
is invariant under right multiplication by elements of G/G’ and therefore Z = 
a> pcr P € Z|G/G'] for an a € Z. Application of the augmentation €: Z[G/G’] > 
Z yields 

e(f) =a-#(R) =a-[G: GJ. 


By definition of u we also have 
fi = det(fix) = det(mizx) =[G:G’] (mod I(G)). 


Hence a = 1 and so by Proposition 15.73 with H = G’ for every a € G: 


H(@=1) = > plo - 1) =o — 1 = 0. 


So f is the zero map. 


As remarked above this implies the main result of this section: 


15.74 Principal Ideal Theorem. For every number field K and every ideal a of 
Ox, the ideal aAOx, of the ring of integers of the Hilbert class field Kı of K is a 
principal ideal. 


Starting with a number field K one can form the class field tower 


K Sho C Ri CKC- CK CKC, (15.4) 


in which each field is followed by its Hilbert class field. Philipp Furtwängler posed 
the question whether this tower stabilizes: is there an n such that Ky41 = Kn? 
For such n all ideals of Ox, are principal, not only those coming from K. In 
1964 Golod and Shafarevich showed (in [13]) that the tower does not stabilize for 
number fields K in which sufficiently many prime numbers ramify. 
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EXERCISES 


10. 


. Show that Q(i, /5) is the Hilbert class field of Q(/—5). 


The extension Q(/7,7) : Q(/7) corresponds to a group of Dirichlet characters of 
Q(V7) of order 2. Determine the quadratic Dirichlet character in this group. 


Let K =Q(Y7), V = Gr +671 and L = Q(¥). 
(i) Show that 7 totally ramifies in both K and L. 


(ii) Let p and q be the unique primes of respectively K and L above 7. Show that 
Ky : Q7 and Lq : Q7 are 3-Kummer extensions. 


(iii) Prove that Kp = Lq. (Hint: use q = (V — 2) and q? = (7).) 
(iv) Show that K(®) is the Hilbert class field of K. (See exercise 4 of chapter 14 
and Example 5.22.) 


(i) Compute Q+/Q7°. 
(ii) How many Galois extensions K : Q7 of degree 3 are there? For each of them 
give ana € K such that K = Q7(qa) and a? € Q7. 


Determine the number of Galois extensions K : Q7 of degree 5. 


Let a € R such that a? = a+1. As remarked in Example 13.56 the field Q(a, /—23) 
is the Hilbert class field of Q(./—23). Show that 2 splits in Q(a,/—23) as the 
product of two principal prime ideals. 


Show that the local Artin map ol) does not depend on the choice of the modulus 
n used in its construction. 


Show that the extensions Kn : K in the class field tower (15.4) are Galois extensions. 
([9], Theorem 1) Let Kı and K2 be number fields with disc(K1) and disc(K2) 


relatively prime. Suppose that Kı : Q and Kə : Q are Galois extensions. 
(i) Prove that the map 


(trie, tri *?): CLK K2) — Ce(K1) x (K2) 


is surjective. (Hint: look at the Hilbert class fields of Kı and K2.) 


(ii) Let mı, m2 E€ N* be relatively prime and put m = mimz2. Show that the ideal 
class group of Q(¢m) contains a subgroup isomorphic to the product of the 
ideal class groups of Q(¢m,) and Q(¢m.)- 


([9], Theorem 2) Let K be a complex biquadratic field and let Kı, K2 and K3 
be its quadratic subfields, say Kı is the real quadratic subfield. Assume that 
gcd(disc( K1), disc(K2)) = 1. Set H = Gal(K : K3). Prove that the following 
sequence is exact 


K wk 
(trR tre) 


1 — C(K)" — C(K1) x (K2) (K) — 1 
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and that the Hasse index of K equals 1. (Hints: exercise 9, Example 9.57 and 
exercise 5 of chapter 14) 
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16 Local Class Fields and Symbols 


Classical reciprocity laws involve power residue symbols such as the Legendre sym- 
bol in the quadratic case for Q. Reciprocity laws for power residue symbols can be 
obtained from product formulas for Hilbert symbols. In section 16.3 Hilbert sym- 
bols are treated and in the last section some classical reciprocity laws are derived. 


Hilbert symbols are based on the local Artin maps for Kummer extensions. Local 
Artin maps have been defined in section 15.6. In section 16.1 it is shown that they 
depend only on the extension of the local fields. Their role in local class field theory 
is similar to the role of Artin maps in global class field theory (see Theorem 16.15). 
Local Artin maps can be interpreted as norm residue symbols and in section 16.2 
it is shown that for a given abelian extension of number fields their product over 
all primes of the base field is trivial (Theorem 16.22). The product formula for 
Hilbert symbols is a consequence of this. 


16.1 Local class fields 


In this section we fix a prime number p. In section 15.6 the local Artin map 
Oy: Kt + 2) 


has been constructed for an abelian number field extension L : K and a prime p of 
K above p. For a prime q of L above p we have 


Gal(Lq : Ky) “> Zx(q) = ZP, 


where the map is the restriction of automorphisms of L, to L. Via this isomorphism 
we have a map 


Oy): Ke > Gal(L4 : Kp), 


also denoted by oP, for the abelian extension L, : Ky of local fields. For its 
construction the number field extension L : K has been used. First we will show 
that each finite abelian extension of local fields is of this type and that the map 
does not depend on the choice of the number field extension. 
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Qp Let’s fix an algebraic closure Qp of Qp. For a number field K 
and a prime p above p, we can assume that the completion 
Ky has Q, as a subfield. The extension K, : Q, is finite, so 


Ky we can also assume that Kp is contained in Qp. 
a 
K In this section all number fields are assumed to be subfields 
of a fixed algebraic closure Qp of Qp. Thus every number 
Qp field has a designated prime p above p. Its completion Ky is 
A assumed to be a subfield of Q, as well. 


16.1 Notation. We write K for the completion of a number field A contained in 
Qp with respect to its designated prime p above p. So K = Ky. 


The completion of the composite of number fields is the composite of their com- 
pletions: 


16.2 Lemma. Let Kı and Kə be number fields. Then Ki Ko = KK. 


PROOF. From Kj, Kə C K, Ko follows that Kı, K Cc KK. On the other hand 
Kı, K2 C Ki Kə and so Kı Ko ie Kiko, which implies Ky, Ko C Kı Ko. 


Though completion commutes with composition, it does not commute with inter- 
section: 3 remains prime in Q(i) and also in Q(V2). Their intersection is Q, but 
their completions both equal the unique unramified extension of Qp of degree 2. 


The next lemma shows in particular that abelian extensions of local fields are 
obtained by completing abelian number field extensions: 


16.3 Lemma. Let E : F be a finite Galois extension of local fields. Then there 
is a Galois extension L : K of number fields such that E = L, F = K and 
Gal(E : F) + Gal(L: K). 


PROOF. Let E bea finite extension of Q, for a prime number p. By Corollary 11.5 
E = M for some number field M. Set G = Gal(E : F) and let L be the composite 
of the fields o(M) for all o € G. Then E D> L > M and so E = L. Put K = LS. 
Then K C F and so [E : F] < [Î : K] < [L : K] = #(G) = [E : F]. Hence F = K 
and Gal(E : F) S Gal(L: K). 


The local Artin map does not depend on the choice of the number field extension: 


16.4 Proposition. Let E : F be an abelian extension of local fields and Li: Kı and 
Lə : Kə abelian number field extensions such that E = Lı = Lə and F = Kı = Ko. 
Let pı and po be the designated primes of Kı respectively K2. Then oe) = oe), 
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PROOF. Consider the diagram below of number field extensions. The extensions 
Lı Kə : Kı Ko and Kı Lə : Kı Kə are abelian and so is their composite Lı Lo : Kı Ko. 
Let pi2 be the designated prime of Kı K2. Then for all a € F = Kı Kə we have: 


Li Lo 
Lı Kə Kı Lo 
Lı Kı Kə Lo 
Kı Kə 
LiL Lie et 
an  O=te Ole (I, Ka = E) 
= Oy (a) (Proposition 15.45) 
= ofr (ale, (i, =E= IR) 
= OY (NB2(a)) (Proposition 15.46) 
= 0) (a) (K, Ky = Kı =F), 


By symmetry gis") (a) = oh) (a), 


P12 


So the following definition is justified: 


16.5 Definition and notation. Let E : F be an abelian extension of local fields. 
Then the Artin map 


0): F* + Gal(E: F) 


of E : F is defined to be the local Artin map oP, where L : K is any abelian 


number field extension such that Ê = E, K = F and p is the designated prime of 
K. 


The local Artin map gh) 


have: 


: K5 > z is surjective and its kernel is N} (L4). So we 


16.6 Theorem. Let E: F be an abelian extension of local fields. Then o induces 
an isomorphism F*/NE(E*) 5 Gal(E : F). 


The consistency property for local Artin maps and their behavior under base field 
extensions (Propositions 15.45 and 15.46) are easily translated: 
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16.7 Proposition. Let E : F be an abelian extension of local fields. 
(i) Let E’ an intermediate field of the extension E : F. Then for alla € F* 


BE’ E 
Oe (a) = 9p (o)l 
(ii) Let F’ : F be an extension of local fields. Then for all a € F’* 


I (a)|p = 0% (NE (a). 


PROOF. 


(i) Take L such that Ê = E and subsequently the subfields K and L’ of L which 
are invariant under Gal(ẸE : F) and Gal(E : E’) respectively. Then F = K, 
E' = K’ and 


H pi L E 
Be (a) = (a) = 9 (Ole = Oe (A). 
(ii) Take an abelian number field extension L : K such that Ê = E and K = F. 


Let K’ be a number field such that K’ = F’. Then EF’ = LK’ = LK’ 
(Lemma 16.2) and so 


(LK’) 
py (@)| 


IF aer = 9 i = OF (NF (a)) = oP (NE (a). 


16.8 Notation. Because of the consistency property (Proposition 16.7(i)) we will 
often replace the upper index of ¥ in oP (a) (8) by (*): * stands for any E such 
that Æ : F is an abelian extension with @ € E. In chapter 19 we will omit the 
upper index: J(a) is there interpreted as an automorphism of Q, : F. 


For unramified extensions the local Artin map is given by the Frobenius automor- 
phism. This is a direct consequence of Proposition 15.44. 


16.9 Proposition. Let E : F be an unramified abelian extension of local fields. 


Then 0”) (a) = (YP ea for alla € F*. In particular, OF} C Ker(o). 


Local class field theory is about a one-to-one correspondence between abelian ex- 
tensions of a local fields F and subgroups of F* of finite index. Each abelian 
extension E : F determines the subgroup N&(E*) of index [E : F]. 


16.10 Proposition. Let F be a local field and E; : F and E2: F abelian extensions. 
Then 
Ey C Ey 4> NË (PY) D NE (E3). 


PROOF. 


=>: This follows from NF'NẸ = NZ. 
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<: Put E = EE and E’ = E N Ep. Let a € Ker(0”) A Ker(o”). Then 
by the consistency property (Proposition 16.7(i)) we have: 


oP la) = 09 (a) =1 and Plop, = 0%?) (a) =1. 


It follows that Ker(0) = Ker(v; oF) ) N Ke ro ), that is NË(E*) = 
NĒ (Ex) N N£2(E3). Suppose NBME) > NĒ (Eš). Then NE(E*) = 
NT? (E3) and so by Theorem 16.6 [E : F] = [E> : F]. It follows that E = Eo, 
that is Ey C Ep. 


So the map 


abelian subgroups of F* 
extensions of F of finite index 


E:F w———> NE(E*) 


is injective. We will show its surjectivity: the existence theorem for local class field 
theory. The proof is along the lines of the proof in the global case, but is much 
simpler. 


16.11 Definition. Let X be a subgroup of F* of finite index. If E : F is an abelian 
extension of F such that NZ(E*) = X, then E is called the class field for X. 
Notation: E = Fy. 


16.12 Lemma. Let E: F be an abelian extension of local fields and X a subgroup 
of F* such that NE(E*) C X C F*. Then there is a class field for X. 


Proor. Put H = 6P (X) C G=Gal(E: F) and E’ = BE". It will follow that 
E’ is the class field for X. For a € F* we have: 


ac X => WM aeH = Pay =1 = Ifa) =1 


<=> ac Kef?) 4 ae NE(E"). 


16.13 Lemma. Let F' : F be an abelian extension of local fields and X a subgroup 
of F* of finite index. Assume that there is a class field for the subgroup 


X' = (Ne )1(X) = {ae F” |N (a) € X} 
of F'*. Then there is a class field for X. 
PROOF. Let E be the class field for X’. From 


NE(E*) =NENE,(E*) =NE (X')C X 
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and Lemma 16.12 follows that it suffices to show that E : F is an abelian extension. 
Let o be an embedding of E in the chosen algebraic closure of F such that its re- 
striction to F is the identity. Put H = Gal(E : F’). Then oHo~! = Gal(o(E) : F’) 
and o(£) is the class field for o(X’): for a € E* we have 


Ne (o(a)) = [I ora (o(a)) = oT] 1(a)) = NE (a)) € ox’). 


TEH TEH 


Because F’ : F is a Galois extension we have o(F’) = F’ and therefore, NF (a) = 
NE" (o(a)) for all a € F’. So o(8) = £ for all 8 € X’. In particular o(X’) = X’ and 
by Proposition 16.10 o(£) = E. It follows that E : F is a Galois extension and 
that Gal(F’ : F) operates trivially on Gal(E : F’). For F’: F cyclic this means 
that Gal(E : F) is abelian. The general case of F” : F being abelian follows by 
induction in the same way as in the proof of Theorem 15.7. 


16.14 Local Existence Theorem. Let F be a local field and X a subgroup of F* 
of finite index. Then there is a class field for X. 


PROOF. Let n be an exponent of the finite group F*/X. By Lemma 16.13 we may 
assume that F contains a primitive n-th root of unity. By Corollary 11.23 the index 
(F* : F*”) is finite. By Lemma 16.12 it suffices to prove that there is a class field for 
F*”. Let E be the n-Kummer extension corresponding to F*”. By Theorem 15.14 
we have (F*: F*") = [E : F] and by Theorem 12.22 (F* : NE(E*)) = [E : F]. 
Since F*" C NE(E*)), it follows that F*” = NZ(E*). So E is the class field for 
F*. 


Summarizing we have: 


16.15 Local Classification Theorem. For F a local field we have a one-to-one 
correspondence 


abelian subgroups of F* 
extensions of F of finite index 


E:F w——> NE(E*) 


Fx:FÒF = X 


The local Artin map og. F* + Gal(Fx : F) induces an isomorphism F*/X 5 
Gal(Fx : F). 


We have seen in section 15.6 that the conductor of an abelian number field extension 
is the product of local conductors (Theorem 15.56). Now it is clear that these local 
conductors are conductors in the sense of local class field theory. 
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16.16 Notation. Let F be a local field and i € N. The open subgroup ue of F* 
is defined by 
op {Or | tio 
1l+p, ift>0. 
(4) (i) 


So for the p-adic completion K, of a number field K we have Uy = y ; 


= See 
Notation 15.54. 


16.17 Definition and notation. Let E : F an abelian extension of local fields. 
There is a least s € N such that US) C NE(E*). The ideal p$, of Op is called the 
conductor of E : F. Notation: fr(£). 


For L : K an abelian extension of number fields, p a finite prime of K and q a prime 
of L above p we have fx, (Lq) O K = fp(L). See Definition 15.55. 


16.18 Proposition. Let E : F be an unramified abelian extension of local fields of 
degree n. Then 
NË(E*) = OF”. 


Proor. By Proposition 16.9 we have OF C Ker(o) = N&(E*) and hence 
O*.F*" C NE(E*). Equality holds because both groups are of index n in F*. 


We have already seen that for each n € N* there is a unique unramified abelian 
extension of degree n of a given local field F (Corollary 11.13). The proposition 
tells us to which subgroup of index n of F* this extension corresponds. 


16.19 Proposition. Let E : F be an abelian extension of local fields. Then E : F 
is totally ramified if and only if NE(E*) contains a uniformizer of vp. 


PrRooF. We have a commutative square 


VE 
E* ——> Z 


w| | D 
UF 


F* ——> Z 


The map vp is surjective, so the composition vpr NĚ is surjective if and only if 
E) 
{P =1. 


Our construction of the local Artin map is based on the (global) Artin map for a 
number field extension. In modern approaches it is the other way round using a 
direct construction in the local situation. The local Artin maps do not depend on 
the construction: they are unique in the following sense. 
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16.20 Theorem. Let F be a local field and (yp) a collection of maps 
wp): F* + Gal(E: F) (one for each abelian extension E : F) 
satisfying 


a) reciprocity: For each abelian extension E : F the homomorphism wl 


induces an isomorphism 


F* /NE(E*) > Gal(E: F). 


b) consistency: For each abelian extension E : F and each intermediate field 


E' of E:F 
for alla € F*. 


pE (a) =y (a) 


E' 
c) frobenius: For each unramified abelian extension E : F 


YP (a) = To for each a € F*. 


Then yP) = oP for all abelian extensions E : F. 


PROOF. Let m € F* be a uniformizer of vp and E : F an abelian extension of 
degree n and conductor pfp. The group X = (1+ pt) (x) C F* is contained in 
NĒ(E*) and is of finite index in F*. It is the intersection of two subgroups of F* 


of finite index: 
X =X NX? with Xı = (1+ ph) - (7) and X2 = OF: (n”). 


Then X,X2 = O% - (T) = F*. So we have the following diagram of abelian field 


extensions 


/I\X, 
NAIA 


with Gal(Fx : F) > Gal(Fx, : F) x Gal(Fx, : F). By a) and c) 


yp Ex) (r) Fi IF) (n) and apFx2) (qr) = por) = oE (r), 


So by b) P ” 
YET) = Yx (1)| p = 0F (x) |, = 0 (m). 
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It follows that yP) and of) agree on uniformizers. The group F™ is generated by 
uniformizers: for a € F* we have 


a= (an Moth) gelo), 


Hence wp) = 6?) for all abelian extensions E : F. 


16.2 Norm residue symbols 


For a given abelian number field extension L : K any local Artin map can be 
applied to the nonzero elements of the base field K and take values in the Galois 
group of L : K. In this section it is shown that the product of these values over 
all primes of K is trivial. This result is independent of the previous section. Only 
section 15.6 is used. 


16.21 Definition. Let L : K be an abelian number field extension and p a prime 
of K. The composition 


gh) 
K* & Kx, 7 S Gal(L: K) 


is called the norm residue symbol at p. The following notation is often used: for 


ae K* 
(= “) = 3 (a). 


So by Theorem 15.48 we have 


(248) <1 4> a€ N(L*), 


p 


where q is a prime of L above p. An a € K* is said to be a local norm at p if 
a € Nọ (L3). 


The construction of the local Artin maps gh) leads to a product formula for norm 


residue symbols: 


16.22 Theorem. Let L: K be an abelian extension of number fields anda € K*. 


Then 
a,L: K 
[e45 -1 
p 


p 


PROOF. The product is a finite one: for finite nonramifying p with v(a) = 0 we 
have (255) = 1. Choose a modulus m for L : K such that p | m for all finite 
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primes p of K with vp(a) # 0. Let m = phl.-.pks, where pi,...,ps are different 
primes of K and put m; = mie, By Lemma 13.19 there are a; € K* such that 


a (mod K',,), 
Qi Z P: 
1 (mod K},). 


Then 
ai: -as =a (mod KL). 

Let 

Pa ap 2°) if p; is finite, 

* \a;Ok if p; is infinite. 
a L) (L) (L) 

H (a) = Bh a= a GP’ (Hs) 
and 
a,-::a,Oxn =a,OK:--:a,OxK = pir) |, gues (a) A a. = Q - M1 “As. 

Hence a 

areas = — Ox €Sn(K) 
and so 


16.3 Hilbert symbols 


In this section local fields with residue class fields of characteristic a prime number 
p are considered to be subfields of a fixed algebraic closure Q, of the p-adic field 


Qp. In section 16.1 we defined Artin maps oP : E* + Gal(E : F) by considering 
number fields with designated prime ideals. 


For infinite primes p we fix the algebraic closure Q» to be the field C. A number 
field with a designated infinite prime is then just a subfield of C. For the extension 
C : R we have a map 


1 ifa>0, 


(C). yp 
Uy»: R* > Gal(C: R), = 
R eh a f; ifa <0, 


where T is complex conjugation. Then for an abelian extension L : K of number 
fields and p a real infinite prime of K we have VP (a) = on OL (op (a))oq, where 
q is a prime of L above p. 
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In general, if K is a field containing a primitive n-th root of unity and b € K*, 
then the extension K(%/b) : K is a Galois extension and 


Gal(K(Vb): K) > pn, oH (16.1) 


is an injective group homomorphism. (The group un is the cyclic group of n-th 
roots of unity of K.) We use this for the construction of a symbol on a local field. 


16.23 Definition. Let F be a local field with un C F. The map 


dye (a)( VB) 
F* x F* > un, (a,b) > E 
PA 
is called the n-th Hilbert symbol on F. Notation: 
(a, B), = E OGD 

' VB 

(See Notation 16.8 for the ve notation.) Similarly, for the field R we have 
C 
DE (a)(vB) 


R* x R* > pe, (œ, 8) = =: (a, B)2. 


vB 
16.24 Definition. Let K be a number field containing un. For p a prime of K, the 


n-th Hilbert symbol on the completion Ky restricts to a symbol on K, the n-th 
Hilbert symbol on K at p: 


(*) n 
KK > pim, (0,0) (as b)a = OED, 


where * stands for a number field containing K (Yb). This symbol will be denoted 


a,b 
b : X 
(5), 


16.25 Proposition. Hilbert symbols on C are trivial. For the quadratic Hilbert 
symbol on R we have for a, 8 € R* 


(a,b) =—1 = a <0 andß <0. 


PROOF. Equivalent are: 
(a, B)2 = —1, 
I (a) #1 and a ¢ R*+, 
6 <0anda <0. 
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The dependency on n is as one might expect: 
16.26 Proposition. Let F be a local field with un C F and letm |n. Then for all 
a, ße F*: 

(a, B)m = (a, os, 


go) n n/m go) m 

PROOF. (a, B)n/™ = ( F (a)( VB) ws, UE (a) YB) = (a, B)m- 
vay YB 

The product formula for local Artin maps (Theorem 16.22) yields a product formula 

for Hilbert symbols: 


16.27 Theorem. Let K be a number field containing the n-th roots of unity and 


let a,b € K*. Then 
b 
uE =1, 
P/y 


p 


where the product is over all primes of K. 


PROOF. The product formula for local Artin maps for the Galois extension 
K(Vb): K 
K( Vb 
IE a '™@ =1 
p 


is via the group homomorphism (16.1) translated into a product formula for Hilbert 
symbols. 


16.28 Proposition. Hilbert symbols are bilinear. 


PROOF. Let F be a local field containing un. Because for each 6 € F* the map 


pi VP) is a homomorphism, the Hilbert symbol is linear in the first variable: 


(aiaz, B)n = (a1, B)n(a2, B)n- 


For 61, 82 E€ F* take E = F( 4/681, V2). Since 9) (a) is an automorphism of E 
for each a € F*, the Hilbert symbol is linear in the second variable: 


(a, B1B2)n = (a, bBı)n(Q, Ba)n- 


For the symbol (a, 8)2 on R bilinearity is easily verified. 


16.29 Proposition. Let F be a local field containing un. Then (1—a,a@), =1 for 
all a € F* \ {1}. 


PROOF. Put y= v/a and E = F(y7). The homomorphism 


Gal(E: F) > jin = (h), or BY 
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is injective. Let d = #(Gal(E£ : F)) and choose ø € Gal(E : F) such that o(y) = 
Cay. From 


n 


X"-a=|[(X-Gir) 


i=1 
follows that 1 — a@ is a norm: 
n n/d d , n/d 
1-o=]fa-¢y = ]][ [[a- den = [[ N#a - in) 
t=1 k=1 j=1 k=1 


n/d 


= nē(J [a - En). 
k=l 


The proposition follows from Theorem 15.48: 


1 — a € NË(F(7)*)) = Ker(0 fP) 


Clearly, for the symbol (a, 8)2 on R we also have (1 — a, œ) = 1: the real numbers 
a and 1 — a cannot be both negative. 


For fields K bilinear pairings on K* satisfying the identity of this proposition occur 
frequently. They have a special name. 


16.30 Definition. Let K be a field and A a (multiplicative) abelian group. A 
Steinberg symbol on K with values in A is a mapping s: K* x K* > A satisfying 


(SS1) s(a1a2,b) = s(a1,b)s(a2,b) for all a1, a2,b € K*, 
(SS2) s(a, b1b2) = s(a, b1)s(a, b2) for all a, bi, be € K*, 
(SS3) s(1 — a,a) = 1 for all a € K* \ {1}. 


Steinberg symbols arise in algebraic K-theory, a part of algebra that started around 
1970. A central part of algebraic K-theory is about abelian groups Kn (R) for n € N 
and R a ring. For n < 2 good references for this theory are [29], [2] (for n = 0, 1) 
and [26]. It’s a theorem of Matsumoto that for a field F, the group K2(F) has a 
presentation given by generators 


{a,b} (a,b € F*) 

(the notation {a,b} is a ‘symbol’ notation, not the set-notation) and relations 
{a1, b}{a2,b} = {a1a2, b} for all a1, a2,b E€ F*, 
{a, bıb2} = {a, bı Ha, b2} for all a, b1, b2 € F*, 


{1 —a,a} = 1 for all a € F* \ {1}. 
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(For an obvious reason in algebraic K-theory one tends to denote fields by F' rather 
than K.) So the map (a,b) +> {a,b} is a Steinberg symbol on F, in fact it is the 
‘universal’ Steinberg symbol on F. By the way, the groups Ko(F) and Ki(F’) are 
Z and F* respectively. 


Consequences of the axioms for Steinberg symbols: 


16.31 Theorem. Let s be a Steinberg symbol on a field K with values in an abelian 
group A. Then 


PROOF. 


(SS4) For a = 1 this follows from (SS2). For a Æ 1 use —a = iç: 


s(—a,a) = s(3=i ,a) = s(1 — a,a)s(1 — 4,a)7* (SS1) 
=s(1—+4,+) (SS3) and ($52) 
=1 (SS3). 


s(b, a) = s(b,a)s(—a,a)~* (SS4) 
= s(b,a)s(—+4,a) (SS1) 
= s(—2,a) (SS1) 
= »(—4,a)s(—2, 8) (S84) 
= s(—2,b) (SS2) 
= s(—b, b)s(a,b)~* (SS1) 
= s(a,b)~* (SS4) 

(S86) 

s(a,a) = s(a, —a)s(a, —1) (SS2) 

= s(a,—1) (SS4). 
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(SS7) Put c=a+b. Then 


1 = s(4, 8) (SS3) 
= s(a, b)s(a,c)~'s(c, b)~'s(c, c) (SS1) and (SS2) 
= s(a, b)s(a,c)~1s(c, b)~'s(c,-1)~* (SS2) and (SS6). 


16.32 Definition. Let F be a field with a discrete valuation v, valuation ring R 
and maximal ideal p. The tame symbol on the discretely valued field F is the map 


F* x F* > (R/p)*: (a,b) > (a, b), = (1) OHM q-°) + p, 


Since v(b*a-%()) = v(a)u(b) — v(b)v(a) = 0, we have 


(yee) pela) gv) c€ R* 


and so (a,b), E€ (R/p)* = R*/(1 + p). 
16.33 Proposition. Tame symbols are Steinberg symbols. 


PROOF. ‘Tame symbols are obviously bilinear, so it remains to show that they 
satisfy (SS3). Let F be a discretely valued field as in Definition 16.32 and a,b € F* 
such that a +b = 1. The proof of (a,b), = 1 is by case distinction. 


v(a) >0: Then v(b) = 0, so (—1)%) = 1 and b@a e®) = pela) 
(1— a)" =1 (mod p). 


v(b) > 0: As the case v(a) > 0. 


v(a) <0: Then v(b) = v(1 — a) = v(a) and so WYMa-*) = (bat) = 
(a7! _ iy) = (1) Z (1) a (1) (mod p). 


v(b) <0: As the case v(a) < 0. 


v(a) = v(b) = 0: In this case the condition is trivially satisfied. 


Tame symbols on a local field are essentially Hilbert symbols: 


16.34 Theorem. Let F be a local field. Under the isomorphism jig—1 > (kr)*,¢ => 
Ç (=¢+p), where q = #(kp), the Hilbert symbol (a, B)q—1 maps to the tame symbol 


(a, B)v- 


PROOF. Choose m € F with v(7) = 1. Both symbols are Steinberg symbols, so 
by bilinearity and anti-symmetry it suffices to consider the cases (a, 3), (7, 8) and 
(7,7), where a, 8 € O}. By (S54) the last case can be replaced by (7,—1). Thus 
only two cases remain. In both cases put E = F(p). By Lemma 15.15 the 
extension E : F is unramified. Hence by Proposition 16.9 oP (y) = (Cosma ae) for 
all y € F*. 
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(a, 8) with a, 8 € OF: 
By definition of the tame symbol (a,), = 1. Since v(a) = 0, we have 


IM) (a) = 1p and so IY) (a)( YB) = YB. Hence (a, 8)g-1 = 1. 
(m, 8) with 8 € OF: 
Again by definition of the tame symbol (7, 3), = 8. The Hilbert symbol is 
defined by 
de (CVB) = (7, Bg VB. 


Modulo pg we have 


oP (a) (YP) = p(B) = 3/8" (mod pp). 


Hence j 
4/6 = (m, B)q-1°~/B (mod pz) 
and division by 14/5 yields: 


B= (T, ß)q-1 (mod pg N F). 
In the notation introduced on page 282: 


(a, B)q-1 = wr ((a, B)u). 


So the Hilbert symbols on a local field F are all powers of the Hilbert symbol 


(a, B)m, where m = #(u(F)) (Proposition 16.26) and (a, 8)3~{ corresponds to the 
tame symbol. Let’s call Hilbert symbols (a, 8), with n | q—1 tame Hilbert symbols, 
and the others wild Hilbert symbols. So tame Hilbert symbols are essentially 
powers of tame symbols: 


16.35 Corollary. In the notation of Theorem 16.34: forn | q—1 the Hilbert symbol 
(a, 8), is related to the tame symbol (a, 8), by 


(a, b)n = (a, 8). (modpr) for alla, ß € F*. 


In particular for a number field K, a finite prime p of K and n | #(u(K)): 


b N(p)—1 
(=$) = (a, b)o, h for all a,b € K* 


In algebraic K-theory one has the following short exact sequence for a number field 
F: 
1— KO) KEE GQ (Orp 1, (16.2) 
pEMax(Op) 
where the 7) are given by the tame symbols (a,b) +> (a,b),,. The group K2(Or) 
is finite by a theorem of Garland. It is known as the tame kernel of F. It measures 
how far Steinberg symbols differ from tame symbols. At each of the three places 
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in the short exact sequence the exactness is far from trivial when starting from the 
elementary definitions of K-groups as given in [29] or [26]. Hilbert symbols are 
more general than tame symbols. For these we have an exact sequence 


KF) @ Wh) Fs 1. 


p finite or 
real infinite 


This is known as Moore’s Reciprocity Uniqueness Theorem, see [29], §16. The kernel 
of the first map is called the wild kernel of the number field F, it is a subgroup 
of the tame kernel since every tame symbol is essentially a Hilbert symbol. The 
groups Ko(Or) and Kı(Or) are respectively Z x Cé(F’) and Of. The last is far 
from obvious, it is a theorem of Bass, Milnor and Serre [1] and is equivalent to the 
surjectivity of (Tp)p in the short exact sequence (16.2). 


16.4 Power residue symbols 


For the number field Q we have the Legendre symbol and its generalization, the 
Jacobi symbol. These notions will be generalized for number fields containing 
sufficiently many roots of unity. 


16.36 Lemma. Let K be a number field with Cn E€ K and let p E€ Max(Ox) such 
that p{n. Then the map 


Hn = (Cn) = (Ox/p)*, 
induced by the canonical map Og —> Ox /p, is injective. 
ProoF. Divide both sides of X” — 1 = [[¢¢,,, (X — ¢) by (X — 1) and substitute 
1 for X: 
n= [[ (1-9). 


CEun 
¢A1 


Since p f n, We have ¢ Æ 1 (modp) for all ¢ £1. 


16.37 Definition. Let K be a number field containing un, p a finite prime of K 
N(p)=1 


and a € Ox such that p{n,a. Then @ ~ is an n-th root of unity of Ox /p. So 
there is a unique Ç € un such that 


a» =¢€ (mod p). 


This unique ¢ is denoted by (=) and the map 


Ox \ pP — Ln, avs (2) 


is called the n-the power residue symbol. 
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The power residue symbol is closely connected to a tame Hilbert symbol: 


16.38 Lemma. Let K be a number field containing un, p a finite prime of K, 
a, 8 € Ox relatively prime to each other andpt{n,a. Then 


Bia Qa Vp (B) 
oN. 


ProoF. By Corollary 16.35: 


E Vp (8) 
a N(p)—1 > N(p)=4 p 
(E9) =a marO = (2) (odp) 


The power residue symbol is a generalization of the Legendre symbol. 


16.39 Proposition. In the notations of the definition we have: 


(i) (=) = (£) for alla, ß € Ox \ p with a = p (modp). 


(ii) (5) = (2) for all a,B € Ox \p. 


(iii) (5) = C™ for all C€ pn. 


(iv) (=) =1 <> a is an n-th power modulo p. 


ProoF. (i), (ii) and (iii) follow directly from the definition of the power residue 
symbol. For (iv) note that, because the group (Ox /p)* is cyclic of order q — 1, the 


n-th powers form a subgroup of order Nœ and this subgroup is the kernel of 


N(p)-1 


(Ox/p)* — (Ox/p)*, ana >» 


We have the following generalization of the Jacobi symbol. 
16.40 Definition. Let K be a number field containing un, b a nonzero ideal of Ox 


relatively prime to n and a € Ox \ {0} relatively prime to b. The symbol (5) 


A 


plo 


is defined as follows 5 


For b a principal ideal, say b = (8), we will write (5) for (=) . 
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16.41 Proposition. In the notation of the definition we have: 


(i) (=) = (6) for all a, 8 € Ox relatively prime to b and a = 6 (mod b). 


(ii) (=) = ($) (2) for alla, 8 € Ox relatively prime to b. 


(iii) (=) = (£) ($) for all a,b €1"*(K) relatively prime to a. 


(iv) () = G™3= for all ¢ € pn. 

ProoF. (i), (ii) and (iii) follow directly from the definition of the symbol. (iv) 
is easily proved by induction on the number of prime ideal factors of b. For the 
induction step use 


0 = (N(a) — 1)(N(b) — 1) = N(ab) — 1 — N(a) +1—N(6)+1 (mod n°), 


which implies 


Hilbert’s reciprocity 


The product formula for Hilbert symbols leads to Hilbert’s reciprocity: 


16.42 Hilbert’s Reciprocity Theorem. Let K be a number field containing un 
and a, € Ox prime to each other and to n. Then 


Oe: 


p|noo 


ProoF. The product formula yields 


nS) OG), 


pla p|B 


I (*3") = 


p|noo 


By lemma 16.38 
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For roots of unity we have: 


16.43 First supplement to Hilbert’s Reciprocity Theorem. Let K be a number 
field containing Un, C € Hn and B € OK prime ton. Then 


Ç _ GB _ Nipi 
i 


plnoo 
PRooF. In this case the product formula yields 


A G= 


p|B p|noo 


Apply Lemma 16.38 and Proposition 16.41 (iv). 


For divisors of n: 


16.44 Second supplement to Hilbert’s Reciprocity Theorem. Let K be a num- 
ber field containing un and À, B € Ox such that À | n and B E€ Ox prime ton. 


Then 
= A, 8 
-II ( p ), 


p|noo 


PROOF. As for the first supplement the formula follows from the product formula 
and Lemma 16.38. 


16.5 Some classical reciprocities 


The classical reciprocities for power residue symbols follow from Hilbert’s Reci- 
procity Theorem. In this section this is done for quadratic, cubic and quartic 
reciprocity. Also a reciprocity of Eisenstein for the l-th power residue symbol is 
derived from Hilbert’s theorem. These classical n-th power reciprocities are re- 
ciprocities in the cyclotomic field Q(¢,). 


Quadratic reciprocity 


We have seen already two proofs: one using extensions of finite fields, the other the 
splitting behavior of primes in a cyclotomic field. The proof given here indicates 
how one can proceed in other cases. Hilbert’s reciprocity for the field Q and n = 2: 
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16.45 Proposition. 


b b 
(i) (=) (©) = (=) (5 ) for all relatively prime odd a,b € Z. 
2 2 2 2 


(ii) (=) = (=) = (-1)*% for all odd b € Z. 
2 2 


(iii) @ = (3 ") for all odd b € Z. 
bj 2 J2 


The subindex 2 will be omitted in this subsection. Note that ; with b > 0 is the 


b 

Jacobi symbol and that (;) = (£) . The symbol (=) is the following symbol 
oe) 

on R: 


b 
(z )=-1 <=> a<Oandb<0. 
CO 


b 
We compute the Hilbert symbol (55) for relatively prime nonzero a,b € Z. 


16.46 Lemma. For odda € Z there are unique j,k € {0,1} such that 
a = (—1)/5* = (—1)Ī(1 + 4k) (mod 8) 


and j and k are determined by 


a—1 a? 


(mod2) and k= — : (mod 2). 


I= -3 


PROOF. (—1)/a = 1 (mod 4) for a unique j € {0,1} and subsequently (—1)/a = 
1+ 4k (mod8) for a unique k € {0,1}. Clearly, j = 45+ and a? = 1+ 8k (mod 16) 


implies —_— = k (mod8). 


16.47 Proposition. Let a and b be odd integers. Then 


(i) (=) =(-1)9 F. 


PROOF. We will use the Proposition 16.45, Lemma 16.46, the inclusion 1 +8Zə C 
3? given by Theorem 11.22 and the fact that a Hilbert symbol is a Steinberg 


symbol. Put j = a, s= ba k= Za and t = Za, 


427 


16 Local Class Fields and Symbols 


(i) a,b\ | ((-1)/5*,(-1)85*\) (1, - 1)" (-1,5\ 5,5 
Yo) 2 =“U3 2 2)” 
A (8) _ (1.8) a 4 
2) \ 2) \ 5 J (5) 
Ah Sji 
$ = , = 1. 
and ( 5 = 


(ii) This is Proposition 16.45(ii). 
Gii) (2) _ (3 os) _ AS) (A) _ (2) 
m -6-0 


Quadratic reciprocity follows from the Propositions 16.45 and 16.47: 


16.48 Theorem. 
(i) The Quadratic Reciprocity Law: 


a\ (b a=1 bot : 
—)(-]} =(-1)2 =  fora,b€ N* odd and relatively prime. 


-1) 7 for odd b € N*. 


~ 


—1 
(ii) The first supplement: (=) 


2 = 
(iii) The second supplement: G) =(—1) s» for oddbeņÑ*. 


Cubic reciprocity 


Put A = 1 — 3. Then (3) = (A)? in Z[¢3]. Hilbert’s reciprocity for the field Q(¢3) 
and n = 3: 


16.49 Proposition. 


-1 
(i) (5) (£) = (35) for all relatively prime a, 8 € Z|¢3] with Af a, B. 
3 3 


B/3\a/3 

(ii) (2) = (5 = (-1)"“3™ for all 8 € Z[¢s] with \4 B. 
B 3 A 3 

(iii) (5). = a for all B € Z[¢3] with rf B. 


For simplicity of notation in this subsection the subindex 3 is often omitted. 
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16.50 Lemma. Let a € Z[¢] such that Af a. Then there is a unique root of unity 
E € (-C) =ZI¢]* such that 
ĉa = 1 (mod3). 


PROOF. The canonical map Z[¢] > Z[¢]/3 induces an isomorphism 


(—¢)  (Z[C]/3)*. 


16.51 Definition. An a € Z[¢] is called primary if a = 1 (mod3). 
16.52 Lemma. For primary a € Z[¢] there are unique j,k € {—1,0,1} such that 


a = (14+3¢)7(—2-—3¢)* = (1 +34 (1 +3k(—1— ¢)) = 1-3k +3(j + &)¢ (mod 9). 


PROOF. The group (1+ 3Z[¢])/(1 + 9Z[¢]) = Ker((Z[¢]/9)* — (Z[¢]/3)*) is a 3- 
elementary abelian group of rank 2. The classes represented by 1+ 3¢ and —2—3¢ 
form a basis. 


16.53 Proposition. Let a and 6 be primary elements of Z[¢], where in particular 
B=14+3m+4+ 3n¢ with m,n € Z. Then 


PROOF. We use the Proposition 16.49, Lemma 16.52, the inclusion 1 + 9Z[¢], C 
Q(¢)%3 given by Theorem 11.22 and Steinberg relations. Let j,k,s,t € Z be such 
that 


a = (1+3¢))(—2—3¢)* (mod9) and 6=(1+3¢)8(—2—3¢)'. 


Then 
B= (1 + 3s) — 3t(1 + )) = 1 +3(—t + (t — s)¢) (mod 9), 


so s = n — m (mod 3) and t = —m (mod 3). 


(i) The ideals (1+3¢) and (—2 — 3¢) are the two prime ideals above 7. We have 
(=£) _ (£ +3 (-2 - 30)", Q +30) (-2 - = 
A} A 
= ( oo ey _ 


A 
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and 
(te -%) B ( 1+3¢ ) (24) 7 (=) (5) 
À ~ N2- 3) \14+3¢ -34C I=L 
= (=) (=) A 
-8+4 h2- ~~ 
(ii) This is Proposition 16.49(ii). 
ws (2) = (APY Ota (YG) 
WY aJ ae d AEC) GEC 
= -1 4 ' = 4 ' — 2t ym 
e o ae See 
Cubic Reciprocity follows from the Propositions 16.49 and 16.53: 


16.54 Theorem. 
(i) The Cubic Reciprocity Law: 


(5) = (£) for all primary a, B € Z[¢3] which are relatively prime. 
3 a) 3 


(ii) The first supplement: ($) = a for all B € Z[¢3] with At B. 
3 


(iii) The second supplement: (3) = ¢3" for all primary B € Z[¢3| with m given 
3 


by 8 =1+3(m+n¢3), m,n €Z. 


Quartic Reciprocity 

Put \=1+i. Then (i) = (A)? in the ring Z[i]. Hilbert’s Reciprocity for Q(i) and 
n = 4: 

16.55 Proposition. 


-1 
(i) a). (£) P = ($£), for all relatively prime aß € Zi] with At a, B. 


(ii) (5) = (+2) =i-%~ for all B € Zli] with rt B. 
4 4 


(iii) (3). = 5, for all B € Zli] with \4 B. 


16.5 Some classical reciprocities 


In the notation we suppress in this subsection the use of the subindex 4. 


16.56 Lemma. Let a € Zii] such that Afa. Then there is a unique root of unity 
Ç € (i) = Zẹi]* such that 
Ca = 1 (mod à). 


PROOF. The canonical map Z[i] > Z[i]/A® induces an isomorphism 


(i) > (zaa. 


16.57 Definition. An a € Zi] is called primary if a = 1 (mod à). So the primary 
elements of Z|i] are the elements 1 + 2a + 2bi with a = b (mod 2). 


16.58 Lemma. For primary a € Zi] there are unique j,k € {0,1,2,3} such that 
a = (1+ A3)F(1 + \4)¥ (mod à’). 
Proor. The abelian group (1 + A®Z[i])/(1 + A’Z{i]) is of order 16. The classes 
of 1+ à? and 1+ 4 are of order 4: 
(1+ A3)? =14 243 +A = 1424-948 H=14-°, 
(1+ A*)}? =14+2\4 = 1+ 245 — Af = 1 +A° (mod J’), 
(1+ d°)? = (14 AS)? = 1 (mod à’). 


By Theorem 11.22, the subgroup 1 + A’Z[i] of Q(i) consists of 4-th powers. 


16.59 Proposition. Let a and 8 be primary elements of Zli], where in particular 
B=1+4+2a+4 2bi with a,b € Z and a = b (mod 2). Then 


; Ê N(a)=1 N(B)=1 
(i (e J= EERON 
A 


(iii) (£ ) =i, 


PROOF. 


(i) The maps 


(1+ A®Z[i]) x (1+ A8Z[i]) — ua, (a, b) = (35) 


and 


N(&)—1 N(B)~1 
4 4 


(1+ \®Z[e]) x (1 + °Zf]) — ua, (a, 8) (—1) 
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(iii) 


432 


are both bimultiplicative, so by Lemma 16.58 it suffices to verify the formula 
for a, 8 € {1+ »3,1+ A*}. We have by Proposition 16.55(i) 


1+A3,14+M\  (-14+2i,-3\) — -3 \~*/-1+2% 
À o À ~ U- 2% 3 y 


N(1 — 2i) = 5 and N(3) = 9, so by definition of the power residue symbol 


= Ja 3)" = —3 = —i (mod 1 — 2i) 


and 


6 =) =(-1+ 2i) T = —3 — 4i = —i (mod 3). 


hence 


( Hian ar e. 


By the Steinberg relations and Proposition 16.55(ii) 


14+A9,14+A\ — f-1,1+A3 Zi 
À 7 À 7 


and we have NCI) = 1] and NCD- = 0. Also 


1+4, 1 +A4 —1,1+.4 3 
Ga ae A 


and Nc = 2. 


The first identity is Proposition 16.55(ii). For the second note that 


N(8)-1  (1+2a)? + 46?-1 
4 4 


=a+a?+b? = (a+b)? — a = —a (mod4). 


First we show that the map 


a—b— 2b? 


1+A°Z[i] — Z/4, 1+2(a+ bi) class of 5 


is a homomorphism. For a,b,c,d € Z with a = b (mod 2) and c = d (mod 2) 
we have 


(1+ 2(a+4 bi))(1+2(c+di)) =142((a+c+ 2ac— 2bd) + (b+ d+ 2ad + 2bc)i 
and 


(a+ c+ 2ac — 2bd) — (b +d + 2ad + 2bc) — 2(b+ d + 2ad + 2bc)? 


16.5 Some classical reciprocities 


= (a + c + 2ac — 2bd) — (b+ d + 2ad + 2bc) — 2b — 4bd — 2d? 
= (a — b — 2°) + (c — d — 2d’) + 2(a — b) (c — d) 
= (a — b — 2b°) + (c — d — 2d”) (mod 8). 


Division by 2 shows that the map is a homomorphism. The subgroup 1 + 
A"ZIi] (the case a = b = 0 (mod 2)) is in the kernel. It suffices to verify the 
formula for 8 = —1 + 2i and 6 = —3. By Proposition 16.55(iv) 


AIAN f A N 
en eee 


(=) = (3) = X? = —i (mod 3). 


Indeed, the images of —1 + 2i = 1+ 2(—1 + i) and —3 = 1 + 2(—2) are the 
classes of 2 and —1 respectively. 


and 


Eisenstein’s Reciprocity Theorem 


Now let l be an odd prime. We will show that a reciprocity theorem of Eisenstein 
(Theorem 16.62) concerning the l-th power residue symbol on the cyclotomic field 
Q(¢i) is a consequence of the product formula for Hilbert symbols as well. 


The prime l totally ramifies in Q(¢;) and the prime ideal above l is principal: 
(1) = (1—q)'"!. Put A= 1 — G. The prime ideal I = (A) is of norm I. 


16.60 Lemma. Let a € Z|&] such that Af a. Then there are unique ¢ € ty and 
a € {1,...,l— 1} such that 
Ca = a (mod 4”). 


PROOF. Since \{ a, the element a is invertible modulo A?, that is @ € (Z[ġ&]/A?)*. 
The group (Z[&]/A?)* is of order (l — 1). The group homomorphism 


m > (Z[Q]/r7)*, CH? 


is injective: ¢; 4 1. On the other hand, the inclusion Z — Z[] induces an injection 
F* + (Z[G|/A*)*. The images of these injections are of order | and l—1 respectively 
and hence (Z[¢]/A?)* is the direct product of these two subgroups. 


16.61 Definition. An a € Z[¢] with | { a is called primary if a = a (mod A?) for 
a (necessarily) unique a € {1,...,/— 1}. 


Note that for l = 3 we took a = 1 in the definition of primary. For l = 3 this, 
however, does not make a big difference. 
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By Lemma 16.60 for each 6 € Z[¢;] with A { 8 there are unique ¢ € sy and a 
primary a € Z[¢| such that 8 = Ca. By Proposition 16.41 we then have 


MOOO 


16.62 Eisenstein’s Reciprocity Theorem. Let a be primary in Z|&Q] and b € Z 
relatively prime to l and a. Then 


b 
By Theorem 16.42 the theorem is equivalent to (= ) = 1. According to The- 
l 


orem 11.22 the subgroup Ult! = 1 + +1 of Q(G)¥ is contained in Q(¢))*!. A 
consequence is again that it it will suffice to verify the theorem for a finite number 
of cases. 


For the proof of the theorem we use the following lemma. 
16.63 Lemma. Let a € Z|] such that a = 1 (mod A?). Then there are unique 
az,...,a, € {0,...,L— 1} such that 


a = (1 = à) (1 — 42) «+. (1 — A)™ (mod d'*"). 


Proor. The multiplicative group (1 + A?Z[G])/(1 + \'t!Z[G]) is an elementary 
l-group: for a= 1 + \?6 with 6 € Z[G] we have 


l 
l 
ad=1+)> (o pF = 1 (mod à'+}), 
k=1 


because v(i) A) >l—1+2k>l+1for1< k< land và”) =2A>1+1. 
The group is of order I(l — 1) and the classes of 1 — \?, ..., 1 — \! form a basis 
since they are independent: suppose (1 — A*)@ --- (1 — \!)% = 1 (mod A'*1), then 
(1 — A*)¢* = 1 — a, A* = 1 (mod ått!) and so a, = 0 (mod 1). 


PROOF OF THEOREM 16.62. As mentioned above the theorem will follow from 
Q, 


à /i 
for Steinberg symbols. Raising a and b to the power l — 1 yields 


alt, pt B a,b (1—1)? B a,b 
À l 7 À l 7 A L 


= 1. Since Hilbert symbols are Steinberg symbols, we can use the identities 
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Since a is primary, a = a (mod à?) for some a € Z. Because a!~! = 1 (mod1) 
and (l) = (A)'~1, we have a!~! = 1 (mod \?). Therefore, we can assume that a = 
1 (mod à?) and b = 1 (mod1l). By Lemma 16.63 there exist a2,...,a1,q~1,c) E N 
and 6,7 € Z[G] such that 6,7 = 1 (mod Att), 

a= (1—\7)%---(L-N)*y and b= (1— N71) (1 Aeg. 


Because 8 and y are l-th powers in the -Ladic completion, we have 
a,b l= 1-2 
ot 


i=2,...1 l 
j=l-11 
1— àf, 1— Af 

AÀ 


(SS7) using the identity A (1 — A°) + (1 — A) = 1 — A#t5: 


(Se=) 


ORANIA -A1 -AA 1-A, 
a À A l ` : 


Since i + j > l+ 1 each factor of the right hand side equals 1, whereas for the left 
hand side we have by (SS3): 


A-A, L-AN O PASM) 1S BA a= 
À y A l A T À L 


EXERCISES 


So it suffices to prove that ( ) = ] fori > 2 and j > l— 1. Apply 
l 


1. Let E : F be an abelian extension of local fields and Z its decomposition group. 
Prove that for the decomposition field E’ = E7 we have 


NĚ (EB) = NE(E")O% 
and that ramification index of E : F is equal to the index of NË (E*) in NẸ(E*)O%. 


2. Let F be a finite field and a a generator of the cyclic group F*. 
(i) Prove that K2(F’) is generated by the element {—1,a} of order 1 or 2. 
(ii) Prove that the group K2(F) is trivial for F of characteristic 2. 


(iii) For F of odd characteristic show that there exist a,b € F* such that a+b = 1, 


a a square of F and b a nonsquare of F. (Hint: consider the map F \ {0,1} > 
F\ {0,1}:a41-a.) 
(iv) Show that the group Kə2(F) is trivial for F of odd characteristic as well. 
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3. Let F be a local field containing a primitive n-th root of unity. Show that the n-th 
Hilbert symbol on F induces a homomorphism 


Ko(F) — un, 
given on generators by {a, 8} > (a, B)n. 
4. Prove that {—1,5} = 1 in the Kə of any field. 
5. Prove that {1+ 3¢3, —2 — 3¢3} = 1 in K2(Q(¢3)). 


6. Let l be an odd prime number and a € Z[&]. 
(i) Let p a finite prime of Z[¢:] such that p { l, œa. Show that 


(ii) Assume that a € R and that 1 Æ 3. Prove that (2) = 1 for all prime 
l 
numbers Æ l. 


7. Let l be an odd prime and p a prime Æ l. 


(i) Show that 
Gu = er vim 
Pp), 


where f is that order of p € F;. 


(ii) Show that p’~' = 1 (mod 1°) if (2) Si. 
l 
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The conductor and the discriminant of an abelian number field extension have much 
in common: their finite prime divisors are the ramifying primes. The Conductor- 
Discriminant Formula describes how they are related for an abelian number field 


extension L: K: 
wW(L= [I fro 
XEH(L:K) 


(fy,0 is the finite part of the conductor of x.) The formula will be proved in the last 
section. The Classification Theorems of local and global class field theory are used 
in the proof. A link between the discriminant and the conductor is the different: 
an ideal of Oz, the prime divisors of which are the over K ramified primes of L. 
The different is closely connected to the ramification groups. For an understanding 
of this connection a detailed study of the ramification groups of a ramifying prime 
will be necessary. 


17.1 Ramification groups of a subextension 


In section 7.5 ramification groups were introduced. They were used in chapter 9 
for a proof of the Kronecker-Weber Theorem. Here we will study the behavior of 
the ramification groups of a Galois extension E : F of local fields under restriction 
to a Galois subextension F’ : F. It will be shown that by another indexation of the 
ramification groups the index is not changed when passing from E : F to E’: F. 


We will fix for this section the following notations: 


E:F a Galois extension of local fields of characteristic 0, 


G the Galois group of E : F, 

n = [E : F] = #(G), the degree of E : F, 

p the characteristic of kp, 

E' an intermediate field of E : F such that E : F is a Galois extension, 
H the Galois group of E : E’, a normal subgroup of G, 


G’ the Galois group of E’: F, so G/H + G’ 


(not the commutator subgroup), 
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(E) 


Vi Vp; » the i-th ramification group of E : F, 
V; a the i-th ramification group of E’: F, 


V Ve the i-th ramification group of E : E’. 


a 


The ramification groups with index 0 are the inertia groups. Let’s write V_; for the 
Galois group. It coincides with the decomposion group. In G we have a descending 
chain of ramification groups 


Vi(=G)EWEV EBV (= {1}. 


For each o Æ 1 in G there is a unique i > —1 such that ø € V; \Vi41. By definition 
c € V; if and only if vg(o(a) — a) > i+ 1 for alla € Og. 


17.1 Notation. If o # 1, then there is a least i € N such that ø does not 
induce the identity on Og/pi{'. This least i is denoted by i(c). For the identity 
automorphism 1 we put i(1) = co. So we have 


Vji3a\Vj={o€G lilo) =j}. 


Now we start comparing the ramification groups of E : F and F’ : F. For this the 
following proposition fundamental. It tells us for a o’ € G’ how the number i(0’) 
is determined by the numbers i(c) for the o € G with o| g = o': 


17.2 Proposition. Let o’ € G’. Then 


PROOF (Tate). For 0’ = 1 we have co on both sides. So we assume that o’ Æ 1. 
Choose a fixed o € G such that o|g: = o’. Then the automorphisms in G which 
restricted to F’ are equal to o’ are the or with r € H. By Proposition 11.15 there 
are y € Op and y € Og such that Og = Orly] and Og = Ory’). The formula 
to be shown becomes 


vn(o(7') — 7) = X ve(or(y) - 7). 


TEH 


Let f be the minimal polynomial of y over E’. Then 


F(X) = [[(X-7)) and f(X) = [] (X - 070). 


TEH TEH 


The polynomial f7 is the minimal polynomial of ø(y) over E’: 


TI (& - or) = [[ & - oro toy) = [[ (X - re). 


TEH TEH TEH 
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The coefficients of f are elements of Og. So vg (a'(a) — a) > i(o’) for each 
coefficient of f. Hence 


aly) -Y IP? MHF) =f?) 


that is 
ve(o(/) — 7) < ve(F?(7)) = SO vely - or (7). 
TEH 
For the proof of equality put y’ = g(y) with g € Or[X]. Then y is a root of the 
polynomial g(X) — y € Og [X]. Hence f | g(X) — y’, say g(X) — Y = f(X)h(X) 
with h € F'[X]. Then g (X) — o(7') = fP (X)h? (X) and so 


Y =al) =g) — 07’) = 9° () — al) = FNR O), 


1 


from which follows f° (y) | o(y) — 7. 


We will compare the images V; H/H of V; under the isomorphism G/H > G’ 
with the groups V’. Let’s denote V;H/H by W;. These subgroups of G” form a 
descending chain 


W_i(= C) > Wo(= V) œ> W1 > W2 D- 


For o' € G’ with o’ # 1 there is a unique j € N such that o’ € Wj_,1 \ Wj, 
or equivalently, for o € G with oļe = o', o € Vj-ıH \ VH. This j is also 
characterized by oH N Vj—ı 40 and H N oV; = 0. 


For o ¢ H let i# (o) be the greatest j € N for which oH N Vj—ı #0. For o € H 
we put i# (o) = œœ. 


We will denote the characteristic function of a subset X of G by ôx, so for o € G: 


ae a 
Then 
ilo) = X ôv, (0). (17.1) 
1=0 


17.3 Lemma. Leto € G and o' =o|g. Then 


iG(o)-1 
i(o') = 


i=0 


1 
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Proof. By Lemma 17.2 


1 
i(o’) = -5 ilor) 
CE’ TEH 
By equation (17.1) we have 
oo oo i#(o)-1 
5 i(oT) = y Xó, (or) = 5 5 dy,(oT) = 5 #0 HA V;). 
TEH TEH i=0 i=0 TEH i=0 


Let oH NV; £90, say To € H such that oTo € V;. Then for 7 € H: 


oT €CoHNV;, 4> OTT) TE CH NV; 
<=> 7 'TEHNV, — TE n(ANY). 


So multiplication by 79 yields a bijection from H AN V; to cH NM V;. In particular we 
have #(0 H A V:i) = #(HNV;) = #(V,”). It follows that 


i (o)—1 
Sior = $ #0”) 
reEeH i=0 


Finally, divide by eg? = #(W}). 


We extend the indexing set for the ramification groups from integers > —1 to all 
reals: 


17.4 Definition. Let x € R. Then 


V, = Viz] if x > -—l1, 
G ifa<-l. 


({a] is the least integer > z.) 


The indexing set for the groups W; is extended accordingly: for x € R the group 
Wz is the image of V, under the restriction G —> G”. 


Now for real x we still have the equivalence: 
o EV, 4> i(o) >a. 


The real function 


#(Vz) 
#(Vo) 


is a step function with value f (E) for x < —1. For m € N the value on the interval 
(m — 1,m) is 1/(Vo : Vm). It has a jump in m exactly when Vm+1 Æ Vm. 
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17.5 Definition. The function y = yg: R > R is defined by 
j #(Vy) dy 
x)= — H, 
Aa i #(V) 
The graph of this function connects the points 


ED) a a 


#(Vo) #(Vo) 


(—1,—1), (0,0), (1, 


with straight lines and for x < —1 it has a slope sP. In other words, it is the real 
function y with y(x) = P -(x+1)— 1 for x < —1, y(x) = zx for x € [-1,0] and 
for x € [m,m + 1] with m EN: 


1 


p(z) = r (#1) + + #(Vin) + (@ — m) - #(Vin41)); 
#(Vo) 

= . _ #(1) : ee . 

where for m = 0 this means y(x) = xz. Obviously it is a continuous func- 
#(Vo) 
tion. On the interval (m,m + 1) the derivative is #(Vins1) So in m € N the 
#(Vo) 
left derivative y takes the value #(Vm) and for the right derivative we have 
#(Vo) 
1 _ #(Vm+1) : +. . . . è ; è è 
g.(m) = “#W) The function ¢ is strictly increasing and piecewise linear with 
0 


only finitely many breaks: it has a break in x if the left derivative y}(x) differs 
from the right derivative y/.(x). If the function has a break in x, the x is said to be 
a break point of the function. The break points are the m € N with Vm+1 Æ Vm. 
The map y is a homeomorphism from R to itself. 


Using the function y Lemma 17.3 can be reformulated as follows: 
i(o’) = px (#8 (oc) — 1) +1, for o € G such that o|p, = o. 


By this identity the ramification groups in G” are related to the images of the 
ramification groups in G: 


17.6 Proposition. W, = V; j for all z ER. 


H(@ 


PROOF. Let o’ € G’ and o € G such that o| =o. Then for all x € R: 
o' € V; <> ilo) > pplz) +1 4> pyl(if(o)-— 1) > vu(z) 


H(2) 


<4 il(o)-1>zr 4 oE VH 4> d'€ Wz. 


The inverse of the homeomorphism y will be frequently used. Therefore, a special 
notation is introduced: 
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17.7 Notation. The homeomorphism ~ = Ya: R —> R is the inverse of yg. 


Obviously, the function w is continuous, piecewise linear, strictly increasing and 


convex. For m € Z its derivative on the interval (y(m), p(m + 1)) is HV, y which 
is an integer > 1 for m > —1. For the left and the right derivative of y in y(m) 
ea #(V0) #(Vo) 

vilem) = vi. (e(m)) = aon 


Their quotient “ Ben is an integer: 

Vr(e(m)) _ _#(Vin) 

d(e(m))  #(Vm+1) 
x) 


The function 7 has a break in x if ~,/;(~) A 1. It has a break in g if and only if 
y has a break in w(x), that is if x = y(m) for some break point m of p. So there 
can only be a break in x if x € (N). Moreover, we have: 


17.8 Lemma. Letv EN. Then y(v) Ee N 
PrRoor. Take m = |w(v)|. Then w(v) € [m,m + 1] and 


v- #(Vo) = G(r) #(Vo) = #01) + + #(Vin) + (Ww) — m) - #(Vn+1). 


Because Vin41 is a a7? of each of the groups Vo,...,Vm, it follows that 
#(Vin+1) | #(V;) for i =0,...,m. So y(v)— m € Z and therefore, w(v) € Z. 


Pn (e(m)) = N*. 


Using w, Proposition 17.6 can be reformulated as 


Vz =Wyu(æ) forall x € R. 


17.9 Proposition. For all x € R we have 
palz) = pa (pu()) and pale) = yy (ya (x)). 


ProoF. The second identity follows from the first. The functions yg and ye YH 
both are continuous and piecewise linear. They are not differentiable in only finitely 
many real numbers. Let x € R such that both functions are differentiable. Then 


d th 1 — ene, EVE) 
Jr (par~u)(x) = Yor (puls) x(x) = HVI) ` HVE) 
_#VeH) #(VeNH) _ #(Ve) 

#(VoH) #(VoNH) #(Vo) 

Because the functions are continuous at the finitely many points they are not 
differentiable, they are equal. 


= 9¢(z). 
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For the ramification groups we now introduce upper indices: 


17.10 Definition. For x € R: 


(E£) _ (E) 
Ve = Vigel) 


These upper indices are compatible with the passage from an extension to a subex- 
tension: 


17.11 Theorem. The restriction G > G” induces for all x € R an isomorphism 


VE” HJH SVE), 


ProoF. By Proposition 17.9 we have 


(Bx) _ 1/(B) a = 
Ve = Voyage) = Wea ber (2) = Wyola): 
Hence V,"” is the image of Va (a) = yer, 


17.12 Example. Let m € Z be squarefree and = 2 (mod 4). Then 2 ramifies in the 
quadratic number field Q(,/m). The local field E = Qo(./m) is of degree 2 over 
F = Qə and Og = Z2[V/m]. Let o be the generator of Gal(E : F). Then 


ilo) = va(a(Vm) — Vm) = ve(—2V/m) = 3. 
So #(V;) = 2 for i < 2 and V; is trivial for i > 3. We have 


x ifx <2 x iig 2 
= aes d = = 4 
ez) fon TE i ifa>2. 


Both functions have a break in z = 2. (For m = 3 (mod 4) the break is in æ = 1.) 


17.13 Example. The prime 2 totally ramifies in K = Q(V2,V3). See Exam- 
ple 5.24. Put E = Qo(V2, V3) and a = VEE | Then a+ 1 is a uniformizer of 
vg and Og = Zo[a + 1] = Zəļa]. The extension E : Qə is biquadratic. The Galois 
group G is generated by o and 7 given by 


a( v2) = V2, T(V2) = -v2, 
a(v3) = —v3, T(V3) = v3 
We have 
i(o) = vglo(a) — a) = ve(—Vv6) = 2, 
i(T) = vA(T(a) — a) = vg(—2a) = 4, 
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p(x) 


Figure 17.1: Graphs of the functions y and w for the splitting of 2 in Q(V2, V3) 


So the jumps of #(V,) are at 1 and 3. We have 
Vi =G and V3 = (T). 


The functions y and w are 


x ifr <1, x ifa <1, 
P(a)=(5n+5 ifl<2<3, W(@)=42e-1 ifl<2r<2, 
ta +4 if x > 3. 4r—5 ifr>2. 


See Figure 17.1. The break points of y are 1 and 3. The break points of w are 1 
and 2. The ramification groups with break points as upper index: 


v® =V =G and VË =V; = (7). 


17.14 Example. The same field K as in the previous example, but now we consider 
the splitting of the prime 3. Put E = Q3(v2, v3). Then E” = Q3(/2), ET = 
Q3(V/3) and E°7 = Q3(V6). The extension Q3(v2) : Q3 is unramified and E : E% 
totally ramifies. So Og = Oge[V/3]. The extensions E : ET and E : E°? are 
unramified. It follows that i(0) = vg(a(V3) — V3) = ve(—2V3) = 1 and i(T) = 
i(oT) =0. The jumps of #(V,) are at —1 and 0. The functions » and w are 


2e+1 ifa<-l, ir- 4 if x < —1, 
p(t) =4 z if-l<a<0, w(x) =< a if-1<2z<0, 
iz if x > 0. 2x if x > 0. 


See Figure 17.2. The functions y and 4% both have breaks in —1 and 0. We have 
VC) =V; =G and V® = W = (0). 
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(x) v(x) 


Figure 17.2: Graphs of the functions y and ~ for the splitting of 3 in Q(V2, V3) 


17.15 Example. Let K = Q(W2,i). Put a = W2. The extension K : Q is a Galois 
extension with G = Gal(K : Q) = D14, the 4-th dihedral group D4. This group is 
generated by automorphisms o and T: 


Il 
> 
Q 
a 
= 
| 
Q 


o(a) 


a(i) =1 T(t) =i. 
The field K has five subfields of degree 4: 


K™" = Qi, V2) =Q(G), K7 =Q((i+ 1a) = Qa), KT = Qla), 


K” =Q((i-1)a) =Q(Gjla) and K”? = Q(ia). 


The prime 2 totally ramifies in K = Q(W2,i) since it ramifies in each of these 
subfields. Let p be the unique prime ideal of Ox above 2. Both the numerator and 
the denominator of 8 = sett generate the ideal p?. A simple elementary calculation 
shows that f(X) = X°—4X°+48X4—4X?+1 is the minimal polynomial of 8 over 
Q. From f(1) = 2 follows that p = (6 — 1). Completion at p yields the extension 
Qe(a, i) : Q of local fields. Put E = Qo(a,i). The element 8—1 is a uniformizer of 
Ug. Since 2 totally ramifies, we have Og = Z2[8 — 1] = Z2[8]. Hence for generators 
of the cyclic subgroups of G we have: 


Gott _ stl) _ yp ( C=) =244-2=4, 
Ca + — Set) — yp/( gst!) — 842 2=8, 
1 


a a 
1 
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1 
i(or) = up(—8* sett) = yp(tet) =4-2=2, 
~14 fi 1 
ilor) = vp ( Ss = sard sa 1) = up(—(6+ 2)a) = 2. 


So #(Vz) jumps at 1, 3 and 7. The ramification groups with lower index at these 
values: 


VY, =G, V3 = (o) and V7 = (0°). 
The functions y and w: 


x ifa<1, x if rs], 
1 ls; i 
_ Jatt+s ifl<a2<3, E 2rx—1 if1<x<2, 
P= iggi tacact, Times itz<n<a, 
gxu++ ifa>7. 8r—17 ife>3. 


The function w has breaks in 1, 2 and 3. The ramification groups with these values 
as upper index: 


vV® =v⁄ =G, V® =V; = (0) and VO =V = (o°). 


For any Galois extension of local fields the break points of y are integers by con- 
struction. In the examples given above the break points of are integers as well. 
Later we will see that this is the case for any abelian extension (Theorem 17.46, 
the Hasse-Arf Theorem). In the last example the Galois group is nonabelian, but 
nevertheless the break points of w are integral. In the next example the Galois 
group is the smallest nonabelian group $3 and the function Y has a nonintegral 
break point. 


17.16 Example. Let K = Q(/2,¢3). Put a = 2. Many computations in this 
field have been done in Example 7.17. We use the same notations. The prime 3 
totally ramifies in K. The prime ideal p of Ox above 3 is a principal ideal: p = (0), 
where 6 = Hes, Completion at p yields the extension Q3(a, ¢3) : Qs of local fields. 
Put E = Q3(a,¢3). The element 6 is a uniformizer of ug. We have Og = Z3[ô]. 


For generators of cyclic subgroups of G = Gal(E : Q3) we have: 


i(o) = vp ( Ges - TRS) = op (CE S)) = 3 43-2-2=2, 
i(r) = vp (AES — He) = yp 6M) = 3-2 =1, 
ilor) = ve (ES — 2S) = up Gaiters) — 342-2-2=1, 
i(o?r) = up Geet S = ve Gahan) = 842—2-2= 1, 


The last three outcomes just verify what we already know: in a quadratic extension 
the prime tamely ramifies. So #(V,) jumps at 0 and 1. We have Vo = G and 
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p(z) 


Figure 17.3: The graphs of the functions y and ~ for the splitting of 3 in Q(¥/2, C3) 


V, = (co). The functions vy and w: 


x if x <0, x if æ <0, 
p(x) = 4 5a if0<e¢<1, Y2) = 4 2x if0<2<}, 
gots ife>d. 62-2 ifr>4. 


See Figure 17.3. The function w breaks at 0 and 4. The ramification groups with 
these values as upper index: 


VO =VW=G and V2) =V = (0). 


17.17 Example. Let p be an odd prime and r € N*. In Example 7.64 the ramifi- 
cation groups of the prime p in Q(¢,-) have been computed: 


Vj = Gal(Q(pr) : Q(Cpm)) if p™ > <j <p™—-1. 


The jumps in the descending chain of ramification groups are at p™ — 1 for m = 
0,...,r—1. These groups coincide with the ramification groups of Q,(¢pr) : Qp. 
For m > 1 the slope of y on |p”! — 1, p™ — 1] is equal to 


#(Vpm-) prom 1 


#(Vo) pp’ (p—1) p™t(p-1) 


So 

p=)" =1) 
pe p= 1) 

This implies that the function w breaks at 0,...,r — 1: 


—1)-¢(p™* -1) = =1. 


v®=W=G and VO = Vp = Gal(Q(Gr): Q(Gs)) fori=1,... 
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17.2 The different 


In this section the different of a field extension is introduced and for Galois exten- 
sions its relation to the ramification groups is studied. The following notations are 
used in this section: 


R a Dedekind domain, 

K the field of fractions of R, 

L:K a finite separable field extension, 
n the degree of L: K, 

S the integral closure of R in L. 


In this section both localization and completion occur. In case of localization at a 
single maximal ideal p the following notations are used: 


Rip} the localization of R at the maximal ideal p, 
Ky the completion of K with respect to the discrete valuation vp, 


Ry the valuation ring of Kp 
and in case of a number field K 
Kip} the localization of Ox at the maximal ideal p, so Krp} = (Ox) {p}- 


All residue fields R/p, where p € Max(Op) are assumed to be finite. In section 1.5 
we considered the nondegenerate symmetric bilinear map 


LxL—4K, (a,ß)= Tri (a8). 


17.18 Definition. Let a € I(L). Then 
*a={8EL]|Trk(ßa) CR} 


is called the dual of a with respect to R. 
17.19 Lemma. The dual of a fractional ideal is a fractional ideal. 


PROOF. Let a€ I(L). Clearly, *a is an S-submodule of L. So it suffices to show 
that there is an a € L* such that a- *a C S. Let @a1,...,@n € S be a K-basis of L 
and d = disc(a1,...,Qn) = det (Trý (aia;)). Let 8 € *a, say 6 = biai +--+ bnan 
with b1,...,bn € K. Take a nonzero a € aN R. Let 61,..., 68n be the dual basis of 
Q1,- -,@n. For aß we have 


aß = Tr% (aBai) 1 fees + Trý (aBan)Bn 
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and for j =1,...,n 
Trý (aßa;) = S Trý (abia;a;). 
i=1 
In matrix notation: 
abı Tr% (aßaı) 
(Trlœia;)) | © |= : 
abn Tr% (aBan) 


Because aß, aj € S, we have Trý (aBa;) € R and so dab; € R for j = 1,...,n. It 
follows that daß € S. Hence da-*aC S. 


17.20 Definition. The dual of S with respect to R is called the complementary 
fractional ideal of S over K. Note that the ring S is determined by R and L. This 
is reflected in the notation for the complementary fractional ideal: 


crR(L) =*§S. 
Its inverse in the group I(L) is called the different of L over R. Notation: 
ðr(L) = (cr(L))~*- 


For a number field extension L : K we define the different of L over K to be the 
different of L over Ox: 


O«(L) = 00, (L). 


Note that, since cr(L) is a fractional ideal of S, we have Tr%(cr(L)) = 
Trý (cR(L)S) C R. 


17.21 Lemma. The different of L over R is an ideal of S. 


PROOF. Clearly S C cr(L): for all a € S we have aS C S and so TrẸ (aS) C R. 
Hence, ôrR(L) C S7! = S. 


The different under localization: 


17.22 Proposition. Let P be a collection of maximal ideals of R and Q the collec- 
tion of maximal ideals of S above P. Then 


ðr, (L) = 3RlL) SQ. 


PROOF. We prove that crp (L) = crR(L)SQ. 


449 


17 Conductor and Discriminant 


D: Let a € cr(L), p € P and 8 € Sg. Choose t € R such that vp(t) = 0 and 
tB € S. Then tTrý (ap) = Tr (at) C R and vp(Trk(af)) = vp(Tr(atp)). 
Hence, Trý (aSQ) C Rip}. It follows that 

Trý (aSQ) C N Rip} = Rp 
peP 
and so cR(L) C crp (L)SQ and for the fractional Sg-ideal cr(L)Sg we have 
Crp(L) C er(L)SQ 
C: Let a € cr,(L). By Proposition 6.25 


a€cr(L)Sq <=> vala) > vq(er(L)) for all q E€ Q. 


Let q E Q and qnK =p. Choose t € R such that vp(t) = 0 and ta € S. Then 
Trý (taS) C Trý (S) C R. So ta € er(L) and, therefore, vg(ta) > vg(er(L)). 
Because t ¢ q, we have vg(a@) > vq(cer(L)). 


The different is an ideal of S. Its norm in K is the discriminant. More precisely: 
17.23 Theorem. 0p(L) = Nk(Or(L)). 


Proor. The Propositions 7.23 and 17.22 allow us to localize: let p € Max(R) 
and Q = {q E€ Max(S) | va(pS) > 0}. Set p' = pRip} and q’ = qSg. Then 


Up(OR(L)) = vp (OR, (L)) and vq(Ox(S)) = vy (Orp (Z))- 


We may assume that R is a discrete valuation ring. Then S is a free R-module 
of rank n, say S = Ra, +---+ Ran. Thus dr(L) = discK(ai,...,Q@n)R. Let 
(B1,---, 8n) be the dual basis of the basis (a1,...,@,,). We have for y € L: 


Y EcR(L) — > Tr3(7S) CR 
<> Tr(ya;) E€ R fori=1,...,n 
— yE RB +- + Ren 


So cR(L) = RO, +--- + Rn. The R-module cr(L) is a fractional ideal of S. By 
Proposition 2.21 the ring S$ is a principal ideal domain, so there is a y € L* such 
that cr(L) = Sy. We have 


discx (b1,. - . , 8n) R = discx (yar, . . - , Yan) R = N%(7)? discx(a1,...,an)R 
= Nk (7) DR(L) = Nk (cr(L)}R(L). 
The different Op(L) is the inverse of cr(L), so 
discr(B1,.--;Bn)NK(On(L))? = dR(L). 


By Proposition 1.32 we have discx(61,...,8n) = discx(a1,...,Q@n)~+. Hence 


NZ (Or(L))? = dp(L) discx(a1,...,An) = dR(L)?. 


450 


17.2 The different 


So the prime ideals of S which divide the different Op(L) all lie above ramify- 
ing prime ideals of K. They are in fact all over K ramified prime ideals (Theo- 
rem 17.26). 


The different under completion: 


17.24 Proposition. Let q E€ Max(S) and p =q ON K. Then 


Or, (Lq) = Or(L)Sq- 


PROOF. We will prove that cr, (Lq) = ¢r(L)Sq. By Proposition 17.22 we may 
assume that R is a discrete valuation ring. 


Dy 


IN 


Let a € cr(L), 8 € Sq and Q the set of prime ideals of S above p. Put 
ny = max(—vg (a), 0) for all q’ € Q. Choose y € S such that 


„= £8 (mod ar) 
~ [0 (mod(q’)"") for q' € Q\ {a}. 


By Corollary 10.47 


Trk(ay) = Tia) + SY Tel (o). 
q'EQ\ {4q} 


From y € S and a € cr(L) follows that Tri (ay) € R C Rp. For q' € 
Q \ {q} we have vg (ay) = vy (a) + vg (y) > 0. So ya € Sq and therefore, 


Trt (ay) € Rp. By the above formula for the traces we have Tri (ay) € Rp. 
From v4(8 — 7) = ng follows that valab — ay) > ng + vala) = 0. So 


Tri (ap) = Tri (ay) + Tri (ab — ay) € Rp. 


It follows that Tr} (a84) C Rp, that is a € cr, (La). 


: Let a € eg, (Lq). Put m = max(0, va(cR(L))). Choose 8 € L such that 


vq(8—a)>m and vy >0 forall q’ € Q\ {q}. 


Let y € S. Then Tr} (8y) = Tri (8y— ay) + Tri (ay) € Rp and Tr? (87) E€ Ry 
for q! € Q \ {q}. So again by the formula in Corollary 10.47: Tr% (8y) € 
Rp NK = R. Hence 8 € cr(L). Because v4(8 — a) > va(cr(L)), we have 
aE cr(L)Sq- 


So the different is the product of the local differents, more precisely: 


17.25 Corollary. Op(L) = Rang (Lq) OS. 
q q 


qe Max(S) 
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PROOF. For q € Max(S), put vg(Or(L)) = kq and p = qN K. Then by Proposi- 
tion 17.24 Op, (Lq) = 4** and ðr, (La) N S =". 


17.26 Theorem. For all q E€ Max(Oz) we have 


q is ramified over K 4> q|Or(L). 


PROOF. Let q € Max(Oz,) and qn K = p. Then by Propositions 17.24 and 
Theorem 17.23: 


Up (OR, (Lq)) = vp (Nig (Or, (La))) = fr, (4Sq) + Uq(Or, (La)) 
= fr, (4S4) ` ¥q(Or(L))- 


As far as the prime divisors of the different and of the discriminant are concerned, 
the discriminant contains less information than the different. The different tells us 
which prime ideals are ramified over the base field, whereas the discriminant only 
tells us over which prime ideals of the base field they lie. 


For a tower of extensions: 


17.27 Proposition. Let M : L be a separable field extension and T the integral 
closure of R in M. Then 


r(M) = ðs(M)ðr(L). 


PROOF. We prove that cr(M) = cs(M)cr(L). 


D 
Trý (cs(M)cr(L)) = Tri Trk (¢s(M)er(L)) = Trk (er(L) Tri (cs(M))) 
C Trk(crR(L)S) C R. 
Hence, cs(M)cr(L) C cr(M). 
C: From Tri Tr?’ (er(M))) = Tr#?(er(M)) C R follows that Tr!’ (er(M)) C 


cr(L). So 


Trp ((eR(L)) cr(M)) = (eR(£)) Tri (er(M)) C S. 


Therefore, (¢r(L))~'er(M) C cs(M), that is crR(M) C cs(M)er(L). 


For number field extensions this formula reads as 
Ox (M) = 0,(M)OK(L). 


As a consequence we obtain a formula for the discriminant for a tower of extensions. 
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17.2 The different 
17.28 Theorem. Let M : L be a finite separable field extension and T the integral 
closure of R in M. Then 
Da(M) = @r(L)) ME .NE(s(M)). 
Proor. By Proposition 17.25 Org(M) = Os(M)Or(L) = Os(M)- Or(M)T. Ap- 
plication of N% yields by Theorem 17.23: 


dr(M) = NY (3r(M)) = NENY (ðs (M)) -NENM (Ər(L)T) 
= Nk (0s (M)) - NĘ((@R(L)) PE”) = NE @s(M)) - OR) PEA. 


For number field extensions: 
dk(M) = (0x(L))!M"! . Nk (@L(M)). 


For discriminants of extensions L : K the discriminants of K-bases of L are of 
importance. Likewise, for differents we have differents of elements. 


17.29 Definition. Let a € L and let f be the characteristic polynomial of a over 
K. The different 0£ (a) of a over K is defined by 


OK (a) = f'(a). 


If a is not a primitive element of the extension, say [L : K(a)] = m > 1, then the 
roots of f have multiplicity m and, therefore, f'(a) = 0. Furthermore, if a € S, 
then f € R[X] and f'(a) € S. 


A special case, particularly interesting in case of extensions of local fields: 


17.30 Proposition. If there is an a € L such that S = Rj|a], then OxK(S) = 
(x(a). 


PROOF. Let f(X) =X" +an-1 X”! +- -+a be the characteristic polynomial 
of a over K. Put 


X — it 
FAD L iy 1X1 + By aK? +--+ Bo = 9X) € SIX], 
Let a 1,...,Q@, be the roots of f in a splitting field of f over L. Let’s assume 


a = ay. For each 0 < i < n — 1 there is a unique polynomial h (over the splitting 
field of f over L) of degree < n — 1 such that h(a;) = at for 7 =0,...,n—1. It 
obviously is the polynomial X’ and Lagrange’s interpolation formula yields 
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Since §o,..-,8n—-1 E€ L, we can rewrite this as 


n—1 


Z Tri CEG = x7, 


Hence B 
Tr? ( i_NMj ) =i 
rk a Pilar j 


and this means that 


is the dual basis of l,a,...,a@”~+. Let y € L. Then 

Bn-1 

f(a)’ 

Because S = Rla], we have y € cr(L) if and only if Trý (yat) € R for i = 
0,...,2—1. This means that 


Fray tt Tr (ya"—) 


= Bo TE Pn-1 
ONO 
From f(X) = (X — a)g(X) follows 


cr(L) 


Bn-1 =1 


Bn-2 = aBn—1 = An-1 


Bo — abı = a1 
and this leads to 
Bn—1 =1 
Bn—2 = Q + Gn-1 


2 
Bn—3 = Qf + an—1Q 


It follows that Ria] = Ro +- + RBn-1. Hence cr(L) = HOR and thus 
an(L) = f'(a)8. 


Since the different is the product of the local differents and our main interest is 
the case of a number field extension, we will now consider local field extensions. It 
turns out that the different is completely determined by the ramification groups of 
the extension (Theorem 17.34). 
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17.31 Definition and notation. Let E : F be an extension of local fields. The 
different Əş (E) of E over F is defined to be the different of Og over F: 


Op(E) = 00,(E). 
It is, as an ideal of Og, a power of the maximal ideal pz. 


17.32 Proposition. Let E : F be an extension of local fields. There exists ay € Og 
such that Og = Orly]. Let f be the minimal polynomial of y over F. Then 


Or(E) = (f'(7))- 


PROOF. The existence of y is Proposition 11.15 and the formula p (E) = (f’(7)) 
follows from Proposition 17.30. 


17.33 Definition and notation. Let E : F be a Galois extension of local fields. 
The i-th ramification group of E : F is the i-th ramification group of pr in E and 
is denoted by Vp;(E), that is 


Vri(E) = Vri(pe). 


17.34 Theorem. Let E : F be a Galois extension of local fields and V; the i-th 
ramification group of E over F: Vi = Vri(E). Then 


co 


vp(Or(E)) = (#()) - 1). 


i=0 


PROOF. Let y and f be as in Proposition 17.32 and put G = Gal(E : F). Then 
by Proposition 17.32 we have p (E) = (f'(y)). Choose t € N such that V; = {1}. 


From 
roa = [e-a 
= 
and 


o € Vi \ Vian <1 vgloly)—-y)=i+1 


then follows 


vp (Or(E)) = ve(f'(y)) = do velon- SS vella) - 7) 
ofl i=0 cEVi\Vi41 
=> Y G4)=N64+ DEW) - #V)) 
i=0 GEVi\ Via i=0 
t t t t+1 
=S G+ D#V) — S004 4A) =X a+ DEV) -Y iV) 
i=0 i=0 i=0 t= 1 
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t 


= #(Vo) — (t + 1# (Vm) + >) EV) = #(Vo) -1-t+ 5 eM) 


i=1 i=1 


=X (#(V:)- 1). 
i=0 


For a number field extension we obtain: 


17.35 Corollary. Let L : K be a Galois extension of number fields and q € 
Max(Oz). Then 


Co 


Uq(Ox«(L)) = X (#(Vrala)) = 1); 


i=0 


PROOF. Let p = qN K and choose K, to be a subfield of Lg. Then restriction of 
automorphisms yields an isomorphism 


Gal(Lq : Kp) > Zx(q) 
and for each i € N an isomorphism 


Vr, (0) —> Vi(q)- 


So 
vq(Ox(L)) = vq(OK,i(Lq)) = X (#(Vix, «(4)) — 1) = X (#(Vr,la)) — 1). 
i=0 i=0 


17.36 Example. Let’s verify the formula of the last theorem for (the completion 
of) the extension Q( 2,2) : Q considered in Example 17.15. We will use the same 
notations. The minimal polynomial of 8 € Oz over Q is f(X) = X8—4X°+8X4— 
4X? +1 and 8—1 generates the prime ideal p above 2. Since only 2 ramifies in K, 
the discriminant of K : Q is a power of 2. Moreover, since 2 totally ramifies, one 
has Ox = Z[6 — 1] = Z[6]. So 


disc(K) = N§ (f’(B)) = N (887 — 248° + 328° — 88) 
= 2NG (6° — 364 + 46? — 1) = 2”*u, 
where u is odd, since 8° — 364 +48? — 1 ¢ p = (8 — 1). In fact, u = 1 as remarked 


before. From Theorem 17.34 it follows that the p-valuation of ôz(K) is equal to 
2(8 — 1) + 2(4 — 1) + 4(2 — 1) = 24 and this is the 2-valuation of disc( K) as well. 


Theorem 17.34 relates the different to the orders of the ramification groups given 
by lower indices. In case the function ~ has only breaks at integral arguments 
we obtain by grouping lower indices a formula in terms of orders of ramification 
groups given by upper indices. 
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17.37 Theorem. Let E : F be a Galois extension of local fields with Galois group 
G. Suppose that the function ya has only breaks at integral arguments. Then 


Vv = el”) 3 = Pa ee ` 
g(r (E)) F 2. E 


Proor. Put V; = Vp;(E) and V® = VË (E). By assumption the function 
w = we has no breaks between integers i — 1 and i. This means the function 
p = pqa has no breaks between y(i — 1) and y(i). Start with the formula of 
Theorem 17.34: 


oo [e.e] y(i) 
ve(Or(E)) =X #M)-YD=S5 SS #M)-0 
i=0 i=0 j=y(i-1)41 
o0 w(t) 
=) (+V) — 1) 


1=0 

lo) f = 1 
E UOH) -D= repay o- 
= De Fo) He) a a Ava) 


17.3 Local Artin maps and ramification groups 


Let E : F be an abelian extension of local fields of characteristic 0, G = Gal(E : F) 
and n = |E : F]. By local Artin reciprocity the local Artin map oD. F* +G 
induces an isomorphism 

oP: F* /NE(E*) X G. 


17.38 Notation. In 16.16 the notation ue was introduced for F a local field and 
i € N. Now we also allow i = —1 in this notation by putting 


UC) = F”. 
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The groups U e ) form a descending chain of subgroups of F*: 


Taking products with the subgroup NZ(E*) yields the descending chain 


ar a > NE(B)UO > ... > NE(EYU® p 
F* 


Let j be the least integer such that ul C NË(E*). Then the conductor fp (E) 
of E : F equals ph. So NE(E*)U = NE(E*) if and only if i > j. By setting 
WÊ (E) = og) (NE (E*)U) = oP Uu), we obtain a corresponding descending 
chain of subgroups of the Galois group: 


WEY(E) > We ec. > Woe) > 


| 
G 
and we have we (E) = {1} if and only if i > j. 


17.39 Example. Let p be an odd prime and r € N*. The cyclotomic field Q(¢,-) 
is as an abelian field the class field of Dpr and in the general class field theory it is 
the class field of H(p)roo (Q). In the first sense its conductor is p” and in the second 
it is (p)"oo. Its local conductor at the prime p is the ideal (p)” of Z. This implies 
that the conductor of Q,(¢,~) : Qp is the ideal (p)" of Zp. Put E = Q,(¢,r). Since 
p is the norm of 1 — ¢,r we have 


NË (E*) =U” - (p) = (1 + (p)") - (p). 


P 


It follows with Example 17.17 that WẸ (E) = Vg? (E) for i =0,...,r. 


P 


The main result in this section is that in general wË (E) = VÉ (E) for alli > —1. 
This is Theorem 17.48. For its proof a detailed study of the function w is needed, 
to start with cyclic extensions of prime degree. This is done in a series of lemmas. 


17.40 Lemma. Let E: F be cyclic of prime degree l, s € N* and y € E such that 
vely) > s. Then 


NE(1 +7) =1+Trp(y) +Ne(y) (mod Trp (p72). 
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Proor. The norm of 1 +y is the product over its conjugates and we expand this 
product: 


Na+ = [] G47) = TI = E007) aE r, 
TEG I rel I TEI I 


where the sum is taken over all subsets J of G and 87 = ($ 2-erT) y. The group 
G operates on the set of subsets of G by oI = {or |T € I}. Only @ and G are 
fixed under this operation: g = y and Bg = Ng -y = N#(7). The other subsets 
are in orbits of length l. For a proper nonempty subset I we have 


eS ar) =X [J ory) 


o€G o€G o€G rel o€GTrel 
= So([] 7) = BRT] 7). 
o€G TEI TEI 


In particular for the orbit of one element sets we have 
5 Bo = Trý (q). 
o€G 
For 1 < #(I) <l: 
ve(Tr2([] 77) ) 2 ve (THE eB). 
TEI 


Hence 


NE(1 +7) =1+ Trp(y) +Ne(y) (mod Trp (pz). 


17.41 Lemma. Let E : F be ramified and cyclic of prime degree l, s € N* and 
m = vp(Or(E)). Then 


wmo) = ||. 


PROOF. For t€ N we have 


Tre (PE) Cpr <> pp Trp(PE) C Or => Tr(pp'ph) C Or 
<> ppt Cer(E) => Op(E) Cpi — m2lt-s 


is tT. 


This proves the lemma. 


For E : F a cyclic extension of prime degree l and Galois group G, let t be the 
unique jump in the chain of ramification groups: 


G = Vr -1 (E) = Vro(E) = -+ = Vra(E) 


459 


17 Conductor and Discriminant 


p(x) 


Figure 17.4: The functions y and w for a cyclic extension of degree 3 with breaks 
respectively —1 and 2 


{1} = Vre (E) = Vr t42( E) =- 
Then by Theorem 17.34 vg(ðôp(E)) = Siol oes i), 


17.42 Lemma. Let E:F be cyclic of prime degree | with Galois group G. If 
t = —1, that is E : F is unramified, then 


To t(@+1)-1 ifa<-t, 
x ifx>-—l. 
Ift > 0, then 


_ ja if x <t, 
ue E if x >t. 


PROOF. Put V; = Vri(E£). By Definition 17.5 we have for t = —1 
Wa+l1)-1 ifa<-tl, 
od a f if z > —1. 


and for t > 0 


z ifr <t, 
s=] 


i(x-t)+t ifa>t. 


See Figure 17.4. The function w is the inverse function of y. 
The function w has one break, namely for x = t: 


#(V:) 


en, 
#:(Vi41) 


wy r(t) = 
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17.43 Lemma. Let E : F be cyclic of prime degree l. Then for each integer i > —1: 
NEUS O) CUP and NEU OY) CUR, 
and 


1 ifiFt, 
l ifi=t. 


UP a a < vp) = 


ProoF. The proof is by distinction of cases. 


i= —1: We have y(—1) = -1, UC? = F*, US = O%. Obviously, NE(E*) C F* 
and NZ(O%) C O%. Furthermore, by Theorem 12.22 


1 ift=-1 
O% : NE(E*)) = eP = 
(OF : Np(E")) = ep T Mees 


By Lemma 15.50 
O% C NE(E*) 4> t=-1 


and, therefore, 


(Up : UP NEUR )) = (F* : OPNF(E")) = [ 


l ift=-l1. 


i= 0: We have (0) = 0, U® = O% and UP = 1+ppr. From pg NF = pr follows 
that for a € ppg we have NẸ(1 +a) = [Isca a(l +a) = [],ege(1 + o(a)) € 
(1+pg) NF =1+pp and so NË(1+pg)C1+pr.- 


For the computation of the index (O% : (1 + pr)NË(O%)) use: 


(OF : (1+ pr)NE(OR)) | (OF : (1 +pr)) = #(ke) 
(Of : (1+ pr)NB(Oz)) | (Ob : NE(O%)) = ef? 
If t = —1, then eP =1. 


If t > 0, then eP =1. 
If t > 0, then char(kr) = l and so l{ #(kẸf). 


i > 0: 


t= —1: Then (i) = i and ôF (E) = Og. For all j € N 


Trp (ph) C ph => TGs) C cp(E) Onc pi izi 


461 


17 Conductor and Discriminant 


462 


t> 2: 


and so Tr (pt) = pi. Replacing i by i +1 and 2i respectively yields 
Trp(pg |) = pp and Trp(pg) = pe C pp’. Moreover, Ne (pig) = 
pic pes By Lemma 17.40 we have for all y € pi: 


Np(L +7) =1+Trp(y) (mod pF’). 


So UČ ONE(UË Ne U; (+1) On the other hand let 8 € pt! and choose 
aye pb such that Tr (y) = 8. Then 
Na(L+7)=14+8 (mod pi"), 


that is 148 
(i+1) 
— EU 3 
NE S 
G1) NE (pr) 
It follows that 1+8 E€ Up ’NE(Uz’). 


By Lemma 17.42 (i) = i. For y € pi, we have by Lemma 17.40 
NEC +7) =14+Trp(7) +Ne(7) (mod Trp (pz). 


By Lemma 17.41 vp(TrẸ(pt)) = t and we have (t +1)(1— 1) +i > 
(¢+1)(J—1)+i = il+l—1, that is (t+1)(l—1)+i > il4+l. Therefore, also 
by Lemma 17.41, vp(Tr(pi,)) > i+ 1 and, moreover, vp (Trý (pz) > 
up(Trz(pi;)) >i+1. Hence for y € pi 


Na(1+7) =1+Nz(7) (mod pi") 
and, in particular for y € ph, respectively y € fo 
NẸ(1 +7) =1(modp%,), respectively NE(1 + y) = 1 (mod pi"). 
So NEY) c UP’, NEUE) C UETY and UL PNEUP) c UP. 
Now let 8 € pt, and choose a y € pt, such that NZ(7) = @. Then as in 
the previous case it follows that 1+ 8 € ue NEU). 


i: By Lemma 17.42 we have w(t) = t. Since ((+1)(-1)+t=lt+l-1 


and | #+!=1| = t, we have by Lemma 17.41 
Tre (Pe) = Pr 


Similarly Tr (ptt!) = pit! and Tri (p2) = p% C pitt. By Lemma 17.40 
for all y € ph: 


NE(1 +7) = 1+ Trp(7) + Np (7) (modph') 


and 
NË(1 +7) = 1 (mod pi). 


ELN 


17.3 Local Artin maps and ramification groups 


Moreover, if y € pt”), then NE(1 +7) = 1 (modp*t+). So NE induces 
a group homomorphism 


NU UY oul. 


The cokernel of N is U® JUCHY NEUE )). Choose uniformizers tg and 
ap of E and F respectively. Then Tr(a) = ant, and NE (rt) = brh, 
where a,b € OF. The residue class field kg is equal to the residue class 
field kp. We have isomorphisms 


kp = kp SUM JUS, xr 1+rrh 
and 
kr Š U® Ue, £= 1+ rTh, 


their domain being the additive group of the residue field. Via these 
isomorphisms the homomorphism N translates into a homomorphism 
N: kr > kp. For x € Op we have 


+ aTrE (rz) + t'NE (rg) (mod pi") 
oS) 


N&(1 + an) 


Il 


1 
14+ bar’, + arri (mod p 
1+ (bx + az!)n& (mod pit). 


So the corresponding homomorphism kr > kr is the map 
N:kpokp, yr by+ay’. 


The order of the kernel of Ñ is at most l. So the order of the cokernel 
is at most l as well. This proves that 


UP : Up PNBUp?)) <1. 
By Lemma 17.42 we have w(i) = t+l(i—t). Since (t+ 1)(1—1)+ H(i) = 


(t+1)(l—1)+t+l(i-—t)= li+l-— 1 and || = i, we have by 
Lemma 17.41 


re (ee y= bh 
Also by Lemma 17.41 
feo, See 


From y(i) = t+l(i-—t) >t+(-t) =i ag Nee NE (pe jE 


NE (pit?) = pitt. Hence by Lemma 17.40 for y € pl” 


NzZ(1 +7) =1+ Tr (y) (mod pi") and NE(1 +y=1 (mod p%,). 
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So NEU ©) C uv and per? NEU oe) C ue, For the opposite 
inclusion let 8 € pî. There isa y € py such that Tr (y) = 6. Then 


NB(1+7)=1+8 (mod pit") 


and it follows that 1+ 6 € UË NE (UYO), 


We generalize the lemma to the case of a Galois extension of local fields. 
17.44 Lemma. Let E : F be a Galois extension of local fields. Then for each 
integer i > —1: 


and 


Ue sur ONE a 


ProoF. The proof is by induction on the degree of the extension. For degree 
1 it is trivially true and for prime degree it is the previous lemma. Since Galois 
groups of local field extensions are solvable, for composite degree there exists an 
intermediate field Æ’ such that E’ : F is a Galois extension and E 4 E’ # F. 
By induction we assume the statements in the theorem to be true for the Galois 
extensions E : F’ and E’: F. 


Put G = Gal(E : F), H = Gal(E : F’) and G’ = Gal(F' : F). We will use 
NË = NĒ NĒ, and yg = yayo (Proposition 17.9). 
The verification of the inclusion statements is straightforward: 


NB(Ug ON = NENE (Up Yem C NE US?) CUP, 
NEUK CO) = NENE Up OY) CNE (UGE?) CUR. 


For the last statement use the inclusions 


Ne, gan ©) = ute (i) and NE (UC JFL € es 


(Up : UPO NEURO) 


= (UL i) : US ONE (ye )) í (UËHONE (Ute ®) : US DNE Us) 
< Boren Up ONE Up?) : Up NE NB (Ug Ye) 
< WG rali i)- USN ase uve C )) : Ue Ne’ (Ue ONE, (uate M))) 


Wa 7(4)+1 AG 
< Ver rali) : (Uwe (2) f ue (i)+ NE, (Uta ( ))) 
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Vern) arrow) _ Vorl 
Yali) Vi Waray) Yali) 


< varal) Varn enw) = = Ve rli). 


The ~-functions have only finitely many breaks, so the chain rule for the left and 
right derivatives applies. 


17.45 Lemma. Let E : F be an abelian extension of local fields. Then for each 
integer 1 > —1: 


GONE) 05 Nee =O sue NEU 4. 


PROOF. There is an integer t such that ul) C N&(E*) and ~w has no break for 
all x > t. Consider the chain 


Up NE(E*) > USNE(B*) > =- > Up NE(E). 
i | 
F* N&(E*) 


By Lemma 17.44 


(UPNB(E*) : UST PNE(E*)) < (UP UST ONE(UL)) < vi. (17.2) 


So we have 

t—1 

[mF] = (F* :NE(E*)) = T] UPNE(E*) : UptPNE(E*)) 
i=—1 

t—1 t—1 . t—1 : 
es LO ee a 
< fMe = [E:F], 
p, (i—1) 


where TO < 1 because of the function ~ being concave. It follows that the 
l 


inequalities in (17.2) are actually equalities. 


The proof also shows that %/.(i — 1) = y; (i) for all integers i. This proves: 


17.46 Theorem (Hasse-Arf). Let E : F an abelian extension of local fields. Then 
the function Y = pa has only breaks at integral arguments. 


17.47 Lemma. Let E : F be an abelian extension of local fields. Then for each 
integer t > —1: 


465 


17 Conductor and Discriminant 


PROOF. We have: 


WE = {1} <> UL NE(E*) =NE(E*) <> (F*: UP NE(E*)) = [E: F] 
t-1 
= [] OP NRE") : Up PNENF(E*)) = [E : F] 


i=-1 


Ii P.p(t) =[E:F] (Lemma 17.45) 


<> 
i=-1 
=> [[Yn@ =1 <=> ¢,,:(¢) = 1 for all integers i > t 
i=t 
<=> V/,(x) = 1 for all x € [t, 00) 
= p(t) = Vilt) = #(Vro(E)) = Vry Æ) = {1} 
<=> v E=} 


17.48 Theorem. Let E : F be an abelian extension of local fields. Then Wi (E) = 
VË (E) for alli > —1. 


PROOF. Let i be an integer > —1. For each subgroup H of Gal(E : F): 
WEE = a ONER 
EDD- 
= Up Ur) ={i} 
Wp (B") = {1} 


< 
<=> VĒ(E")={1} (Lemma 17.47) 
< 


Therefore, WË (E) = 9 (E). 


17.4 The Conductor-Discriminant Formula 


17.49 Notations. Let E : F be an abelian extension of local fields and x € 
Gal(E : F)“. Then the field F, is the intermediate field of E : F corresponding to 
the subgroup Ker(x) of Gal(E : F): 

Fy = EKSO), 


The conductor of Fy : F is denoted by fy. 
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17.4 The Conductor-Discriminant Formula 


17.50 Theorem (Local Conductor-Discriminant Formula). Let E : F be an 
abelian extension of local fields and G = Gal(E : F). Then 


vr(r(E)) = X ve(fy). 


xEGY 
PROOF. Let y € GY. Then for i € N: 
ur(fy) <i > UY CNP (RY) 
= We (Fy) = {1} 
=> VE (F. x) = {1} (Lemma 17.47) 
<=> VË (E) C Gal(E : F,) (Theorem 17.11) 
=> ve C Ker(y). 
We have for each i 
0 if Vy a web 
2, x)=) wyOumy v 1 
ae #VË E) it VOR) = Oh. 


So 


E ve(fx)-1 œ #(V) (B)) — Losev (m) XC) 
i=0 i=0 #(V? (E)) 


Summation over all y gives: 


œ. nd(Vp? (E)) — Eyeav Dev (m) XCO) 


Nerei = #0 (E)) 
2 n#(Ve (E) — Doev (m Lxeav X(2) 
= #VP E) 
_ Snyp E-n S I 1 
2 #V PE) L Tomy) 


By Theorem 17.37 


= 1 
ver(E)) = fe -ver E) = 1P Ea- Ima) 
7 #( 
So for an abelian extension €E : F of local fields with Galois group G we obtain 


E) = Il fx 


xeEGVv 
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17 Conductor and Discriminant 


The discriminant of a number field extension is the product of its local discrimi- 
nants. As a consequence we obtain a global formula: 


17.51 Theorem (Global Conductor-Discriminant Formula). Let L: K be an 
abelian extension of number fields. Then 


wK(L)= J] fro 


XEH(L:K) 
where f\ o denotes the finite part of the modulus fy. 


ProoF. The identity can be interpreted as an identity of ideals of Ox. Let 
p € Max(Ox). We will show that 


vp(OK(L))= X vl) 


xEH(L:K) 
Fix a q € Max(Oz) above p. Put G = Gal(L : K) and Z = Z\"). By Theorem 17.28 
dx (L) = (Ox (L7))# -NK (Oz2(L)) = NĶ (@zz(L)). 


So vp (0x (L)) = (G : Z)- vaz (rz (L)). From Theorem 17.50 follows via the dual 
Artin isomorphism 


vaz (rz (L))= XO vaz (fy). 


xEZv 


The number of characters of G which coincide on Z is (G : Z). Hence 


Ye vf) = (4: Z) J vgz (Fy) = (G : Z)vqz (rz (L)) = vp(0K(L)). 


xEGY xXEZY 


This theorem leads to connections between the discriminant of a noncyclic abelian 
extension of number fields and the discriminant of its subextensions. In full gen- 
erality this connection is explained in section 18.3. Here is a special case: 


17.52 Corollary. Let p be a prime number and L : K an abelian extension of 
number fields with an elementary p-group of rank 2 as Galois group. Then 


p+1 
ax(L) = |] ox (Li), 
i=1 
where Lı,...,Lp+1 are the intermediate fields of degree p over K. 


Proor. The group H(L : K) is an elementary p-group of rank 2. The interme- 
diate fields of degree p over K correspond subgroups of H(L : K) of order p. The 
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Exercises 


subsets H(L : K;)\{1} form a partition of H(L : K)\{1}. Hence, by Theorem 17.51 
and since fi,9 = (1), 


p+1 p+1 


w(L)=][ I[ f= lI dx (Li). 


i=1 XEH(L;:K) 


This generalizes the formula obtained in exercise 9 of chapter 1. 


EXERCISES 
1. Verify Theorem 17.11 for the three quadratic subfields of the biquadratic field in 
Example 17.13 


2. In Example 17.17 the ramification groups V® for an odd prime p in Q(Cpr) have 
been computed. Compute the different of the extension Qp (Cpr) : Qp using Theo- 
rem 17.37. Compare the answer with the formula of Proposition 1.54. 


3. Show that Theorem 7.28 follows from Theorem 17.23 and Theorem 17.26. 
4. Show that Proposition 9.91 follows from Theorem 17.51. 
5. Show that Proposition 7.30 follows from Theorem 17.23 and Theorem 17.25. 


6. Let E : F be an abelian extension of local fields. Prove that E : F is tamely 
ramified if an only if fr (E) | pr. (Hint: use Theorem 17.48.) 


7. Let L : K be a tamely ramified abelian extension of number fields. Prove that 
fx (L) is squarefree, i.e. not divisible by the square of a finite prime of K. 
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18 Zeta Function Relations 


In algebraic number theory various structures associated to a number field come up: 
ideal class group, unit group, ray class group, zeta function and many more. In this 
chapter we study for a Galois extension of number fields relations between these 
structures for the intermediate fields of the extension. This is done by studying 
norm relations, relations of norm elements in the group ring of the Galois group. In 
section 18.1 norm relations of a finite group are introduced and it is shown how they 
are related to the noncyclic subgroups of the group. For a finite abelian group a 
special norm relation is obtained using the characters of the group. For modules A 
over a finite abelian group G group having the property that multiplication by #(G) 
is an isomorphism, a norm relation leads to a relation between the submodules AU 
for subgroups U of G. This is shown in section 18.2. In section 18.3 it is shown 
that a norm relation leads to a relation between the zeta functions of intermediate 
fields as well as for the discriminants of these fields. 


The relations are especially interesting if in the group ring the element 1 is a 
combination of norm elements of nontrivial subgroups. If such a norm relation 
does not exist the group is called strongly exceptional. In the last section it is 
shown that a group is strongly exceptional if and only if all subgroups of order 
pq with p and q not necessarily distinct prime numbers, are cyclic. Modules over 
noncyclic groups of order pq with p and q prime have been studied in the sections 
12.5 and 12.6. 


18.1 Norm relations 


The argument used in Example 5.37 is based on the following relation for the 
elements Ng, Nz, N, and No- in Z[G], where G = (0,7) = C2 x Co: 


2 = Ns +N +Nor— NG. 
For example for v € O% this implies 
v? € (Ok) (OK) (OK) (OR)S = (-1,2 + V3). 


In this section this kind of relations will be studied. The following notations will 
be used for various collections of subgroups. 
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18 Zeta Function Relations 


18.1 Notations. Collections of subgroups of a finite group G: 
Q(G): the collection of cyclic subgroups of G, 
Qo(G): the collection of nontrivial cyclic subgroups of G, 
Q'(G): the collection of noncyclic subgroups of G, 
X(G): the collection of subgroups of G, 
Xo0(G): the collection of nontrivial subgroups of G, 


Y(G): the collection of normal subgroups H of G such that G/H is a finite 
cyclic group, 


YTo(G): the collection of H in Y(G) with H # G. 


The free abelian group on a set X will be denoted by ZX or occasionally, for 
reasons of clarity, by Z- X. For a group G the abelian group ZG has in a natural 
way the structure of a ring. With this ring structure it is the group ring Z[G]. 


18.2 Definition. Let G be a finite group. A norm relation of G is an element of 
the kernel of the homomorphism 


re: Z(G) > Z(G, ŠO nt X. nuov 
UExX(G) UEX(G) 


The kernel of rG is the group of norm relations of G and is denoted by NR(G). So 
X uesa) nyU is a norm relation of G if and only if X uesa) nu Ny = 0. 


18.3 Lemma. Let G be a finite group and let the homomorphism ng: ZX(G) > 
ZQ(G) be defined by TG(U) = Vea) H on basis elements U € &(G). Then 
Ker(7@) = NR(G). 


PROOF. For H € Q(G) put 
[H]}={c€G| (co) =H}. 
It is an equivalence class of the equivalence relation in G defined by 
o~T => (co) = (T). 


For H € Q(G) put 


Then 
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18.1 Norm relations 


Let the homomorphism ya: ZO(G) —> Z[G] be defined by yq(H) = Sp on basis 
elements H € Q(G). Then for each U € X(G): 


Yat (U ) =re( 5 H) = 5 Sy = Nu. 


HEQ(U) HEQ(U) 


So Yet = TG. Since yG is injective, it follows that Ker(rg) = Ker(yarg) = 
Ker(ra) = NR(G). 


18.4 Lemma. Let G be a finite group and let the homomorphism pa: ZA(G) > 
ZX(G) be defined by pa(H) = X urco) H : H*)H* on basis elements H € 
Q(G). Then topa is the identity on ZQ(G). 


The coefficient u(H : H*) is the Möbius function applied to the index (H : H*), so 
u(H : H*) = p((H : H*)). 


PROOF. Let H € Q(G) and n = #(H). For each d | n there is a unique subgroup 
Ha of H with #(Ha) = d. We have 


parg(H) = tl} Ha) =X va(Ha) 


d|n 


Sy ws Hs =X Sno e = Mn =H. 


d|n s|d s|n t|2 


As a consequence a Z-basis of NR(G) is formed by the elements 


U — parg(U - So ¢e(H - X SO wh: H*)H 


HEQ(U) HEQ(U) H*EQ(H) 


A*EQ(U) HEQ( fy 
HD 


where U € Q'(G). This leads to the following definition. 


18.5 Definition. Let G be a finite group. For each H € 2(G) the norm coefficient 
da(H) of H in G is the integer defined as follows: 


do(H)= Y` u(H*: H). 
H*EQ(G) 
H*DH 
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We have shown: 


18.6 Theorem. Let G be a finite group. Then the abelian group NR(G) is freely 
generated by the elements 


U- X` d(H)H, 


HEQ(U) 


where U € Q'(G). 


18.7 Definition. Let G be a finite group. The element G — ` penca) da(H)H € 
NR(G) is called the principal norm relation of G. 


Nontrivial norm relations of a group G may have consequences for the structure of 
G-modules. 


18.8 Notation. Let G be a nontrivial finite group and A a G-module. The sub- 
module of A generated by all AY for U € Xo(G) is denoted by Ag. So 


Ao = 5 AY. 


UEXo(G) 
18.9 Lemma. Let G be a nontrivial finite group, A a G-module and X nuU a 
norm relation of G. Then 


ng} A C Apo. 


Proor. The identity nı} = — X ueso) nyNy implies 


nayAC X nvNuvAC X nyA C Ao. 
UEXo(G) UEXo(G) 


18.10 Definition. Let G be a finite group. The coefficient dg({1}) is called the 
trivial norm coefficient of G. 


18.11 Example. Let p be a prime number and G an elementary abelian p-group 
of rank r > 2. There are a nontrivial cyclic subgroups, each of order p. In this 


case dg(H) = 1 for each H € (G) and de({1}) = 1- Z = —2=P. So we 
have the identity 


p — p 
No = — Ny. 
G p—l + >, A 
HEQ (G) 


For r = 2 we get 


Ne =—pt+ 5 Ny. 
HEQ (G) 


In section 12.5 this identity was easily obtained by direct computation. The trivial 
norm coefficient of this group is —p. For r > 2 there are more noncyclic subgroups 
and, therefore, more norm relations. 
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18.1 Norm relations 


18.12 Example. Let G be the group considered in section 12.6. We use the 
notation of that section. Let’s for simplicity assume that q is prime. Then G is 
the unique nonabelian group of order pg. The group G has exactly p subgroups of 
order q: the groups (o'r) for i=0,...,p—1. By Theorem 18.6 


p-1 
Ne =—p+No+ > Noir. 
i=0 


The same identity was obtained in section 12.6 by direct computation. The trivial 
norm coefficient is —p. 


18.13 Example. The group G = Ay, of even permutations of four elements has 
two noncyclic subgroups: A4 itself and a subgroup V of order 4. There are three 
subgroups Bı, By and Bs of order 2 and four subgroups Cy, C2, C3 and C4 of 
order 3. The group NR(G) is of rank 2 and is generated by 


Rg = G -— Bı Bə — B3 Ci C2 C3 C44 6{1}, 
Ry =V — Bı — Bə — B; + 2{1}. 


The norm relation Rg — Ry = G — V — Cı — C2 — C3 — Cy + 4{1} shows that a 
finite G-module A is up to 2-torsion generated by the submodules AY and A@ (i = 
1,...,4). 


18.14 Example. Let G be the symmetric group Sn with n > 4. Then G has a 
subgroup isomorphic to C2 x C2 and also a subgroup isomorphic to $3. The norm 
coefficients of these groups are —2 and —3 respectively. So a finite G-module is the 
sum of submodules A” with H nontrivial. 


A norm relation of a group induces a norm relation of each of its subgroups: 


18.15 Proposition. Let G be a finite group, V a subgroup of G and X uesa) nyU 
a norm relation of G. Then 


XO ny(U NV) € NR(V). 
UEx(G) 


PROOF. Let ty: Z[G] > Z[V] be the homomorphism determined by 


j o ifo eV, 
Tv Oo) = 
ý 0 ifoeG\V. 


Then for each U € ZX(G): 


rv(Nu)= av (X o) =X mv(o)= 5 o = Nunv. 


ocU oEcU ocUNV 
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Application of my to X uesa) nuNvu = 0 yields 


5 nuNunv = 0. 
UEx(G) 


18.16 Proposition. Let G be a finite group and X uesu) nyU a norm relation of 


G. Then 
5 ny#(U)=0 and 5 ny =Q. 


UEx(G) UEX(G) 


PrRooF. For the first identity apply the augmentation to X uesa) nyNy = 0. 
For the second take V = {1} in Proposition 18.15. 


We conclude this section with functorial properties of the group of norm rela- 
tions. A group homomorphism f: G; — Gə determines a ring homomorphism 
fx: Z[Gi] > Z[G2] by fx(o) = f(c) on basis elements. For U a subgroup of G we 
have f.(Ny) = #(U N Ker(f)) - Nyy). Define fa: ZX(G1) > ZU(G2) by 


f.(U) = #(U N Ker(f)) - F(U) 


on basis elements U € (G,). Then the following square of abelian groups com- 
mutes: 


TG, 


ba fe 
TGa 


So f: Gi > G2 induces by restriction of f4: ZX(Gi) + ZU(G2) a homomorphism 
f- = NR(f): NR(G1) > NR(G2): 


Al 3 not) = Y nv #(UNKer(f))- fU) 
) 


UEX(Gi UExX(G1) 


= y XO nu#(UM Ker(f)) | U’. 
U’EX(G2) | UEX(G1) 
fU)=0 
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18.17 Proposition. NR is a functor from finite groups to abelian groups. 


PROOF. Clearly NR(1c) = INR(G)- Let J= Gı > G2 and g: G2 — G3 be ho- 
momorphisms of finite groups. It suffices to show that for U € (G1) we have 
(gf)«(U) = gx(fx(U)). For this consider the following commutative triangle of 
surjective group homomorphisms: 


flu 


U ————} f(U) 


gflu gl f(U) 
gf(U) 


The kernels form a short exact sequence: 


0 — Un Ker(f) — Un Ker(f’ f) — f(U) NA Ker(f’) — 0. 


Therefore, #(U N Ker(gf)) = #(U N Ker(f)) - #(f(U) A Ker(g)). 


18.2 Norm relations for abelian groups 


In this section G is a finite abelian group of order n and R a commutative ring in 
which n is a unit: n € R*. We will derive for a finite abelian group G an orthogonal 
system of idempotents of the group algebra Z[+][G] and consider its consequences 
for the structure of R[G|-modules. The idempotents will correspond to subgroups 
H e Y(G). It leads to both a norm relation for these subgroups and a relation 
for the submodules A” of an R[G]-module A. Note that there is a unique ring 
homomorphism Z[+] > R. 

18.18 Definition and notation. Let x € GY. Then an element ¢, of the group 
algebra of G over Z[+,¢,] is defined as follows: 


ex = Y xlo)o™ € ZIE, Gall 


o€G 


18.19 Lemma. The collection (€y)yeqv is a collection of orthogonal idempotents 
of the group algebra Z[+, ¢,][G]. 
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Proor. Let x,7 € GY. Then 


Nexen oa (> x(o)o7") (> n(r)r-*) = 5 xlajn(r)o tr" 
o€G TEG o,TEG 
= X x(o)n(or'p)p* = X xn (o)n() 07 
o,pEG o,pEG 
= es xn 1(0)) D n(o) = (> xn 1(0)) NE. 
o€G pEG o€G 


For x Æ 7 the first factor equals 0 and for x = 7 it equals n. 
18.20 Lemma. The ey form a basis of the free Z|}, ¢,|-module Z[4, ¢n][G]. 


n’ 


Proor. For y € GY and ø € G we have 


exa == E xir) to = = E xlo) = È xlo) E xlo) = xlo)ex: 


TEG pEG pEG 


So for a = ieee o0 E z[ż, Cnl[G] 


If J eav axEx = 0 with ay € Z[+,¢,], then for all n € GY 


0 = £n > Ay Ey = AnEn 
xEGY 


and so ay = 0 for all y € GY. So the e, generate the group algebra as Z[4, ¢n]- 
module and, moreover, they are independent. 


18.21 Notations. Subgroups V € X(G“) correspond to subgroups U € X(G) as 
follows: 


V+ ={0 €G|x(c) =1 for all ye V} 
and 
Ut ={xe GY | x(c) =1 for allo € U}. 


The collection of subgroups H of a finite abelian group G with G/H cyclic is 
denoted by T(G). Groups in T(G) correspond to groups in Q(GY). 


Summation over the characters vanishing on a subgroup U € X(G') yields the ob- 
vious idempotent: 
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18.22 Lemma. Let U € (G). Then 


yas P e Z[2IIGI. 
xEeUt 


PROOF. Characters vanishing on U correspond to characters of G/U, so 


_ fo ifo ¢U 
2 m= en ifo € H. 


Using this identity: 


Lat Exo t=2 F(T xo) 


xeUt xEeUl oeG ocG xeUt 
1 1 N 
=- X_(G:U)o™ = —(G: U)Ny = is 
us ocU £ #(U) 


18.23 Definition. For H € Y(G) the idempotent ey is defined by 


EH = y Ex.: 


xEGY 
(x) + =H 


18.24 Proposition. Let H € Y(G). Then 


* Ny» 

EH = > meek H) EH 
H*€Y(G) 
H*CH 


In particular eg € Z[+][G]. 
PROOF. For each d | (G : H) let Ha E€ Y(G) be the unique group Ha satisfying 
H < Ha < G and (Hy: H) = d. By Lemma 18.22 we have 


N 
JET ee 


d|(G:H) 


and by Mobius inversion 


Nu 
eee a. 
: par #(Ha) 


Since the ey are actually elements of Z[+][G] we have: 
18.25 Theorem. The system (€1)Her(q) is a system of orthogonal idempotents of 


the group algebra Z|=][G]. 


i 
n 
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Norm relations 


In order to avoid confusion let’s denote the standard basis elements of the group 
algebra Z[¢n, +][GY] by [x]. From Lemma 18.20 it follows that we have an isomor- 
phism 


Zien, ZG] — Zon, ZIG], [x] > ex (18.1) 
of Z[¢, +]-modules. This isomorphism induces a bijection NR(GY) + NR(G): 


18.26 Theorem. 


XO nvVENR(GY) 4> SO (G:U)nyiU € NR(G). 
Vex(GY) UEX(G) 


PROOF. The isomorphism (18.1) maps 


VeEx(GY) 
to 
YS whee D nv gy = D nu: gay = 0 
Vex(GY) xEV Vex(GY) UEX(G) 
Hence, 


5 nyNy =0 <=> X. (G : U)nyiNy = 0. 
Vex(GY) UExX(G) 


In particular, the principal norm relation for GY, 


GY- X` dev (Z)Z, 
ZEQ(GY) 


leads to a norm relation for G. For its formulation we use the following notation. 


18.27 Notation. For H € Y(G) put d%(H) = dav (H+) € Z. So 


d= YS” pat: Ht)= S pH: BY). 
H*€Y(G) H*eY(G) 
H*CH H*CH 


18.28 Corollary. 
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18.29 Example. Let p be a prime number and, as in Example 18.11, G an ele- 
mentary abelian p-group of rank r > 1. The collection Yo(G) consists of the = 
subgroups of order p"~!. For each H € Yo(G) we have d%(H) = 1. The formula 


of Corollary 18.28 gives, after division by p: 
r—1 
r-1 p =l 
p X w= i S 
HEY (G) 


For r = 2 the group NR(G) is free of rank 1 and, indeed, this identity is essentially 
the same as the one in Example 18.11. 


Module structures 


Since the ey for H € Y(G) form an orthogonal system of idempotents of the group 
algebra Z[+][G] (Theorem 18.25), we obtain a decomposition for each R[G]-module: 


18.30 Theorem. Let G be a finite abelian group of order n and A an R[G]-module. 


Then 
A= PB eA and A” = Ba eH~A 
HEY(G) H*€Y(G) 
H*DH 


as R-modules. 


This tells us how the R-module A is determined by its R-submodules A” for 
H e Y(G): 


18.31 Theorem. Let G be a finite abelian group of order n and A an R|G]-module. 
Then 
A= lim AË, 
—> 
HEY(G) 


where the direct limit is over the groups H € T(G) ordered by D. 


This lim is the direct limit in the categorical sense. The limit above can be con- 


structed as the direct sum of the R-modules A” modulo the relation which identifies 
the summand A”2 with the R-submodule A”? of the summand A™! if Hy > Hə. 
In terms of generators and relations it is the R-module with 


generators: [a, H] with H € Y(G) and a € A”, 
relations: [a, Hı] = [a, H2] if Hı > Ho and a € AM 
r- (a, H] = [ra, H] ifa € A™, 


[a1, H] + [a2, H] = [ai + a2, H] if a1,a2 € A”. 


For abelian G we have the following proposition, due to Nehrkorn [30], and redis- 
covered by Fröhlich [11]. 
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Proposition. Let G be an abelian group and A an abelian l-group with | { #(G). 
Then A = S~ A", where H ranges over all subgroups of G such that G/H is cyclic. 


Cornell and Rosen [10] gave a simplified version of Fréhlich’s proof. By Theo- 
rem 18.31 the group structure of A is determined in terms of the subgroups A”. 
This is not the case for Nehrkorn’s proposition. Note that in the theorem the direct 
limit is over H € Y(G) ordered by D, which is stronger than the direct limit over 
the subgroups A” ordered by C, in which case we only have 


A= 5 AF, 


HEY(G) 


For A an abelian l-group this is Nehrkorn’s proposition. 


In particular, we have the following generalization of Proposition 12.40. 


18.32 Corollary. Let p be a prime number and G an elementary abelian p-group 
of rank r. Then for Z[>][G]-modules A we have 


AJAS = Q A®/AS. 
HEY(G) 
H#G 


PROOF. Y(G) consists of G and wot subgroups of order p’~'. By Theorem 18.30 


A=eEgA® PB eq A, 
HEY(G) 
HAG 


AC =egA and A”? =egA@ eA for each H of index p. 


For A an R[G]-module each norm relation for G leads to a relation for the R- 
submodules AY with U € 0(G). The following lemma will be used: 


18.33 Lemma. Let G be a finite group, H € T(G) and X yesa; nuU € NR(G). 
Then for each d | (G : H) 


XO nv#(U) =0. 
UeEx(G) 
(U:UNH)=d 


In particular, for d= 1 


XO nu#U)=0. 


Uex(H) 
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PROOF. Let f: G— G/H be the canonical homomorphism. For each d | (G : H) 
let Hg be the unique subgroup of G which contains H such that (Ha : H) = d. 
The homomorphism NR(f) maps the norm relation uesa) nyU to: 


> ( > nuU O) lt) € NBGA): 
d|(G:H) \ UEx(G) 
(UH:H)=d 


The cyclic group has no nontrivial norm relations, so for each d | (G : H) we have 


XO nv#(UN H) = 0. 
UEX(G) 
(UH:H)=d 


The groups UH/H and U/(U N H) are isomorphic, so if (UH : H) = d, then 
(U : UN H) = d and #(UN H) = #(U)/d. 


18.34 Theorem. Let A be an R-module and X vuexa) nyU € NR(G). For each 
U €X(G) write ny = ky — ly with ky,lu E€ N. Then 


QD (AU) ko #(U) œ~ B (AY) lu #(U) (18.2) 
UEX(G) UEX(G) 


as R-modules. 


PROOF. On both sides we have R[G]|-modules. They are isomorphic if they have 
isomorphic components in the decompositions given by the system (€#) Hera) of 
orthogonal idempotents of R[G]. For H € Y(G), U € ¥(G) and 7 € GY such that 
(n) = H+ we have 


; A 

y O y _ JEn ifn eU-, 

En Ex = Enex = f; otherwise 
xEUL xeUt 


and so 


Ny en #HDU, 
(A = E Enr S 
*4#(U) Do De if 


nEGY yeu otherwise. 
(n)=H~ 


The number of components €p A on the left hand and the right hand sides of (18.2) 
is respectively 


>. ku#(U) and YH (VU). 


Ued(H) UEX(H) 


These numbers are equal by Lemma 18.33. 
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A sharper result is easily obtained by taking ky = nu for ny > 0 and ly = -nu 
for nu < 0. Let d= gcedyesyg)(nu#(U)). Then the above proof shows that 


In particular for the norm relation of Corollary 18.28: 


18.35 Corollary. Let A be an R-module and let for each H € Y(G) the numbers 
kyla EN be such that d4&(H) = ky —ly. Then 


A® PB (AP )Rx = Bp (AM la 


HEY(G) HEY(G) 


as R-modules. 


18.36 Example. For G an elementary abelian p-group of rank r > 1 and Aa 
Zz] [G]-module we obtain the relation for submodules described in Corollary 18.32: 


Ao(aS Sa @D AE 
HEY (G) 


18.3 Relations for Dedekind zeta functions 


A norm relation of the Galois group of a Galois extension of number fields deter- 
mines a relation for the zeta functions of the intermediate fields (Theorem 18.38). 
As a result it also determines a relation for their residues at the pole s = 1. This 
is even more interesting since the same relation holds for the discriminants (Theo- 
rem 18.45). 


We will use the Euler product of the Dedekind zeta function. The relation for the 
zeta functions will follow from the same relation for each of the Euler factors. For 
this we need the splitting behavior of a prime in an intermediate field. It has been 
described in section 7.4. We will use the following lemma. 


18.37 Lemma. LetG be a finite group, Z € X(G), T € T(Z) and X yesa) nuU € 
NR(G). Then for eachd| (Z: T) 


XO nv#(ZNU) =0. 


UEd(G) 
(ZNU:TAU)=d 
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ProoF. By Proposition 18.15 


XO ny(ZNU) € NR(Z). 
UEE(G) 


Application of Lemma 18.33 yields the required formula. 


18.38 Theorem. Let L : K be a Galois extension of number fields, G the Galois 
group of L: K and X uesa) nyU a norm relation for G. Then 


II Cru (s ynu#( U) =j; 


UEX(G) 


Proor. For U € ¥(G) let py stand for maximal ideals of Ozu. We have the 
Euler product 


w= = + = 


pu NPF p oT Noo p sole | = aF 
where the product is over all p € Max(Ox). It suffices to show that for each p 
nu#(U) 


I Ia = 


I= 
UEX(G) pulp N(p) fx Pu)s 


This will be done by showing that for each given d the net number of factors with 
fx(pu) = d vanishes. In other words we will prove that 


>X J onv#(U) =0. (18.3) 


UeEXx(G) pulp 
fx(pu)=d 

We use the description in section 7.4 of the splitting of a prime in a subextension 
of a Galois extension. Let q be a fixed maximal ideal of Oz above p, Z = ZK (q), 
T = Tx(q) and f = fx(q). The group Z acts from the right on the collection 
U \ G of left cosets of U in Œ. The collection of orbits of the action of Z on U \ G 
is denoted by (U \ G)z. Thus we have a partition of G into orbits of cosets. By 
Theorem 7.53 and Lemma 7.52 the map 


G — Max(O,v), oH o(q)N LY 


induces a bijection from the collection of orbits to the set of maximal ideals py 
above p: 
(U\ G)z — {pu € Max(Ozv) | pu NK =p}. 


The length of an orbit is equal to 


ex(a(q)N LY) fx(o(q) LY) = (Z : (ZNa1Vo)), 
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where ø is an element of one of the cosets in the orbit. Furthermore, 
ex(o(q)N LY) = (T : (Na 'Uo)) 
and so 


_ (Z:(ZNa7Uo)) _ f 
fC OP) = ATni) (n0): noT 


In each coset C € U \ G choose a og and for each orbit X choose a ox in one of 
its cosets. The number in equation (18.3) multiplied by #(Z) is equal to 


> > nu#(U)#(2) 


UEX(G) XE(U\G)z 
((ZnoxUox)(TNey Uox))=f/d 
S 5 nu#l(U)#(Z Nn oG'Uac) 
UEx(G) Ce(U\G) 


((Znog'Uaec):(TNeg'Uoc))=f/d 


= 5 5 nu#(ZNa7'Uo) 


UeExX(G) oEG 
((ZNa~1Ua):(TNa~1Uo))=f /d 


= 5 5 nu#(oZo~' NU) 


aEG UeEx(G) 
((aZa—!Nu):(oTo~tnu))=f /d 


and by Lemma 18.37 this equals 0. 


For the splitting of a prime p in L the group To is a normal subgroup of Zh and 

the quotient group is cyclic. Only this has been used in the proof. No use is made 
: (L 

of the special structure of the group Zp ~. 


For the principal norm relation of the Galois group we get ({4],[24]): 


18.39 Corollary (Brauer-Kuroda). Let L: K be a Galois extension of number 
fields with Galois group G. Then 


Cx (s)#O = Il Cru(s)to( D(A), 
HEQG) 


In particular for a metacyclic Galois group as described in section 12.6 we get: 


18.40 Corollary. Let L: K be a Galois extension with G = Gal(L: K) S Cp x C4, 
where p and q are prime numbers, C the subgroup of G of order p and D one of 
the subgroups of order q. Then 


Cx(s) _ ee) 
Cx(s) Cx(s) \ Cx(s) 7 | 
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ProoFr. Note that conjugate subgroups determine isomorphic subfields. The 
principal norm relation yields 


CK (s)? = ¢x(s) Cre (s > JI Cra (s)? = Cx (s) ?Cre(s)?Cr p(s)”. 
tc 


Dedekind zeta functions have real values in real arguments. So in the field of 
meromorphic functions we get 


Cx(s)? = ¢1(s)~*Cre(s)¢r0(s)!. 


For an elementary abelian p-group of rank 2: 


18.41 Corollary. Let L: K be a Galois extension with G = Gal(L: K) = Cp x Cp, 
where p is a prime number. Then 


Çr (s o Cru (s) 
Çr (s) Cx(s) ` 


HEQo 


ProoF. The principal norm relation yields 


gl =Cr(8)-? [J] e 


HEQo 


For an abelian extension: 


18.42 Corollary. Let L : K be an abelian extension of number fields with Galois 


group G. Then 
II AOK 
HEY(G) 


Division by Çx (s) in the formulas of the Corollaries 18.39 and 18.42 yields 
Czn (8) ) da(H)#H) 


HEQ(G) Cx (s) 
i x (s) Cn (8)\ BD 
Cx(s) (Ae) 


HEY(G) 


The formula for the zeta functions implies a similar formula for their residues at 


s=1: 
Il E a r 
G) 


(18.4) 


vex( w(LY),/|disc(LY)| 


We will consider some of the factors in this formula. First the numbers of real and 
complex infinite primes. 
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18.43 Proposition. Let L: K be a Galois extension of number fields, G the Galois 
group of L: K and Vvex(a) nyU a norm relation for G. ForU < G let ry be the 


number of real infinite primes of LY and sy the number of complex infinite primes 
of LU. Then 
X nv#tU)ru = X. nv#U)su = 0. 


UEx(G) UEx(G) 


PROOF. Set [L : K] =n. For U € X(G) put ny = ku — lu, where ky,lu € N. 
The additive group of L is a K[G]-module. So by Theorem 18.34 


Q rD BD (ero 
UeEx(G) UEX(G) 
as K-vector spaces. Taking dimensions over K yields: 
XO ku#(U)(ru + 28u) = ` lv#(U)(ru + 28v) 
UEX(G) UeEx(G) 


and so 
XO nv#(U)(ru + 2sy) = 0. 


UEX(G) 


Similarly for the R[G]-module with the set Po(L) of finite primes of L as an R-basis 
(the ‘logarithmic space’ of L): 


So rw#(U)(ru + su) = 0. 


UEx(G) 


Next the discriminants disc(Z”) in formula (18.4). For this we will use the following 
relation for the differents over the intermediate fields: 


18.44 Proposition. Let L: K be a Galois extension of number fields, G the Galois 
group of L: K and ueso) nyU a norm relation for G. Then 


II Oyu (L)"™ = Or. 


UEE(G) 


PROOF. Let q € Max(Oz). We will prove that 
va( Il Anu (L)"*) =0. 
UEx(G) 


Let N € N be large enough such that V«i(q) = {1}. Use Corollary 17.35 and 
Proposition 7.5: 


va( I ae(ty™) = E (#@xe(L))nv 


UEx(G) UEX(G) 
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#(Vica(a) NU) = 1) nw 


#(Vics(q)OU))nu -(N +1) SO ry =0. 
i=0 UEX(G) UEX(G) 


18.45 Theorem. Let L : K be a Galois extension of number fields, G the Galois 
group of L: K and X uesa) nyU a norm relation for G. Then 


[] 2x27) *#& = Ox. 
UEx(G) 


Proof. Using Theorem 17.23, Theorem 17.28, Proposition 18.16 and Proposi- 
tion 18.44: 


M axe? y# = [] EN (Ly 


UEdX(G) UEX(G) 
=dx«(L)rvex” [| Ný (Nio (ôro (L) 
UEE(G) 
= JJ Nk (ôro (1) =N ( [| ar B 
UEdx(G) UEdX(G) 


NZ (OŁ)! = Ox. 


For the absolute discriminants this implies: 


18.46 Theorem. Let L: K be a Galois extension of number fields, G the Galois 
group of L: K and X uesa) nyU a norm relation for G. Then 


II \disc(LY)|"7#@) = 1, 
Uex(Q) 


ProoF. By Theorem 17.28 


D(L) = (K)#O . NG Ox (L)) 
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and so for the generators in N* of these ideals of Z: 
|dise(L)| = |disc(K)|*#@ - N(x (L)). 
Also for each subgroup U of G: 
|dise(LY)| = |disc(K)|(FY - N(0x(LY)). 
Apply Theorem 18.45 and Proposition 18.16: 


I ldise(z2)2e# 
UEX(G) 


Z II |disc(K)|(CU rv #W) . II N(x (LY)) ru #O) 


UeEx(G) UeEx(G) 
= |disc(K)|#O Zve) nu -N( II Dic (LP ret) =i 
UEx(G) 


Combining equation (18.4), Theorem 18.46 and Proposition 18.43: 


18.47 Theorem. Let L: K be a Galois extension of number fields, G the Galois 
group of L: K and X uesa) nyU a norm relation for G. Then 


(LY) Reg(LY) Ree: 
(aa) 


UeEx(G) 
From the functional equation for the Dedekind zeta function follows that 


lim, tz@ie (OO) __ eee 


This also leads to Theorem 18.47, see [8] Theorem 4.9.12. 


For the principal norm relation of the Galois group we get: 


18.48 Corollary. Let L : K be a Galois extension of number fields with Galois 
group G. Then 

= = 7 Ul h(L#) eS ee ee 

w(K) 7 w(Li) ` 


HEQ(G) 


For an abelian extension: 


18.49 Corollary. Let L : K be a abelian extension of number fields with Galois 
group G. Then 


h(L) Reg(L) h(L¥) Reg(L¥ ae 


uD gao WEF) 
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In particular for an elementary abelian p-group: 


18.50 Proposition. Let L : K an abelian extension of number fields with G = 
Gal(L : K) an elementary abelian p-group of rank r. Then 


h(L) Reg(L) | (Me Reg()) tat I h(LM) Reg(L¥) 


w(L) w(K) = ns, Us 


18.51 Example. For a biquadratic extension L : K of number fields with L1, Lo 
and Lg the three intermediate fields of degree 2 over K the formula becomes 


h(L) Reg(L) h(K)Reg(K)\2 _ yy A(Li) Reg(Li) 
w(L) d w(K) ) lI w(Li) 


For a biquadratic number field we retrieve the formulas of Example 9.57 (the real 
case) and Example 9.58 (the complex case). In chapter 9 these formulas have been 
derived using L-functions of Dirichlet characters. The formula for the discriminants 
was verified by direct computation (Exercise 9 of chapter 1). Here the formula is 
obtained as an application of Theorem 18.38 and Theorem 18.46. 


For L: K abelian proofs of Theorem 18.38 and Theorem 18.46 can be given using 
(generalized) Dirichlet characters. However, such proofs are based on detailed 
knowledge of the ramification of primes in an abelian extension: Theorem 15.52 
and Theorem 17.51. 


By Corollary 18.40 we have for Galois groups isomorphic to Cp x Cy: 


18.52 Proposition. Let L : K be a Galois extension with G = Gal(L : K) S 
Cp x Cq, where p and q are prime numbers, C the subgroup of G of order p and D 
one of the subgroups of order q. Then 


h(L) Reg(L)(h(K) Reg(K))* = h(L©) Reg(L©)(h(L”) Reg(L”))*. 


PROOF. Note that (L) = u(L°) and p(L?) = p(K). Use that conjugate fields 
are isomorphic. 


18.53 Example. Let K be a cubic number field with one real prime and let d be its 
discriminant. Then d < 0 and the normal closure of K is the field L = K(Vd). We 
have Gal(L : Q) = Sz and Gal(L : Q) = (a,7), where o and 7 generate respectively 
Gal(L : Q(Vd)) and Gal(L : K). Since h(Q) = Reg(Q) = Reg(Q(Vd)) = 1, we 
have by Proposition 18.52: 


h(L) Reg(L) = h(Q(Vd))h(K)? Reg(K)?. 
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Let £ be the fundamental unit of K. Then Reg(K) = loge and (e, ø(e)} is of finite 
index in OF, and so 


Reg(L) = (OZ : (€,o(€))) - Reg(e, o(€)). 


Since |o(e)| = |o?(e)| and ea(e)o?(e) = 1, we have loge = —2log(a(e)) and so 
Reg(e, o(€)) is the absolute value of 


2loge 2 log|a(e)| 


=r 2 
2loglo(e)| 2log|a?(e)| = —3 log? e. 


_ |2loge —loge 
~ |-loge —loge 


It follows that 
(O% : (e,a(e),—1)) - Reg(L) = 3log? £ = 3- Reg(K)? 
and so z 
3- h(L) = h(Q(Vd)) - h(K)? - (OF : (e, o(e), —1)). (18.5) 


For L = Q(¥/2,¢€3) we have K = Q(i/2) and d = —3. In Example 5.18 and 
Example 5.42 the groups Cé(K) and Ok have been computed. Example 7.17 
contains computations of Oz and Ož. We have h(i) = h(L) = 1 and indeed 
(OF : (€,a(€), -1)) = 3 as shown by direct computation in Example 7.17. 


Finally for G = Ay using the norm relation described in Example 18.13 we get : 


18.54 Proposition. Let L: K be a Galois extension of number fields with Galois 
group isomorphic to A4. Then 


Gi(s) _ Srv (8) Can 
Cx(s)  ¢x(s) \Cx(s) 7 ’ 


where V is the noncyclic group of order 4 and C is one of the subgroups of order 
3. 


18.4 Some remarks on Artin L-functions 


A powerful tool in class field theory is the L-series of a Dirichlet character. Artin 
introduced a generalization: an L-function determined by a representation of the 
Galois group of a Galois extension of number fields. In particular the main theo- 
rem of this section, Theorem 18.38, is easily proved using Artin L-functions. For 
L: K an abelian extension of number fields a Dirichlet character x € H(L : K) 
corresponds to a character of the group Gal(L : K), i.e. a group homomorphism 


Gal(L : K) — C*. 
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The L-series of a Dirichlet character is defined as a Dirichlet series and since a 
Dirichlet character is multiplicative it is also representable by an infinite product, 
the Euler product. 


The Artin L-function is defined as an infinite product (Definition 18.56) and it is 
unknown whether it is in all cases the Euler product of a Dirichlet series. 


Let L : K be a Galois extension of number fields, G = Gal(Z : K), V a finite 
dimensional C-vector space and p: G —> Autc(V) a representation of G. Thus V 
is a C[G]-module of finite complex dimension. 


A representation p determines a map 
x:G>C, cH Tr(p(o)), 


which is called the character of the representation p. It generalizes the notion of 
character in the degree 1 case. A basic result in the theory of group representations 
is that the character determines the representation up to isomorphism. Characters 
of G are central functions on G, meaning that 


x(rot~') =x(c) forall o,r €G. 


Central functions of G are functions on G which are constant on conjugacy classes. 


The character of the trivial representation G — C*, o ++ 1 is called the principal 
or trivial character of G. Notation for the trivial character: 1g or simply 1. The 
corresponding C[G]-module is C with the trivial action of G. The representation 
corresponding to the group algebra C/G] maps a group element ø to the automor- 
phism of C[G] induced by the permutation T > ør of G. It is called the regular 
representation of G. The character of the regular representation of G is denoted 


by rq. Clearly, 
_ J#(G) ifo=1, 
ralo) = f otherwise. 


A representation p: Œ > Autc(V) is called irreducible if the G-module V has no 
nontrivial proper G-submodule. Accordingly, the G-module V is called irreducible. 
Irreducible representations of abelian groups G are representations of degree 1. The 
character of an irreducible representation is called an irreducible character. The ir- 
reducible characters of G form a basis of the C-vector space of central functions on 
G. Every G-module is a direct sum of irreducible C-modules and so the characters 
of representations of G are combinations of irreducible characters with the coeffi- 
cients in N. Every irreducible G-module is a G-submodule of the regular G-module 
C/G]: 


ra =>) x(x, (18.6) 


where the sum is over all irreducible characters of G. 
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18.55 Notation. Let V be a finite dimensional complex vector space and 
p: G — Autc(V) a representation over C of a finite group G. For x € C[G] 
we put 

dety (x) = det(p(x)). 


So dety is the composition C{G] — Endc(V) ASG. 

18.56 Definition. Let L: kK be a Galois extension of number fields and 
p: Gal(L : K) > Autc(V) a representation of Gal(Z : K) with character x. Then 
the Artin L-function attached to p is 


1 
L(s,vy,L:K)= ; 
(sx ) II detyr, (1 — p) 
peMax(Ox) N(p) 


where Tp = Tg(q) for some q E€ Max(Oz) above p and yp, € Zg(q) restricted to 
L?» is the Frobenius of q?» over K. The infinite product converges absolutely for 
R(s) > 1 as will be shown below. 


The definition is independent of the choice of pp, since Tp acts trivially on V7”. 
Note also that detyr, (1 F NGF) does not depend on the choice of q: for any 


o € Gal(L : K) we have Tx(o(q)) = oTho™t, Oppo | oTpo-1 = yg (o (q) Tx (7?) 


2 2i 

and the action of 1 — ETOL on V77*? has the same determinant as the action 
=e R T, 

of 1 NOY on V’, 


Let t > 1. Since yp € Gal(L : K) acts on V’? as an automorphism of finite order, 
the eigenvalues £; of this automorphism are roots of unity. Let n the dimension of 


V. Then for R(s) > t 
=] 2 n 
< (1+ To 


Pp = Ei 
ale si 
| VENO N(p)s Il N(p)s 
The infinite product ] [, (1+ NG) converges absolutely for R(s) > t, because so 


does the infinite sum >/,, NOR It follows that the infinite product in the definition 
converges absolutely in the half-plane R(s) > 1. 


Dirichlet L-functions are Artin L-functions: 


18.57 Proposition. Let L: K be an abelian extension of number fields and x € 
H(L: K). Then L(s,x, L: K) = L(s,x). In particular for the trivial character we 
have L(s,1, L : K) = ¢g(s). 


PROOF. The character x E€ H(L : K) corresponds in a natural way to a character 


x: Gal(L : K) > C*, a representation of degree 1. For each p € Max(Ox) we 


have detc(1 — pey) = 1 oL. 


The sum of characters is the character of the direct sum of the representations: 
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18.58 Proposition. Let L: K be a Galois extension of number fields and x and x! 
characters of Gal(L : K). Then 
L(s,x + XL : K) = L(s,X, L : K) L(s, x’; L : K). 
PROOF. Let p: Gal(L : K) > Autc(V) and p’: Gal(L : K) > Autc(V’) be 


representations with characters x and y’ respectively. Then p@ p’: Gal(L: K) > 
Autc(V ®V’) is a representation with character y+’, and for each p € Max(Ox) 


det (yey yt (1 — a = detyt, (1 = NaF) - det yr, (1 = me): 


Extending Galois extensions to larger Galois extensions has no effect on the Artin 
L-function: 


18.59 Proposition. Let L : K be a Galois extension of number fields and L’ an 
intermediate field such that also L’ : K is a Galois extension. Let x' be a character 
of Gal(L/ : K) and x the composition Gal(L : K) > Gal(L’: K) Š C. Then 


L(s,X, L: K) = L(s, x, L': K). 


PROOF. Let p: Gal(L’ : K) + Autc(V) be a representation with character x’. 
Then y is the character of the representation Gal(L : K) > Gal(L’ : K) 4 
Autc(V). Let q € Max(Oz) above p. Put Ty = Tg (q) and Tọ = Tg(qN L’). The 
Frobenius of p in (L’)T» is the restriction of the Frobenius of p in L™. So the 
action of yx (q2*) coincides with the action of yx(qM L’)’ on V™ = V7. 


Proposition 18.57 follows from this proposition. It is the special case L’ = K: 


L(s,1,L:K)=L(s,1,K : K) =Cx(s). 


For L : K a Galois extension of number fields and K’ an intermediate field, the 
Artin L-function attached to a representation of Gal(L : K’) is equal to the an 
Artin L-function attached to the induced representation of Gal(Z : K). This 
will be proved below. It is Theorem 18.61. In its proof two lemmas concerning 
representations will be used. First some generalities on induced representations 
are described. 


18.60 Induced representations and induced characters. Let H be a subgroup 
of a finite group G and p: H + Autc(W) a representation of H in the group of 
automorphisms of a finite dimensional C vector space W with character y. The 
C[H]|-module W determines a C[G]|-module V via extension of scalars: 


V =C[G] Scia] W. 
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The corresponding presentation p,: G — Autc(V) is called the by p induced rep- 
resentation of G. It is customary to identify W and 1& W CV viaze 18r. 
Thus W is an H-submodule of V and for a system o1,...,0, of representatives of 
G/H (the set of left cosets of H in G) one has 


V=a\W @:::-6a,W, 


a direct sum of H-submodules. The character x, of V is called the by x induced 
character of G. It is given by 


1 
Xlo) = —— 5 x(t or) for alla €G, 
#( ) TEG 
+ loreH 


see section 7.2 of [34]. 
The following theorem is the main theorem on Artin L-functions. 


18.61 Theorem. Let L: K be a Galois extension of number fields, K’ an interme- 
diate field of L: K and x a character of Gal(L : K'). Then for yx, the character 
of Gal(L : K) induced by x, we have 


L(s, Xx, L: K) =L(s,x,L: K’). 


PRrOooF. The proof is a bit technical, though not really difficult. Here too Theo- 
rem 7.53 is used. Well-written proofs are in e.g. [12] and [31]. 


The Artin L-function of the regular character is the Dedekind zeta function of the 
extension field: 


18.62 Corollary. Let L : K be a Galois extension of number fields with Galois 
group G. Then 
L(s na, L: K) =¢r(s). 


PROOF. The character 1, induced by the trivial character 1 of the subgroup {1} 
of G is the regular character of G. So 


L(s, 14, L: K) = L(s,1,L : L) = ¢,(s). 


By equation (18.6) 


L(s,ng, L: K) = [[46.%2£ : Ky) 
x 


and so: 
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18.63 Corollary. Let L: K be a Galois extension of number fields. Then 


ce(s) = ¢x(s) [J £s; x L: KYO, 
x#l 


where the product is over all irreducible characters of Gal(L: K). 


This generalizes the formula for Z-functions of an abelian number field extension. 


The character of a finite group G induced by the trivial character of a subgroup 
U of G is denoted by yy. A norm relation of a finite group leads to a relation 
between these induced characters. 


18.64 Theorem. Let uesa) nyU be a norm relation of G. Then 


XO nv#U)xu =0. 


UEE(G) 
PROOF. The induced characters yy are given by 


xulo)= z DS 1 forallo eG. 


TEG 
t~toreU 


So for each o € G we have by Lemma 18.37 (with Z = (r~!or), T = {1} and 
d= o(a)): 


D wow E E w= Y wo 


UEX(G) UEX(G) TEG TEG UEX(G) 
t~loreU UDr tor) 


A relation between characters induced by trivial characters leads to a relation 
between Dedekind zeta functions: for U a subgroup of G we have by Theorem 18.61 
L(s,xu,L : K) = L(s,1y,L : LY) = Ċgpvu(s) and by Theorem 18.64 and the 
Propositions 18.57 and 18.58 


II Cru (s ynu#( U) 4, 


UEX(G) 


This again proves Theorem 18.38. 


18.5 Strongly exceptional groups 


If the trivial norm coefficient dg¢({1}) of the Galois group G of a nontrivial Galois 
extension L : K of number fields is nonzero, then by Corollary 18.39 the Dedekind 
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zeta function of L is determined by the Dedekind zeta functions of intermediate 


fields Æ L of the extension. Clearly, this holds as well for each nontrivial subgroup 
of G. 


18.65 Definitions. Let G be a nontrivial finite group. Then G is called exceptional 
if dg({1}) = 0. It is called strongly exceptional if all nontrivial subgroups are 
exceptional. 


18.66 Lemma. Let G be a finite group of order n > 1. Then the following holds. 


a) de({1}) = Xan M(dec(d), where eq(d) is the number of cyclic subgroups of 
order d. 


b) If G = G, x Go with #(G,) and #(G2) relatively prime, then dg({1}) = 
da, ({1}) + da, ({1}). 


PROOF. 
a) de({1})= XO w#(A))=S> YO mada) = Y uMec(d). 
HEQ(G) din HEQ(G) d|n 
#(H)=d 
b) Put #(Gi) = nı and #(G2) = nə. Because gcd(ni,n2) = 1, we have a 
bijection 
Q(G) aes Q(G1) x Q(Gə), Hı x Hə > (Hı, H2) 
and so 
da({)= SO u#E))= Š, GEN x Hp) 
HEQ(G) Ay x H2€Q(G) 
= Y w#(Hi))u#(Es)) 
A, €E2(G1) 
H2ENQ(G2) 
= So w#h)): So we) = de, ({1}) «de, ({1}). 
H EN(G1) A2EQ(G2) 


This lemma implies: 


18.67 Proposition. Let Gy and Ga be nontrivial finite groups with #(G1) and 
#(G2) relatively prime. Then G, x G2 is nonexceptional if and only if Gi and G2 
both are nonexceptional. 


18.68 Proposition. Let p be a prime number and G a nontrivial p-group. Then G 
is exceptional if and only if G has a unique subgroup of order p. If G is exceptional, 
it is strongly exceptional. 
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PROOF. Let m be the number of subgroups of order p. Then by Lemma 18.66a) 
the trivial norm coefficient dg({1}) of G is equal to 1 — m. So G is exceptional 
if and only if m = 1. If G has a unique subgroup of order p, then so has each 
nontrivial subgroup of G. 


For p an odd prime p-groups have a unique subgroup of order p if and only if they are 
cyclic. For 2-groups it is a bit more complicated: a 2-group has a unique subgroup 
of order 2 if and only if the group is either cyclic or (generalized) quaternion, see 
below for the definition of quaternion groups. Proofs are in many books on group 
theory, e.g. [15] Theorem 12.5.2 or [6] Theorem (4.3). 


18.69 Definition. Let n > 3. A generalized quaternion group of order 2” is gen- 
erated by two elements, an element o of order 2”~! and an element 7 of order 2, 


such that 


n-2 = 
o? =7? and to=oa'r. 


For n = 3 the group is the well known quaternion group of order 8. Generalized 
quaternion groups are often called just quaternion groups for short. 


We will show that in some cases the existence of a collection of exceptional sub- 
groups implies that the group itself is exceptional. 


18.70 Definition. Let G be a finite group and let {G;} be a collection of subgroups 
of G indexed by a finite set J. For J C I we write 


Gj = (|G), 
jes 
where it is understood that Gg = G. The collection {G;} is called exceptional if 
a) G= Vier Gi, 
b) Gy is exceptional for all J 4 @. 


18.71 Theorem. Let {G;} be an exceptional collection of subgroups of a finite group 
G. Then G is exceptional. 


PROOF. Fori € J and J C I we write Q; for Q(G;) and Qy for Q(G,;). From 
condition a) it follows that 


AG) = JM. 


iel 
For S C Q(G) the characteristic function on Q(G) corresponding to S' is denoted 
by Xg We have 


0 = Xaya, = Xna: = Hon, = l[o = Xo) = Y-n” T] Xo. 


JCI jet” 
= _1\#d 
= 2 DË Xo, 
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and so 


that is for each H € Q 


Multiply by u(#H): 


WH) =- $ -1# xo (Dat). 
JCI 
JÆ0 


Summation over all H € Q yields 


del{1} =- D-DD x, (eH) =- X (1# S aH) 


JCI HER ` JCI HEQ,; 
J#O JÆ0 
=- So(-1 1)*7 de, ({1}) = 0. 
JCI 
J#0 


18.72 Notation. By D(G) we denote the intersection of all maximal cyclic 
subgroups of a finite group G. The collection of all maximal cyclic subgroups is 
exceptional if D(G) is nontrivial: the intersections of such subgroups are cyclic 
and nontrivial since they contain D(G). On the other hand, every element of G is 
contained in some maximal cyclic subgroup. 


18.73 Corollary. A finite group G is exceptional if D(G) is nontrivial. 


18.74 Lemma. The subgroup D(G) of a finite group G is contained in the center 
of G. 


Proor. Let h € D(G) and g € G. Choose a maximal cyclic subgroup M of G 
such that g E€ M. Since h and g both are elements of the cyclic group M, they 
commute. 


18.75 Proposition. Let G be a finite group, p a prime number and g € G of order 
p. Then g E€ D(G) if and only if (g) is the only subgroup of G of order p and g is 
in the center of G. 


PROOF. Suppose g € D(G). By Lemma 18.74 g is in the center of G. Let h € G 
be of order p. Choose a maximal cyclic subgroup M of G such that h € M. Then 
(h) and (g) both are subgroups of the cyclic group M. They coincide because their 
orders are equal. 
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Conversely, suppose (g) is the only subgroup of order p and g is in the center of 
G. Let M be a cyclic subgroup of G. If p + #(M), then (M, g) is a larger cyclic 
subgroup. So the order of every maximal cyclic subgroup is a multiple of p. Since 
(g) is the only subgroup of order p, it follows that g is an element of all maximal 
cyclic subgroups. 


So by this proposition and Corollary 18.73: 


18.76 Proposition. Let p be a prime number and G be a finite group. If G has 
a unique subgroup of order p and this subgroup is in the center of G, then G is 
exceptional. 


Noncyclic groups of order pq with p and q prime are nonexceptional (Examples 
18.11 and 18.12). They cannot occur as subgroups of a strongly exceptional group. 
If a group is not strongly exceptional it must have such subgroup: 


18.77 Theorem. A finite group is strongly exceptional if and only if it has no 
noncyclic subgroup of order pq with p and q prime numbers. 


PrRooF. It suffices to prove that a nonexceptional finite group for which all non- 
cyclic proper subgroups are exceptional is a noncyclic group of order pq with p and 
q prime. Let G be such a group. Since G nonexceptional, its Sylow subgroups 
are proper subgroups and are therefore exceptional. By Proposition 18.68 they are 
cyclic or quaternion. If they are all cyclic, then G is metacyclic, in the sense that 
the commutator subgroup G” and the factor group G/G’ are both cyclic. ([15], 
Theorem 9.4.3). In this case G must be a noncyclic group of order pq with p and 
q prime numbers. 


So we now assume that a Sylow 2-subgroup of G is quaternion. This assumption has 
to lead to a contradiction. Let N be a nontrivial normal subgroup of G such that 
G/N is noncyclic. Consider the collection {G;} of proper subgroups of G containing 
N. These subgroups correspond via G; +> G';/N to proper subgroups of G/N and 
since G/N is noncyclic, G/N is the union of the G;/N. Hence G is the union of the 
Gi. It follows that the collection {G;} is an exceptional collection of subgroups of 
G. By Theorem 18.71 G is exceptional. This shows that for all nontrivial normal 
subgroups the factor group is cyclic. The commutator subgroup G” is nontrivial. 
If G’ = G, then factor groups of proper normal subgroups are not cyclic either. 
This means that G is simple. However, it is shown by Brauer and Suzuki in [5 
that simple groups do not have such a Sylow 2-subgroup. Contradiction. 


18.78 Corollary. Let G a finite group which is not strongly exceptional and let A 
be a G-module. Then either A= Ap or pA C Ao for some unique prime p. 


PROOF. Assume that A Æ Ap. The group G has a noncylic subgroup of order pq 
with p and q < p prime. Its trivial norm coefficient equals —p. For this p we have 
pA C Ao. If A Æ Ao, then there is no such a subgroup with a different trivial norm 
coefficient. 
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18.79 Corollary. Let L : K be a Galois extension of number fields and suppose that 
its Galois group is not strongly exceptional. Then ¢r(s) is in the group generated 
by the Dedekind zeta functions of intermediate fields # L. 


PrRooF. By Theorem 18.77 the Galois group has a noncyclic subgroup U of order 
pq with p and q prime. From Corollary 18.40 and Corollary 18.41 follows that 
Cz (s) is in the group generated by the Dedekind zeta functions of the intermediate 
fields Æ L of the extension L: LY. 


EXERCISES 


1. Let H be anormal subgroup of a finite group G. The subgroups of G/H correspond 
to subgroups U of G containing H. 


(i) Show that the homomorphism ZU(G/H) => ZX(G) given by 
U/H => U for U € X(G) such that U D H 


induces a homomorphism NR(G/H) > NR(G). 


(ii) Show that this homomorphism is injective. 


2. Let be given 


G a finite abelian group, 
Dvex(c) nuU a norm relation for G, 
B a (multiplicative) abelian group, 
f a map from GY to B. 


Prove that the map 
F:3(GY) >B, Ve [I foo 


xEV 


satisfies 
J| ee Per =1. 
UEE(G) 


(Hint: use Lemma 18.33.) 


3. By Artin’s Reciprocity Theorem the dual Artin map pe) of an abelian extension 
L : K of number fields is an isomorphism Gal(L : K)“ 4 H(L : K). In this case 
we can use Dirichlet characters instead of group characters and the correspondence 
between subgroups V € H(L : K) and subgroups U € X(G) is given by 

V+ = Gal(L: Ky) and U+=H(L":K). 


Using this terminology, show that exercise 2 can be translated into the following: 
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let be given 


L:K an abelian extension of number fields, 
G the Galois group of L: K, 

X uveso) nuU a norm relation for G, 

B a (multiplicative) abelian group, 

f a map from H(L: K) to B. 


Then the map 
F:S(H(L:K)) +B, Vo [[ Fœ 
xEV 


satisfies 
be ye =1. 
UEx(G) 


. Let L : K be an abelian extension of number fields, G the Galois group of L : K 
and uesa) nuU a norm relation for G. Show that 


I] cee =1 
UEx(G) 
by applying exercise 3 to the map 
f: H(L: K)3C*, x=» L(s,x). 


. Let L : K be an abelian extension of number fields, G the Galois group of L : K 
and Vvex(c) nuU a norm relation for G. Show that 


II dg (LTJ # U) =i 
UEx(G) 
by applying exercise 3 to the map 
f: H(L: K)3C*, x> L(s,x). 
j. Let q be an odd prime power. Show that SL(2,F,) is exceptional. (Hint: the group 


has a unique element of order 2.) Verify: for q > 4 the group is nonsolvable, because 
the group PSL(2, F,) is perfect. 


. Let q be an odd prime power. Show that a Sylow 2-subgroup of SL(2, F4) is quater- 
nion. 


. Prove that the ideal class group of Q(*/7) is of order 3. (Hint: exercise 6 of 
chapter 12 and Example 18.53.) 


. Let m,n,r € N* be such that ged(m,n(r — 1)) = 1 and r” = 1 (mod m). Prove 


that the metacyclic group (g, h) given by o(g) = m, o(h) = n and hgh™t = g” is 
strongly exceptional. 
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19 Infinite Extensions of Number 
Fields 


Number fields are finite extensions of Q. They are all embeddable in the algebraic 
closure Q, the field of algebraic numbers. The notion of Galois extension is, if not 
yet done so, easily extended to infinite algebraic extensions. For a generalization 
of Galois theory the Galois groups have to be endowed with a topology. This will 
be done in section 19.5. For this we need some generalities on topological groups 
and more generally on topological spaces (sections 19.1 up to 19.4). Galois groups 
turn out to be compact and totally separated, so in these sections there is special 
attention to compactness and total separateness. 


The union K® of all finite abelian extensions (inside C) of a number field K is an 
example of an infinite Galois extension. Its Galois group is a totally separated com- 
pact abelian group. Totally separated compact groups (so-called profinite groups) 
are treated in section 19.4. The dual of an abelian profinite group is the group of 
its continuous characters. Pontryagin’s Duality Theorem (section 19.6) describes 
a self duality of the category of abelian topological groups. Under this duality 
abelian profinite groups correspond to abelian torsion groups. In section 19.6 this 
part of the theorem is proved. Class field theory gives us an isomorphism 


~ 


Gal(K® : K)“ -> H(K) 
induced by the dual Artin maps of the finite abelian extensions of K. It is an 
isomorphism of abelian torsion groups. 


19.1 Infinite products of topological spaces 


The main theorem of this section is Tykhonov’s Theorem: a (possibly infinite) 
product of compact spaces is a compact space. We review the notion of infinite 
product of spaces, show furthermore that the product of Hausdorff spaces is a 
Hausdorff space and that also total disconnectedness is preserved under taking 
products. For completeness the definitions of these topological notions are given. 


A topological space X = (Xo, T) is a set Xo together with the collection T of 
its open sets. Usually in the notation no distinction is made between X and its 
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underlying set Xo. If X is a topological space, its topology may be denoted by Tx. 
A collection 7 of subsets of a set X is said to be a topology on X if T is closed 
under (possibly infinite) unions and under finite intersections. 


19.1 Definition. Let (X;);¢7 be a collection of topological spaces indexed by the 
set I. The product X of the X; is the product in the categorical sense: there are 
continuous maps p;: X — X; and for each collection (fi)icr of continuous maps 
fi: Y — X; there is a unique continuous map f: Y + X such that p;f = fi; for all 
wel. 


This definition implies that the product is unique up to a canonical isomorphism, 
but its existence still has to be shown. We will use the notions of base and subbase 
of a topology. Let’s fix the terminology. 


19.2 Definitions and notations. Let X be a topological space with topology 
T. A base of T is a subcollection S of T such that every U € T is the union 
of a subcollection of S. A subbase of T is a subcollection S of T such that the 
intersections of finite subcollections of S form a base of T. This base is denoted 
by SË. 


Every collection S of subsets of a set X defines a topology on X by declaring S to 
be a subbase. The base S# then consists of all intersections of finite subcollections 
of S and the topology is the collection of all unions of subcollections of S*. (Here 
it is understood that an empty intersection is the whole set X.) 


19.3 Proposition. Let (X;)ic; be a collection of topological spaces indexed by the 
set I. Let X be the topological space having the cartesian product |],-; Xi as 
underlying set and the sets 


II U, with U; € Tx, and U; #4 Xi for only finitely many i € I, 
tel 


as a base of its topology. Then the projections pj: X —> X; are continuous and X 
(with these projections) is the product of the Xi. 


Proor. For U € Tx, the set p; ‘(U) is open in X. So the maps p; are continuous. 
Let (fi)ier be a collection of continuous maps fi: Y > X;. Since X as a set is the 
product of the sets X;, there is a unique map f: Y —> X such that p;f = fi for all 
i € I. It remains to show that f is continuous. For base elements U = [ [;e; Ui of 
Tx we have 


ter 


F U =N Wai) 4 Gs 
ier tel 
U; 4X; 


an intersection of finitely many open sets. 


Note that the so-called cylinder sets p,'(U) with U open in X; form a subbase of 
the topology of [],-; Xi. The base it determines is the one described in the above 
proposition. 


ier 
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In various important cases properties of the factors carry over to the product space: 
Tykhonov’s Theorem 19.7 and Propositions 19.5 and 19.10. 


19.4 Definition. A topological space X is called a Hausdorff space if for alla, y € X 
with x Æ y there exist U,V € Tx such that xe U, y E€ V and UNV =9. 


19.5 Proposition. The product of a collection of Hausdorff spaces is a Hausdorff 
space. 


PROOF. Let X = [],<; Xi, where the X; are Hausdorff spaces. If 2,y € X 
with « # y, then p;(x) # p;(y) for some j € I. Let U,V € Tu, such that 
p(x) € U, pily) € V and UNV = Ø. Then x € p“'(U), y € p“'(V) and 
p (UU) Np (V) =4. 
In the proof of Tykhonov’s Theorem Alexander’s Subbase Theorem will be used: 


for open covers to have finite subcovers it suffices that covers by sets of a given 
subbase have this property. 


19.6 Alexander’s Subbase Theorem. Let X be a topological space with a subbase 
S of open sets. Suppose that each subcover of S has a finite subcover. Then X is 
compact. 


PROOF. Suppose X is not compact. Then there are open covers of X without 
finite subcovers. By Zorn’s Lemma there is a maximal such open cover C. By 
assumption on S, the collection C N S does not cover X. Let x € X \ Uveens U- 
Since C covers X, there is a U € C such that x € U and, because S is a subbase, 
there is a finite subcollection F of S such that x € (\y~--V C U. By the choice 
of x we have FU S = Ø. By maximality of C for each V € F the collection 
{V}UC has a finite subcover {V} U Fy, where Fy is a finite subcollection of C. 
Put F* = Uvex Fv. Then also FU F* is a finite cover of X. If x ¢ V, where 
V € F, then z € Uwer, W. So also {Ayer V} U F* is a cover of X. Since 
Over V CU, the collection {U} U F* is a cover of X. This is a finite subcover of 
C. Contradiction. 


19.7 Tykhonov’s Theorem. The product of a collection of compact spaces is a 
compact space. 


PROOF. Let X be the product of a collection (X;)ie; of compact spaces X; and 
S the subbase of Tx consisting of the sets pp (U) with U open in X;. Let C C S 
be an open cover of X. It determines for each 7 a collection C; of open sets of X;: 


C;={U € Tx, |p, (U) €C}. 


Suppose that for all z the collection C; does not cover X;. Then there is an z € X 
such that pi(x)  Uyec, U for all i, that is x ¢ p, (U) for all i and all U € Tx,- 
Since C covers X, such an x does not exist. So there is an 7 such that C; covers Xj. 
Since X; is compact the collection C; has a finite subcover Fi. Then the collection 


F ={p,*(U)|Ue Fi} 
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is a finite subcover of C. By Alexander’s Subbase Theorem X is compact. 


Finally we consider total separateness. 


19.8 Definition. Two points of a topological space are said to be separated if there 
is an open and closed set containing one of them and not the other. A topological 
space is totally separated if any two points are separated. 


A related notion is total disconnectedness: X is totally disconnected if the empty 
set and the one point subspaces are the only connected subspaces. A space being 
connected if the empty set and the total space are the only subsets which are both 
open and closed. Totally separated spaces are totally disconnected, but the converse 
does not hold. However, for locally compact Hausdorff spaces the two notions are 
equivalent (exercise 1). In this book only total separateness is used. 


19.9 Example. The subset Q of the topological space R with the relative topology 
is totally separated. For a,b € Q with a < b choose an irrational À in the interval 
(a,b). The open set (—oo, A)NQ contains a, does not contain b and its complement 
is the open set (A,co) N Q. 


19.10 Proposition. Totally separated spaces are Hausdorff spaces. The product of 
a collection of totally separated spaces is totally separated. 


PROOF. The first part of the proposition is trivially true. For the second part let 
(X;i)ier be a collection of totally separated spaces. Let x and y be two different 
points of [[, X;, then there is an 7 € I such that p;(x) Æ p(y). Since X; is totally 
separated, it contains an open and closed set U such that p;(a) € U and p;(y) ¢ U. 
Then z is in the open and closed subset pz (U) of [], Xi, whereas y is not. 


19.2 Topological groups 


19.11 Definition. A topological group G is both a group and a topological space 
in such a way that the group operations are continuous, that is the maps 


Gx G —> G, (2,y) > xy and G36, xm! 


are continuous. 
19.12 Examples. 


a) Well-known topological groups are the additive group R, the multiplicative 
group R* and the circle group S! = {z € C | |z| = 1}, all with the ordinary 
topology. The topological group R/Z is isomorphic to the circle group via 

2712x 
tT e : 


b) Subgroups of topological groups are topological groups as well: Q, Q*, u(C). 
These subgroups are examples of totally separated topological groups. 
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c) Every absolute value on a field determines a topology on that field. For a 
number field K and p a prime of K, the additive group of the completion Kp 
is a topological group and so is the multiplicative group Ky. 


19.13 Lemma. Let G be a topological group and g € G. Then the map G > 
G, rH gx is a homeomorphism. 


ProoF. The map is the composition of the continuous maps G —> G x G, rH 


(g,x) and Gx G — G, (x,y) 4 xy. Its inverse is the map z œ g™! a. 


As a consequence open subgroups in a compact group are quite special: 


19.14 Lemma. Let H be a subgroup of a compact group G. Then H is open if and 
only if it is closed and of finite index. 


Proor. If H is open, then by Lemma 19.13 the left cosets of H form an open 
covering of G. Since G is compact, it is covered by finitely many of these cosets. 
So the index of H is finite and since its complement is the union of open sets, H 
is also closed. Conversely, if H is closed and of finite index, it is the complement 
of finitely many closed sets. 


A compact topological group is totally separated if and only if the open subgroups 
form a base for the neighborhoods of 1: 


19.15 Proposition. Let G be a compact topological group and N the collection of 
open normal subgroups of G. Then 


G is totally separated => N N = {1}. 
NEN 


PROOF. 


=: We will show that for every g € G with g Æ 1, there exists an N € N such 
that g ¢ N. For a given g € G with g Æ 1 by total separateness there exists 
an open and closed set U with 1 € U and g ¢ U. Let h € U. The image 
of U x U under the multiplication map G x G — G will be denoted by U?. 
The restriction of this map to U x U — U? is continuous and maps (h, 1) to 
h. Since U is an open neighborhood of h in UŽ, there are open sets V, and 
Wp of U such that h € Vh, 1 © Wp and that the image V,W», of Vp x Wp is 
contained in U. 


The collection (V,)neu is an open cover of the compact set U, so there is 
a finite subset F C U such that U = U,ep Vn. Set W = Mper Wn and 
X =WOW-!, where W`! = {xt |x € W}. Then W, and hence also X, 
is an open neighborhood of 1 contained in U. We have 


UX = U Vax c U VaW c U V Wp CU 
heF heF heF 
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and by induction UX’ C U for all i € N*. Set H = U2, X’. It is an open 
subset of U and clearly a subgroup of G. By Lemma 19.14 H is of finite index 
in G. Finally, set N = reg xHa~'. Then N is a normal subgroup contained 
in U. Because H is of finite index, it has only finitely many conjugates and 
so N is open as well. Since N C U, the element g is not in N. 


<=: Let m1,g2 € G such that gı Æ ge. From (]yew N = {1} follows that 
Owen g1N = {g1}. Hence there is an N € N such that go ¢ gi N, that 
is gı N Æ g2N. Since N is open, the cosets gi N and g2N are open. 


19.3 Inductive and projective limits 


In category theory one defines inverse limits (= colimits) and direct limits (= 
limits) of functors D: J + @, where J is a small category, the index category. If 
they exist they are defined up to a canonical isomorphism. If J has only identity 
morphisms, the direct limit is called a sum and the inverse limit a product. The 
product of topological spaces in section 19.1 is the product in the categorical sense. 
In this section we consider another special case, the case where Z comes from a 
directed set. 


19.16 Definition. Let J be a set and < an ordering of J. Then the ordered set I 
is called a directed ordered set if for each pair i,j € I there is a k € I such that 
i < k and j < k. It corresponds to a category J with I as the set of objects and 
one morphism i — j for each pair i,j € I with i < j. 


19.17 Examples. 
a) The sets N and Z with the usual ordering < are directed ordered sets. 
b) The set N* with the ordering | (= divisor of). 


c) The set M(K) of all moduli of a number field K with the ordering |. 


Inductive limits 


19.18 Definition. Let J be a directed ordered set and @ a category. An inductive 
system in @ indexed by I is a functor % — @, where J is the with J corresponding 
category. More concretely, it is a collection (X;)iez of objects in @ together with 
morphisms fij: X; > X; for i,j € I with i < j such that 


(IS1) Sii = lx, for alli € I, 
(IS2) fir fij = Jik for all i,j,k E€ I withi < j <k. 
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19.19 Example. Let C be a collection of subsets of a given set X such that 
UUV €Cif U,V €C. Under the ordering C they form a directed ordered set and 
together with the inclusion maps they form an inductive system of sets indexed by 
themselves. 


19.20 Definition. The direct limit of an inductive sys- 


tem is called an inductive limit. Specifically: let I be Gi 

a directed ordered set and (X;)icz an inductive system Xi Y 
in a category @ indexed by I. The inductive limit X of 5 
the inductive system is an object X of @ together with qi oA 
morphisms qi: X; — X such that x 


qj fij =q; forall jE with i < j 


with the property that given an object Y of @ together with morphisms g;: X; > Y 
such that 
95 fij = i for all t;J E€ I withi < J; 


there is a unique morphism h: X — Y such that hq; = gi for all i € I. Notation: 


19.21 Example. For the system @ described in Example 19.19 we have 


lim U = |] U, 
UEC UEC 


where for V € C the map qv: V > Uyec U is the inclusion map. 


In the next proposition the inductive limit of any inductive system of sets is con- 
structed. 


19.22 Proposition. Let I be a directed ordered set and (X;)ier an inductive system 
of sets indexed by I. Its inductive limit can be constructed as the set 


i 
where |], stands for disjoint union and ~ for the equivalence relation 
Li yY Tj > fale = 2; (for xi € Xi, xj EX; andi < j), 


together with the maps qi: Xi > (IL. X;) |~ induced by the inclusion maps 
qi: Xi > I], Xi. (In this description the X; are assumed to be disjoint.) 


Proor. Let Y and g; be as in the definition. The required unique map 
h: X — Y is the map induced by the gi: Xi > Y. 
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The advantage of inductive systems over arbitrary systems is that in many impor- 
tant cases the inductive limit has an underlying set which is the inductive limit of 
the underlying sets. Of course this makes sense only in cases where the objects do 
have underlying sets. We consider three special cases. 


19.23 Proposition. Let (G;)icr be an inductive system of groups with group ho- 
momorphisms fij: Gi + Gj. Then 


gG; = (II Gi) |~ 


as a set. In particular it is the union of the subsets f;(G;). The product of qi(g:) 
and q;(g;) (with gi E Gi and gj E€ G;) is defined by 

G(9) ` di (g5) = dr (fik (9i) ` Faw (93)), 
where k € I is such that i,j < k. 


PROOF. Straightforward. Note that the multiplication is defined by choosing 
representatives in a single qŁ(Gk), which is possible because the index set is di- 
rected. 


19.24 Example. The symmetric group S, is the group of permutations of the 
set {1,...,n}. The set N* is ordered by the usual ordering < and obviously this 
ordering is directed. For m < n we have a group homomorphism fmn: Sm > Sn 
defined by 
oli) ifi< m, 

(fmol) (i) = 4. í 
i otherwise. 
The groups Sn together with these maps form an inductive system of groups. For 
the inductive limit we can take the group Sæ of all permutations o of N* with 
a(i) Æi for only finitely many i. 


19.25 Example. Let Mg be the collection of all number field extensions of a given 
number field K. Under C they form a directed ordered set and together with the 
inclusion maps we have an inductive system in the category of rings. The inductive 
limit of this system is the field Q, the algebraic closure in C of any number field. 


For topological spaces we have similarly: 


19.26 Proposition. Let (X;)ic; be an inductive system of topological spaces with 
continuous maps fij: Xi > Xj. Then 


lim X; = (II Xi) /~ 


as a set. The space | |; X; is the disjoint union of spaces and the topology of the 
inductive limit is given by the quotient topology. 
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19.27 Example. As for sets (Example 19.21) the inductive limit of an inductive 
system of subspaces of a topological space is the union of these subspaces. 


Inductive limits in the category of topological groups are as for groups and for 
topological spaces. They just have the combined structure. 


19.28 Proposition. Inductive systems in the category of topological groups have an 
inductive limit in this category. Their underlying set is the inductive limit of the 
underlying sets. The group structure is as for inductive limits of groups and the 
topology is the topology for the inductive limit of topological spaces. 


PROOF. Let (G;)ier be an inductive system of topological groups. Then the set 
G= lim, G; is a group as well as a topological space. The map G > G, x = x7! is 
continuous since all maps G; + Gi, x > x7! are continuous and li ; is a functor 
from inductive systems of topological spaces to topological spaces. The system 
(Gi x Gi)ier with the maps G; x G; + G; x Gi componentwise is inductive and its 
inductive limit is G x G. The map G x G > G, (x,y) + xy is continuous because 
all maps G; x Gi > Gi, (x,y) > xy are. 


19.29 Examples. 
a) The system (Dy) nen of groups of (ordinary) Dirichlet characters is an in- 
ductive system of finite abelian groups indexed by the directed set N*, ordered 


by |. The group of Dirichlet characters is its inductive limit: 
D = lin Dy. 
x 
b) Similarly for groups of Dirichlet characters of a number field K. The induc- 


tive system is (Hm)mem(x) and its inductive limit is the group of Dirichlet 
characters of K: 


H(K) = lim Hm(K). 
The index set is M(K) ordered by |. 


In both cases the inductive limit is an abelian torsion group. If the finite abelian 
groups are given the discrete topology, then the inductive limit has the discrete 
topology as well. 


Projective limits 


A projective system is an inductive system in the dual category. 
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19.30 Definition. Let J be a directed ordered set and @ a category. A projective 
system in @ indexed by I is a functor %° > G, where J is the with I cor- 
responding category; in other words it is a contravariant functor from J to @. 
More concretely, it is a collection (X;)iez of objects in @ together with morphisms 
fay Xj — X; for i,j € I with i < j such that 


19.31 Examples. Let X be a set and C a collection of subsets of X such that 
UNV €C for all U,V e C. With the ordering > the collection C is a directed 
ordered set. Together with the inclusion maps the subsets in C form a projective 
system. 


19.32 Definition. The inverse limit of a projective sys- 


Y Ji > X; tem is called a projective limit. Specifically: let I be a 
= directed ordered set and (X;)ie7 a projective system in 
2 a category @ indexed by J. The projective limit X of 

h 7 Pi the projective system is an object X of @ together with 


X morphisms p;: X — X; such that 
Pijfi =pi for alli,j € I withi <j 


with the property that given an object Y of @ together with morphisms g;: Y > X; 
such that 
fig 95 = Gi for all i,j E€ I withi< j, 
there is a unique morphism h: Y > X such that p;h = g; for all i € I. Notation: 
X = lim X;. 
<< 


u 
In the next proposition the projective limit of a projective system of sets is con- 
structed. 


19.33 Proposition. Let I be a directed ordered set and (Xi)icr a projective system 
of sets indexed by I. Its projective limit can be constructed as the set 


X= { (ai )ier E [x Fix) = Ti for all i,j el with i <j} 


together with the maps p;i: X —> X; induced by the projections p;: J|; Xi > Xi. 


PROOF. Let Y and g; be as in the definition. The required unique map h: X > Y 
is the map induced by the gi: X; > Y. 
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Again in many important cases in which the objects of the category @ are sets 
together with extra structure, the projective limit exists and its underlying set is 
the projective limit of the underlying sets. In fact this often holds more in general 
for inverse limits in such categories. 


19.34 Example. Let K be a discretely valued field, R its valuation ring and p 
the maximal ideal of R. In section 10.5 we considered the p-adic completion K of 
K. It is a discretely valued field as well and its residue class field is canonically 
isomorphic with the residue class field of K. In 10.37 an alternative construction 
for the valuation ring R was given. It is a projective limit: 


The projective system is 
+++ > R/pit* > R/p >- > R/p, 


where the maps R/p’t! > R/p’ are induced by the identity on R. See also Nota- 
tions 10.38 for the notations used in the number field case. In particular for K a 
number field and p € Max(Ox) we have 


O, = lim Ox/p'. 
iEN* 
For K = Q and p a prime number this is the ring Z, of p-adic integers: 


Zp = lim Z/p'. 
iEN* 


In the next section projective limits of groups are considered and these limits will 
be endowed with a topology. Therefore, we first have a look at projective limits of 
topological spaces. 


19.35 Proposition. Let (X;)ic; be a projective system of topological spaces with 
continuous maps fij: Xj > Xi. Then 


lim X; = { (xi)ier € IRS 


fij(£j) = xi for alli, j € I with i < j} 


as a set. The topology of lim, X; is the topology relative to the product topology of 
I], X:. 

Proor. The maps p;i: lim, Xi — X; are compositions of continuous maps: 
lim, X;, — [J], X; and the projection Į [; X; > X;. The defining properties for 
a projective limit are easily verified. 


19.36 Proposition. Let (X;)icr be a projective system of Hausdorff spaces. Then 
im, X; is a Hausdorff space and is closed in ] |; Xi. 


515 


19 Infinite Extensions of Number Fields 


PROOF. By Proposition 19.5 the product [],; X; is a Hausdorff space, so the sub- 
space lim, X; is a Hausdorff space as well. We will prove that lim, X; is closed 
in [[;X:. Let a = (aiji € [], X \ lim, Xj. Then there are j,k € I such that 
j < k and fjklak) # aj. Since X; is a Hausdorff space, there are disjoint open 
neighborhoods U and V of aj and f;x(ax) respectively. Set V’ = fix (V). It is an 
open neighborhood of a, in X;,. Then p; (U) N p; '(V’) is an open neighborhood 
of a in |], X; disjoint from lim, Xi. 


19.37 Theorem. The projective limit of a projective system of compact Hausdorff 
spaces is a compact Hausdorff space. 


PROOF. Let (Xi)iez be a projective system of nonempty compact Hausdorff 
spaces. By Proposition 19.36 lim, X; is closed in [[; X;, which by Tykhonov’s 
Theorem (Theorem 19.7) is compact. So lim, X; is compact. 


19.38 Proposition. The projective limit of totally separated spaces is a totally sep- 
arated space. 


ProoF. This follows from Proposition 19.10. 


19.39 Example. The ring O, in Example 19.34 is the projective limit of a system 
of finite rings Ox /p’. Endowing these finite rings with the discrete topology results 
in a compact totally separated topology on Op. It is in fact the topology which 
comes from the metric |].||p. In the next section we will have a closer look at 
projective limits of systems of finite groups. 


For topological groups we again have the combination of both structures and the 
situation is as for inductive limits. 


19.40 Proposition. Projective systems in the category of topological groups have a 
projective limit in this category. Their underlying set is the projective limit of the 
underlying sets. The group structure is as for projective limits of groups and the 
topology is the topology for the projective limit of topological spaces. 


ProoF. The proof is almost identical to the proof for the inductive limit of topo- 
logical groups. 


The inductive limit of nonempty sets obviously is nonempty. For projective limits 
the situation is different. The following example is from the short note [38]. 


19.41 Example. The finite subsets of R form a directed ordered set under inclu- 
sion. The sets 
Xs ={f:S—>Z| f is injective} 

indexed by the finite sets form a projective system of sets: for S C T a (surjective) 
map Xr —> Xs is given by restriction. An element f of lim s Xs is a collection 
(fs)s of injections fs: S + Z such that fs = fr|s for all finite S,T C R with 
S C T. This would mean that we have an injection of R into Z. So there are no 
elements in the projective limit. 
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Projective limits of compact spaces are nonempty: 


19.42 Theorem. Let (X;)icr be a projective system of nonempty compact spaces. 
Then lim, Xi is nonempty. 


PROOF. Forl € I put 


y, = { (a; jer € IIx 


falaj) = 2; for all i,j € I with i < j < i}. 


Then lim X; = (her Yı and J], X: = User ¥i. The set Y; is closed in |], X;. 
The proof of this is almost identical to the proof of Proposition 19.36. Suppose 
lim, X; = Ý. Then, since []; X; is compact, there is a finite index set J C I such 
that [jez Yz =. Since the index set is a directed ordered set, there is an 1 € I 
such that j < l for all j € J. Take a z € X; (the sets X; are nonempty) and define 
an (x;); € [[; X; as follows 


fee ifi<l, 
Tti = 


any element of X;, otherwise. 


The element thus defined is an element of Y; and hence of all Y; with j € J because 
j < l for all j € J. This contradicts (jej Yj = Ø, which was a consequence of the 
projective limit being empty. 


19.43 Corollary. The projective limit of a projective system of nonempty finite sets 
is nonempty. 


PROOF. Finite sets can be regarded as discrete topological spaces. As such they 
are compact Hausdorff spaces. It follows that a projective limit of nonempty finite 
sets is nonempty. Of course a proof of this might be given not using topology. 


Cofinal subsets 


19.44 Definition. Let I be a directed set. A subset J of I is called cofinal if for 
each i € I there is a j € J with i < j. 


Clearly, a cofinal subset of a directed set is a directed set as well. We will show 
that inductive and projective limits are unchanged when restricting the directed 
set to a cofinal subset. We will use the categorical definitions, so it suffices to prove 
this for inductive systems. 


19.45 Theorem. Let I be a directed set, (Xi)icr an inductive system in a category 
€ and J a cofinal subset of I. Then 


jEJ icl 
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Proor. The morphisms q;: X; > limy X; induce a morphism 


For each 7 € I choose an i* € J such that i < i*. For i € I define morphisms 
fi = qir fxs Xi > lim ey X;. They induce a morphism 


yp: lim X; — lim Xj. 
—> 
icf jEJ 


J 


The categorical definition of inductive limit shows in a direct manner that yy and 
wy are the identity morphisms. 


For inductive systems of sets it also follows directly from Proposition 19.22: 


1% ¢ [x 


ged icl 


and since the relation ~ in the subset is the restriction of ~ it follows that 
(11s) /~ © (11%) /~- 
je el 
Equality is a direct consequence of the cofinality. 
Because of its importance we formulate the property for projective limits separately. 


19.46 Theorem. Let I be a directed set, (Xj)ier a projective system in a category 
€ and J a cofinal subset of I. Then 


lim X; -> Jim Xj. 


icI JEJ 


In the case of a projective system in the category of sets it also follows directly 
from the description of the projective limit (Proposition 19.33). The projection 
Hier Xi — [],¢5 Xj induces by cofinality a bijection on the subsets: lim -Xi = 


IEJ 


19.47 Examples. 
a) Cofinal subsets of (N, <) are the unbounded subsets. 
b) The subset { n! | n € N* } is cofinal in (N*, |). 
c) For I a directed set and k € I the subset {i € I |k <7} is cofinal. 


19.48 Example. Let p be a prime number. The inductive limit lm en Fou = 


Unen» Fp: is the algebraic closure of Fp. 
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19.49 Example. Let L : K be an extension of number fields. The groups 
Chm(L : K) =I"(K)/Nx(I"(L))Sm(K) 


form a projective system of finite abelian groups indexed by the directed set M(K). 
The maps Cé,(L: K) > Clm(L: K) for m | n are isomorphisms if m is a multiple of 
the conductor fx(L). The multiples of f = fx(L) form a cofinal subset of M(K) 
and so 

lim Cem (L : K) = lim m (L : K) = C(L : K). 


m m 


Exactness 


For a fixed directed set I we consider functors from inductive (respectively projec- 
tive) systems of topological groups indexed by J to topological groups. As usual 
we call a sequence 

Chel 
of group homomorphisms exact if Im(y) = Ker(w). Note that this implies that 
Im(v) is anormal subgroup of G. We show that for inductive systems of topological 
groups the functor is exact. The projective limit is exact when restricted to compact 
groups. 
19.50 Theorem. Let I be a directed set and let (pi)i: (Gih —> (Gi)i and 
(i)i: (Gili > (GY); be morphisms of inductive systems of topological groups such 
that the sequences 

Ge eG. ce 


are exact for alli € I. Then the induced sequence 
lim G; + lim G; > lim GY 


is also exact. 


PROOF. Clearly wy is the trivial homomorphism. Now let x € Ker(¢), say x = 
qi(x;) for some i € J (in the notation of Definition 19.20). Then q;(w;(a;)) = 
W(ai(z)) = y(x) = 1. So there exists a j > i such that fij (qi (pi(x:))) = 1 € GY, 
that is ~;(fij(wi)) = 1. Hence there exists a yj € G} such that »;(yj) = fij(xi). 
Then 


(a5 (Yi) = a (95 (Ys) = q (Fis (2s) = q(x) = x. 


19.51 Example. Let L : K be an extension of number fields. The groups 
Hm(L: K) =H(L: K)N Hw» are the kernels of the conorm: 


LHe K) SHAE) #5 HalL) 
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Then, because Hm(L : K) = H;(L : K) = H(L : K) for all multiples m of the 
conductor f, by Theorem 19.50 we have an exact sequence 


1 > H(L: K) — limHm(K) — lim Hm(L) 


and thus, since M(K) is a cofinal subset of M(L), we have an exact sequence 
1 > H(L: K) > H(K) > H(L), 
which agrees with the given definition of H(L : K). 


19.52 Theorem. Let I be a directed set and let (i)i: (Gi)i —> (Gi) and 
(pili: (Giji > (GY); be morphisms of projective systems of compact groups such 
that the sequences 

a a G! 


are exact for alli € I. Then the induced sequence 
jim Gi, -5 Jim G; > jim GY 


is also an exact sequence of compact groups. 


Proor. We consider projective limits as subspaces of products. Let x = (x;); € 
Ker(w). Then y;(x;) = 1 for alli € I. By continuity of the maps ọ; the sets 
Xi = y7 '({ai}) C G form a projective system of nonempty closed subsets of the 
Gj. Since G; is compact, the subset X; is compact. By Theorem 19.42 lim, X; C G’ 
is nonempty. The homomorphism y maps every element of lim, X; to x. 


19.53 Example. Let L : K be an extension of number fields. Then the groups 
Clem (LZ: K) are cokernels of the transfer: 


Ct) E5 CO 3 UalL: RS 


The groups in this sequence are finite, so when endowed with the discrete topology 
they are compact. Hence by Theorem 19.52 and Example 19.49 we have an exact 
sequence 


<— 
m 


lim Cem (L) — lim Cn (K) — C4(L : K) > 1, 


where f is the conductor of L: K. 


19.4 Profinite groups 


In the next section we consider infinite Galois extensions. Their Galois groups 
are easily seen to be projective limits of finite Galois groups. Here we study pro- 
jective limits of finite groups in general. The finite groups are regarded as finite 
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discrete topological groups and as a consequence the projective limits are topolog- 
ical groups. The groups that arise this way can be characterized intrinsically by 
their topology, independent of their construction as a projective limit. 


19.54 Definition. Totally separated compact groups are called profinite groups. 
19.55 Theorem. Projective limits of finite discrete groups are profinite groups. 


PROOF. Finite discrete sets are totally separated compact spaces. The theorem 
follows from Proposition 19.30 and Theorem 19.37. 


Conversely: 


19.56 Theorem. Let G be a profinite group and N the collection of open normal 
subgroups of G. Then G = Lim yew G/N. So profinite groups are projective limits 
of finite discrete groups. 


PROOF. The collection M is a directed ordered set under D, so we have a pro- 
jective system of groups G/N with N € N and for Ni,No E N with Nj D Noa 
canonical homomorphism fy, Na: G/N2 —> G/N. The canonical homomorphisms 
G— G/N, «++ zN induce a homomorphism of topological groups 


h:G— lim G/N, z+ (tN)n. 
NEN 


By Lemma 19.14 the groups G/N are finite. We will show that h is an isomorphism 
of topological groups. By Lemma 19.15 we have Ker(h) = yey N = {1}, so h 
is injective. For surjectivity let (twN)new € lim yey C/N. Then to prove that 
Owen tnN #0. Suppose yew tw N = 0. Since G is compact and the sets zy N 
are closed, there is a finite subcollection No of M such that Nyen, oNN = 0. 
Choose M € N such that N D> M for all N € No, e.g. M = (\yey, N. Then 
znN D zryM =2\M for all N € No and so Owens znN D xyM. Contradic- 
tion: x, M is nonempty. 


In general in a profinite group closed subgroups are intersections of open subgroups: 


19.57 Theorem. Let H be a subgroup of a profinite group G. Then 
a) H is open if and only if H is closed and of finite indez, 
b) H is closed if and only if H is an intersection of open subgroups, 


c) H is normal and closed if and only if H is an intersection of open normal 
subgroups. 


PROOF. 


a) This follows from Lemma 19.14 since profinite groups are compact. 
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b) Open subgroups are closed and so is their intersection. Let H be closed 
and N the collection of open normal subgroups of G. For each N € N the 
subgroup HN is the union of the open sets hN with h € H and is therefore 
an open subgroup. We will show that H = (yey HN. By Lemma 19.15 we 


have 
N HN2H( N N) =H. 
NEN NEN 
Let g € yew HN and suppose that g ¢ H. Then 1 ¢ Hg and so 
N (NN H9) = ( N N) N Hg ={1}NHg =b. 
NEN NEN 
Because G is compact, there is a finite subcollection No of M such that 


= N (NN Hg) = ( N N) N Hg. 


NENo NENod 


Hence g ¢ H((\yey,, N). However, the subgroup fyen, N is open and 
therefore g ¢ yew HN. Contradiction. 


fo) 
Nee? 


This follows from b): if H is a normal subgroup, then so are the groups 
AN. 


Next we consider dense subsets of a profinite group. A subset of a topological space 
X is dense if X is its closure. This is equivalent to: each nonempty open subset of 
X contains an element of S. We will use the following lemma. 


19.58 Lemma. Let (Gi)icer be a projective system of finite discrete groups and 
G= lim, Gi. Then the cosets of Ker(p;: G —> G;) form a base of the topology of 
G. 


PROOF. A subbase B for the topology of G is the collection of sets p; (zi) with 
i € I and x; € G;. The set pr (zi) is a coset of Ker(p;). For k < i in J, the set 
p; (z;) is a union of (a finite number of) cosets of Ker(p,). The intersection of 
a coset of Ker(p;) and a coset of Ker(p;) is the union of cosets of Ker(p,), where 
k € I such that i, 7 < k. So the subbase B is actually a base. 


19.59 Theorem. Let (Gi)icr be a projective system of finite discrete groups and 
G = lim, Gi. Then a subset S of G is dense in G if and only if p;(S) = pi(G) for 
alli € I. 


PROOF. Suppose S is dense. For x; € p;(G), the set pr (zi) is open in G. Hence it 
contains an element y of S and so x; = p;(y) € pi(S). Conversely, if p;(S') = pi(G) 
for all i € I, then the nonempty open sets p7 '(x;) with z; € G; contain an element 
of S. These open sets form by Lemma 19.58 a base of the topology of G. 
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19.60 Examples. 


a) Let p be a prime number. The maps Z > Z/p' are surjective. The subset Z 
of the ring Z, of p-adic integers is dense. 


b) The finite rings Z/n form a projective system indexed by (N*, |). For m | n we 
have ring homomorphisms fmn: Z/n > Z/m. Its projective limit is denoted 
by Z and is sometimes referred to as the Priifer ring: 


Ê = lim Z/n. 
41 


n 


It follows from the Chinese Remainder Theorem that we have an isomorphism 
of profinite groups 
2 3 J [Z 
p 


where the product is over all prime numbers (exercise 2). Here too the subring 
Z is dense in Z. 


c) The finite groups (Z/n)*, the units of Z/n, form a projective system indexed 
by (N*, |). For m | n we have group homomorphisms fmn: (Z/n)* > (Z/m)*, 
the restrictions of the fmn of the previous example. We have 


Some generalities on subgroups, quotient groups and homomorphisms of profinite 
groups. 


19.61 Theorem. 


(i) Let G be a profinite group and H a subgroup of G with the relative topology. 
Then H is profinite if and only if H is closed. 


(ii) Let G be a profinite group and N a normal subgroup of G. Then G/N with 
the quotient topology is a profinite group if and only if N is closed. 


PROOF. 
(i) H is totally separated. H is compact if and only if it is closed in G. 


(ii) G/N is compact. Let M be the collection of open normal subgroups contain- 
ing N. Then by Theorem 19.57 N is closed if and only if yey, M =N. 
This is equivalent to mem M/N = {N}, which by Lemma 19.15 is equiva- 
lent to G/N being totally separated. 
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Finally we consider the abelianization of profinite groups. 


19.62 Definition and notation. Let G be a profinite group. The commutator 
subgroup G” of G is a normal subgroup and so is its closure G”. The factor group 
G/G’ is called the abelianization of G and is denoted by G?». It clearly is the largest 
profinite group under the factor groups G/N with G/N profinite and abelian. 


19.63 Proposition. Let (Gi)icr be a projective system of finite discrete groups 
and G = lim, G;. Assume that the projections pi: G —> G; are surjective. Then 


Ge = lim, G™. 


PROOF. The short exact sequences 


iGo Gs GF 1 


form a short exact sequence of projective systems of finite discrete groups indexed 
by I. By Theorem 19.52 a short exact sequence 


$ 1 : ab 
1— limG; — G — limG; — 1 
of profinite groups is induced. Since lim, G? is abelian we have G’ C lim, Gj. The 


maps G’ — G; are surjective because the G — G; are. By Theorem 19.59 G” is 
dense in lim, G. Hence G’ = lim, G', and consequently G@> = lim, CG. 


19.5 Infinite Galois extensions 


19.64 Definition. An algebraic field extension L : K is called a Galois extension if 
it is normal and separable. The group of K-algebra automorphisms of L is called 
the Galois group of L : K. Notation: Gal(L: K). 


So far Galois extensions were assumed to be finite. This notion is now extended 
to algebraic extensions. Many of the properties of finite Galois extensions clearly 
hold for Galois extensions in general as well. 


19.65 Proposition. Let L : K be a Galois extension and M an intermediate field 
of L: K. Then L: M is a Galois extension. 


PROOF. The minimal polynomial of an a € L over M is a divisor in M[X] of the 
minimal polynomial over K. 


19.66 Notation. For a Galois extension L : K the collection of intermediate fields 
M such that M : K is a finite Galois extension is denoted by F(L: K). It is an 
inductive system, ordered by C. 

19.67 Proposition. Let L : K be a Galois extension and F = F(L : K). Then 
L= lim rer M = Umer M. 
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PROOF. Let a € L. The extension is normal, so the minimal polynomial of a 
over K splits in L. Hence L contains a splitting field M of this minimal polynomial 
over K and by separability M : K is a Galois extension. 


19.68 Corollary. Let K be an algebraic closure of a field K, L an intermediate 
field of K : K such that L : K is a Galois extension and o an embedding of L in 
K fizing K. Then o(L) = L. 


ProoF. In the notation of Proposition 19.67: 


o(L)=o( U M) = U om)= |] M=L. 


MEF MEF MEF 


19.69 Proposition. Let L : K be an algebraic field extension, M an intermediate 
field of L: K, K an algebraic closure of K and o: M + K an embedding fixing 
K. Then there exists a prolongation T: L + K ofo. 


PROOF. Let ® be the ordered set of all pairs (N, p) consisting of an intermediate 
field N of L : M and a prolongation p of ø to N. Clearly, a linearly ordered subset 
of ® has an upper bound, so by Zorn’s Lemma there is a maximal element in ®, 
say (N,7T) is maximal. Then N = L, since otherwise there is ana € L\ M anda 
prolongation of r to N(a): send a to a zero of f7 € K[X]. 


19.70 Proposition. Let L : K be a Galois extension, M an intermediate field of 
L:K such that M : K is a Galois extension. Then the restriction of automor- 
phisms in Gal(L : K) to the subfield M induces a group isomorphism 


Gal(L : K)/Gal(L: M) > Gal(M : K). 


PROOF. By Proposition 19.69 every ø € Gal(M : K) has a prolongation 7 of 
c to L and by Corollary 19.68 o(L) = L. Hence restriction of automorphisms 
is a surjective group homomorphism Gal(L : K) —> Gal(M : K). The kernel is 
Gal(L : M). 


19.71 Theorem. Let L : K be a Galois extension and G = Gal(L : K). Then 
L° =K. 


PROOF. For each M € F = F(L: K) by Proposition 19.70 the group G acts on 
M via Gal(M : K). Hence M@ = K and 


=U M) = U Mo=k. 
MEF MEF 


19.72 Theorem. Let L: K be a Galois extension and M an intermediate field of 


L:K. Then M : K is a Galois extension if and only if Gal(L : M) is a normal 
subgroup of Gal(L : K). 
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Proor. If M : K is a Galois extension, then by Proposition 19.70 the group 
Gal(L : M) is a normal subgroup of Gal(Z : K). For the converse suppose that 
Gal(L : M) is a normal subgroup of Gal(L : K). Let a € M. Then Gal(L: M) € 
Gal(Z : K(a)) and for each o € Gal(L : K): 


Gal(L : K(o(a)) = o Gal(L : K(a))o~* D o Gal(L : M)o™* = Gal(L : M). 


So o(a) € M for all a € M and all ø € Gal(L : K). Hence M : K is a Galois 
extension. 


For a Galois extension L : K the groups Gal(M : K) with M € F = F(L : K) form 
a projective system indexed by F. The maps fmn: Gal(L : N) > Gal(L : M) in 
this system are the restrictions of automorphisms to M. 


19.73 Theorem. Let L:K be a Galois extension. Then the restrictions 
pm: Gal(L: K) > Gal(M : K) of automorphisms induce a group isomorphism 


w: Gal(L : K) —> lim Gal(M : K). 


MEF 


PROOF. As a group homomorphism 4 is given by the definition of projective 
limit. We have 


Ker() = () Ker(ym)= () Gal(L: M). 


MEF MEF 


The restriction of a o € Ker(y) to an M € F is the identity on M. Since L = 
Umer M, it follows that o = 1. Hence Y is injective. For a (oy) € lim, Gal(M : 
K) define a o € Gal(L : K) by 


o(a)=om(a) ifaeM. 


Thus ø is a well defined embedding of L in L. It is an isomorphism: the embedding 
given by a > 03, (a) for a € M is its inverse. 


By Theorem 19.55 the Galois group of an infinite Galois extension is a profinite 
group. By Lemma 19.58 a base of its topology is the collection of the inverse images 
under wy, of automorphisms in Gal(L : M), where M € F. Such an inverse image 
is a coset ø Gal(L : M). This topology is known as the Krull topology of Gal(L : K). 


The Main Theorem of Galois Theory generalizes to general (possibly infinite) Galois 
extensions: 


19.74 Theorem. Let L: K be a Galois extension and G = Gal(L : K). Then we 
have a one-to-one correspondence 
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intermediate fields of L: K «<———+ closed subgroups of G 


N ' Gal(L : N) 


LE 4 © H 


PROOF. First we show that for intermediate fields N the groups Gal(L : N) are 
closed. For a € L choose an M € F such that a € M. Then Gal(L : M) is 
a subgroup of finite index of Gal(L : K(a)). So Gal(L : K(a)) is the union of 
finitely many cosets of Gal(L : M). These cosets are open and closed. So also 
Gal(L : K(a)) is open and closed. Let N be an intermediate field of L : K. Then 
N = Usen K(a) and so Gal(L : N) = N Gal(L : K(a)), an intersection of 
closed subgroups. 


aceN 


For N an intermediate field by Proposition 19.65 L : N is a Galois extension and 
so by Theorem 19.71 NGYN) — N. 


Let H be a subgroup of G. The extension L : L/ is a Galois extension and its 
Galois group is a profinite group: 


Gal(L : L”) = limGal(L : L™), 
M 


where M € F(L : L”). The map of H to Gal(M : L#) is surjective by the 
Main Theorem of Galois Theory for finite Galois extensions. Hence H is dense in 
Gal(L: L”). If H is closed, then H = Gal(L: L”). 


19.75 Example. Let p be a prime number. For each n € N* there is a unique 
subfield F,» of the algebraic closure Fp. We have 
Gal(F, : Fp) = jim Gal(Fy» : Fp) > lim Z/n = Ê. 


n 


19.76 Example. Let Q?? be the union of the collection A of all abelian number 
fields. They form a directed set. By the Kronecker-Weber Theorem the cyclotomic 
fields form a cofinal subset of A. Hence 

Gal(Q* : Q) = lim Gal(K : Q) = lim Gal(Q(¢,) : Q) > lim(Z/n)* = Z*. 


—— <—— <— 
EA n n 


A 


19.77 Definitions and notations. Let K be an algebraic closure of the field K. 
The separable closure of K (in K) is the intermediate field 


KP = {a € K | a is separable over K }. 


The extension K*°P : K is a Galois extension and its Galois group is called the 
absolute Galois group of K. Notation: Gal(K) = Gal( K5? : K). The collection 
F(K : K) = F(K*? : K) is denoted by Fg. 
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19.78 Example. Let K be a number field. Then KP = K = Q and 


Gal(K) = Gal(Q: K) = lim Gal(L: K), 
LEFK 
where Fx is the collection of number fields L containing K and L : K a Galois 


extension. 
Abelian extensions are subfields of the separable closure. 


19.79 Definition and notations. Let K be a field. The intermediate field of 
K? : K corresponding to Gal( K} is denoted by K*>. It is the maximal abelian 
extension of K. Clearly Gal(K®? : K) = Gal(K)*”. The collection F(K®” : K) is 


denoted by Ax. 


19.80 Theorem. Let K be a field. For L € Fx denote the subfield of L corre- 
sponding to Gal(L: KY by L’. Then 


Gal(K*: K)= lim Gal(L: K) and Gal(K*?: K) = lim Gal(L’: K). 
LEAK LEF K 


PROOF. The first identity follows from Theorem 19.73 and the second from Propo- 
sition 19.63. 


19.81 Example. For an abelian extension of number fields by Artin’s Reciprocity 
Theorem we have isomorphisms 


C(L : K) :=Ce;(L: K) > Gal(L : K) (Ff = fx(L)) 


induced by the Artin maps ot), If(K) + Gal(L : K). Thus we have an isomor- 
phism of profinite groups 
lim C&(L:K)—> lim Gal(L: K) = Gal(K® : K). 


cc — 
LEAK LEAK 


The class fields Ky,,, for the groups Hm = Hm(K) form a cofinal subset of Ax: 


im Clm(K) -> lim Gal(Ky,,, : K) = Gal(K* : K). 


m 


19.82 Example. Let F be a local field. In section 16.1 for each E € Ap a 
local Artin map J W. F* — Gal(E : F) has been constructed. By the consistency 
property for these maps (Proposition 16.7(i)) they combine to a local reciprocity 
map 


— 


Op: F* — lim Gal(E: F) = Gal(F?> : F). 
EEAp 
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19.6 Duality 


Pontryagin duality is an equivalence of the category of abelian Hausdorff locally 
compact groups with its dual. The category of abelian torsion groups and the 
category of abelian profinite groups are both full subcategories of this category 
and by Pontryagin duality it follows that the first is equivalent to the dual of the 
second. In this section only this equivalence is constructed, not the full Pontryagin 
duality. 


19.83 Notations. For G and H topological groups, the set of continuous homo- 
morphisms of G to H is denoted by Homeont(G, H). The category of all abelian 
discrete torsion groups is denoted by 7 and the category of all abelian profinite 
groups with the continuous homomorphisms is denoted by Z. Both these cate- 
gories are full subcategories of the category of abelian Hausdorff locally compact 
groups. 


The group Homcont(G, H) may be endowed with the compact open topology. A 
subbase for this topology consists of all subsets 


V(K,U) = {f € Homeont(G, H) | f(k) C U}, 


where K is a compact subset of G and U an open subset of H. Since we will 
consider only special types of topological groups G and H, this generality is not 
needed here. 


19.84 Definition. The circle group S! is the group of complex numbers of norm 1 
endowed with the topology relative to the standard topology of C: 


S={2e C| |s/=1}. 
19.85 Lemma. Let (A;)icr be an inductive system of finite abelian groups. Then 
limer A; is an abelian torsion group. 


Proor. The inductive limit is a homomorphic image of the abelian torsion group 
Bier Ai. 


Let (A;)ier be an inductive system of finite abelian groups and 


wel 

The homomorphisms fij: A; => A; induce homomorphisms fj: AY — AY, thus 
forming a projective system (AY Jier. 

19.86 Proposition. Let (A;)ier be an inductive system of finite abelian groups and 
A the abelian torsion group limer Ai. Then the homomorphisms qi: Ai > A induce 
an isomorphism 

Hom(A, S!) -> lim AY, 
wel 
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of abelian groups. In particular the group Hom(A,S!) is a profinite group. 


PROOF. By the definition of inductive limit we have 


Hom(A,$!) = Hom (lim 4;,S") —~+ Jim Hom(A;,S?) = lim AY. 
tel wel tel 


Similarly, if (A;);er is a projective system of finite abelian groups and 
A = lim Aj, 
tel 
then the homomorphisms fij: Aj — A; induce homomorphisms f}: AY > AY. 
19.87 Proposition. Let (Ai)icr be an projective system of finite abelian groups and 


A the profinite group lim cy Ai. Then the homomorphisms p;: A — A; induce an 


isomorphism 
lim AY —+ Homeont (4, 8"), 


icl 
of abelian groups. 


Proor. The homomorphism p;: A — A; is continuous, so we have 


lim AY = lim Homeont (Ai, st) = Homcont (lim Ai, st) = Homcont (A, S'). 
icl icl wel 


19.88 Definition. Let A be either a discrete abelian torsion group or a profinite 
group. Then its dual AY is a topological group with underlying group 


AY = Homeont (A, S') 


For A an abelian torsion group AY is an abelian profinite group (Proposition 19.86) 
and for A profinite the group is a discrete abelian torsion group (Proposition 19.87). 
Taking the dual obviously is functorial. 


Let A be a discrete abelian torsion group and F the inductive set of finite subgroups 
of A. Then by the Propositions 19.86 and 19.87 we have functorial isomorphisms 


V 
A (lim BY) > lim BN 
BEF BEF 
The functorial isomorphism 


B—> BY, b= (x= x(b)) 


for finite abelian groups B shows that for discrete abelian torsion groups A we have 
isomorphisms 
ca: A— AY, am (x= x(a)) (19.1) 
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as well. Similarly, for A an abelian profinite group and N the inductive set of 
subgroups of finite index we have by the same propositions 


Vv 
AVY > ( lim (A/B)”) > lim (A4/B)YY. 
(i ) BEN 


So also for abelian profinite groups we have isomorphisms as given in (19.1). Thus, 
in categorical terms: 


19.89 Theorem. The functors 
P> J? Am AY and J> P, AWAY. 


establish an equivalence of the categories P and 7°. 0 


19.90 Example. For an abelian extension L : K of number fields the Artin map 
induces an isomorphism 


pP: C(L : K) -> Gal(L: K). 


By the consistency property for these maps they induce an isomorphism on the 
projective limits: 


px: lim @(L:K)=> |i Gal(L : K) = Gal(K® : K). 


4 
LEAK LEAK 


Since the class fields Ky, (4) form a cofinal subset of Ax, another description is 


yx: lim Cln(K) > Gal(K® : K). 


The group Hm(K) is the dual of C0, (K). Therefore, the group H(K) is the dual of 
the profinite group lim Ce (K) and the dual Artin maps induce an isomorphism 


Px: Gal(K®” : K)“ ~+ H(K). 
In the last chapter the ‘idéle class group’ C(K) will be constructed and a reciprocity 
map 
0m: C(K) > Gal(K® : K) 
which has properties similar to those of the local reciprocity map 


Oe: F* + Gal(F® : F) 


for a local field F. As shown in the last chapter, the idéle approach to class field 
theory yields a firm link between the local and global reciprocity maps. 
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EXERCISES 


1. (i) Prove that a totally separated topological space is totally disconnected. 
(ii) Prove the converse of (i) for locally compact Hausdorff spaces. 


(iii) A space which is totally disconnected but not totally separated is the so-called 
Cantor teepee, which is the Krasner-Kuratowski fan with the top deleted. Do 
an internet search for a description of this space and verify. 


2. For n € N* we have by the Chinese Remainder Theorem isomorphisms 


Z/n > T](Z/p'™™) and (Z/n)* > T](z/p™)*, 


P P 


where the product is over all prime numbers p. Show that in the limit (the projective 
limit) we have 
25>] [Zz and 2> ][z, 
p P 


isomorphisms of profinite groups. 


3. (i) Let 1 —> A BC > 1 be a short exact sequence of abelian torsion groups. 
Show that 1 > CY > BY — AY > 1 is a short exact sequence of abelian 
profinite groups. 


(ii) Let 1 > A —> B —> C —> 1 be a short exact sequence of abelian profinite 
groups. Show that 1 + CY > BY + AY > 1 is a short exact sequence of 
abelian torsion groups. 


iii) Let A be an abelian torsion group. Establish a correspondence between sub- 
g 
groups of A and closed subgroups of the profinite group A“. 


4. Let K be a number field. Show that abelian extensions of K (inside Q) correspond 
to subgroups of H(K). 
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20 Idelic Class Field Theory 


Chevalley introduced the idèle group of a number field for a global class field theory 
of infinite abelian extensions. Some years later he used this for constructing global 
class field theory from local class field theory. In this theory all primes of a number 
field are considered simultanuously. The basic notions are given in the first two 
sections. Some topological algebra as described in the previous chapter is needed 
here. Of particular importance is the idéle class group of a number field. Its 
role is similar to the role of the multiplicative group in local class field theory. 
In section 20.3 the relation to ray class groups is described and in section 20.4 
the idèlic global classification theorem is derived from the classification theorem of 
chapter 15. Finally the close connection between local reciprocity and the idélic 
global reciprocity is given in section 20.5. 


20.1 The adéle ring of a number field 


In chapter 1 we embedded a number field K in the R-algebra R@g K = 
R") x CK) — Ipep.c«) Xp and in chapter 5 it is shown that the subring Ox 
maps under this embedding to a lattice Ax: a discrete subring of the R-algebra 
and the quotient is a compact abelian group. In this section the field K will be 
embedded in a locally compact ring A(K) such that (the image of) K itself is a 
discrete subring of A(K) with compact quotient group A(K)/K. 


20.1 Definition. Let S be a finite saturated collection of primes of K. Then the 
topological ring 
AS(K) = |] Kp x [[ 
pes pes 


is called the ring of S-adéles of K. (Its topology is the product topology.) 


For Sə we have 


A= (K) = |] Kp x [] Op. 


ploo ptoo 


Here co stands for the modulus of K induced by the modulus oo of Q. 
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20.2 Lemma. The ring AS(K) of S-adéles of K is locally compact. 


Proof. The completions Ky are locally compact and so is a finite product of 
them. For finite p the rings O, are compact and by Tykhonov’s Theorem (Theo- 
rem 19.7) an infinite product of these rings is compact as well. 


The finite saturated collections of primes form a directed set under inclusion. For 
S CT we have an inclusion map Af (K) > A7(K): 


[| & x LI oxo = T] % x II Kx [[ o. 
pes peT\s pT pes pET\S pT 
We take the direct limit. 


20.3 Definition. The adèle ring of K is the topological ring 
A(K) = lim AS(K) = JA%(K), 
S S 
the limit taken over the finite saturated collections of primes of K. 


So 


A(K) = { (Qp)p € WES | Qp É Op for only finitely many finite primes p \. 
p 


It’s also called the restricted product of the groups Kp. Notation: 


A(K) = [| Ky. 
p 


20.4 Lemma. For each finite saturated collection S of primes of K the ring AS (K) 
of S-adèles is open in A(K). 


PROOF. A subset of A(K) is open if and only if its intersection with AT (K) 
is open in AT (K) for each saturated collection T of primes. Let S and T be 
saturated collections of primes. Then AS(K) N AT(K) = AST (K) and this is 
open in AT (K). 


20.5 Lemma. The topological ring A(K) is locally compact. 


PrRoor. This follows from Lemma 20.2 and Lemma 20.4. 


For each a € K we have a ¢ Op for only a finite number of finite primes p. So 
a> (@)p is an embedding of the field K in the adèle ring A(K). We thus view K 
as a subring of A(K). 
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Be careful with the meaning of the notations: in the notation (a)p for a € K we 
already considered K as a subfield of Ky and this so for every p. So we have many 
incompatible identifications. The embedding K — A(K) projects to K > J [pjoo Kp 
and this is the embedding «: K — R” x C° described in section 1.1, which we did 
not define by (a) = (a,...,a@). There we used the convention that number fields 
are subfields of C. Later, in chapter 10 on completions we often considered number 
fields as subfields of other fields, in particular of their completions. 


20.6 Proposition. K is discrete in A(K). 
ProoF. The set 


{ (Qp)p | llapllp < 1} 


is open in each AS (K) and therefore also in A(K). The product formula (Propo- 
sition 10.24), [],,||a||p = 1 for all a € K*, implies that 0 is the only element of K 
in this open set. 


20.7 Proposition. A(K) = K + A%~(K). 


PROOF. Let a = (&œp)p be a nonzero element of A(K). Take m € N* such that 
Map € Oy for all finite primes of K. Let S be the collection of finite primes p of 
K with vp(m) > 0. Let N € N* such that N > vp(m) for each p € S. Take for 
each p € S a By € Ox such that By = may (mod f~). By the Chinese remainder 
theorem there is a y € Ox such that 


Y= Bp (modp®) for all pe S. 
Then for each p € S 


Up (sh — ap) = Vp (y — May) — vp (M) = vp(y — By) — Up(m) > N-N=0 


and for each finite prime q ¢ S 


val T Oq) = Valy — Mag) > 0. 


Hence = — a € AS~(K). It follows that A(K) C K + A%~(K). 


20.8 Theorem. The additive topological group A(K)/K is compact. A fundamental 
domain in AUK) for A(K)/K is 


F x II Op, 
ptoo 


where F is a fundamental parallelotope for the lattice Ax in R” (as defined on 
page 108). 


Proor. Because K N A%~(K) = Ox, by Proposition 20.7 the inclusion Aï% C 
A(X) induces an isomorphism 


AS~(K)/Ox > A(K)/K. 
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The ker-coker sequence of 


Ox —— AS~( K) 


DT 


Heiss Ky 


reduces to 
0 — II Op — A®=(K)/Ox — R"/Ax — 0 
płoo 


and from this the theorem easily follows. 


20.2 The idèle group and the idèle class group 
Again we fix a number field K. The idèle group of K is the unit group of its adèle 
ring. It is a topological group. 


20.9 Definition. Let S be a finite saturated collection of primes of K. The topo- 
logical group of S-idéles of K is 


J°(K) = A°(K)* = [] K} x [OF 


pes pgs 


endowed with the product topology. The idèle group of K, denoted by J(K), is 
the injective limit of the groups of S-idèles: 


ME ER sujui 


= { (Qp)p € te | ap ¢ O% for only finitely many finite primes p } 
p 

=A(K)* =|] Kj, 
p 


the restricted product in analogy to the one used for the adèle ring. 


The topology of J(K) is not the topology induced by the inclusion J(K) C A(K). 
In the induced topology inversion is in this case not continuous. In general for the 
topology on the unit group of a topological ring R one takes the topology induced 
by the injective map R* > R x R, x (a,27"). 
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20.2 The idéle group and the idéle class group 


As for the adéle ring we have for the idéle group: 


20.10 Lemma. For each finite saturated collection S of primes of K the group 
J°(K) is open in J(K). 


The embedding K — A(K) restricts to an embedding K* —> J(K) and we will view 
K* as a subgroup of J(K). Clearly, K* N J°~(K) = O% and more generally for S 
a finite saturated collection of primes K* N J5(K) = K5, the group of $-units. 


20.11 Proposition. K* is discrete in J(K). 
PROOF. The set 
{ (ap)p E€ J(K) | llap — 1 lp < 1} 


is open in J(K), because its intersection with JS (K) is open in each J5(K). Again 
by the product formula, JJ la — 1||p = 1 for all a € K \ {1}, the only element of 
K* in the open set is 1. 


20.12 Definition. The group J(K)/K* is called the idéle class group of K and is 
denoted by C(K). For S a finite saturated collection of primes of K the group 
J°(K)/K® is called S-idéle class group of K. The S-idéle class group is denoted 
by C (K). 


There is a natural map from the idèle group to the group of fractional ideals. This 
map will be the link between the idèle and the ideal approach to class field theory. 
This will be made concrete in the next section. Here we show that the ideal class 
group is a homomorphic image of the idèle class group. 


20.13 Notation. For a = (@p)p € J(K) we write 


(a) = [J p E (K£). 


płoo 


Thus we have a group homomorphism 
(): J(K) > I(K), a = (a) 


and for a € K* the notation (a) stands for the principal fractional ideal aOx. This 
homomorphism is clearly surjective and its kernel is J°~ (K), an open subgroup of 
J(K). The subgroup K* of J(K) maps to P(K), the group of principal fractional 
ideals. So we proved: 


20.14 Proposition. The homomorphism (-): J(K) — I(K) induces an isomor- 
phism 


J(K)/K*J°~(K) © (K). 


In the next section we will show that not only the ideal class group is a homomorphic 
image of the idèle class group, but so is every ray class group. 
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The absolute values on the various completions on a number field give rise to a 
continuous group homomorphism from the idéle class group to the positive reals. 


20.15 Definition. Let a = (ay), E€ J(K). The p-value ||a||p of a is defined to be 
the absolute value of ay € Ky: 


lall = lloplly- 


The content ||a|| of a is the product of its p-values: 
lall = [flay 
p 


The product is well defined since ||a||p # 1 for only finitely many p. 


20.16 Lemma. The map J(K) > R*°, a+ |lal| is a surjective continuous group 
homomorphism. 


ProoF. It clearly is a group homomorphism. For surjectivity take for each 
a € R>° an element b € Ký for one of the infinite primes such that ||bl|, = a. 
Then a € J(K) defined by ay = b and ag = 1 for all q Æ p satisfies ||a|| = a. 
Continuity: for (1 — £,1 +£) C R>? take for each p | oo the open neighborhood 


Up = {ap | llap — Illp < Ye} 


of 1 € Ky. Then the image of the open set [I jo Up x Dpto Op is contained in 
(l—e,l+e). 


20.17 Notation. The kernel of the map J(K) —> R*°, a+ |la|| is denoted 
by Jo(K). The product formula, [],|||]p = 1 for a € K*, implies that the map 


induces a surjective continuous homomorphism C(K) + R*°. The kernel of this 
map is denoted by Co(K). Thus K* is a closed subgroup of Jo(K) and Jo(K)/K* = 
Co(K). 


We will show that the group Co(K) is compact. The proof uses the following 
generalization of Proposition 5.31. 


20.18 Proposition. Let for each prime p of K be given acy E€ R*° such that cp # 1 
for only finitely many primes p and 


Ilo = (2) ViR: 
p 


Then there exists a B € K* such that 


|Bllp < cp for all primes p of K. 
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PROOF. For each finite prime p let kp be the unique integer such that 
N(p) rt?) < cy < Np)". 


Then kp = 0 if and only if cp = 1, so in particular kp Æ 0 for only finitely many 
p. Put a= [Tatoo p-*» € I(K). By Proposition 2.28 there exists a b € I+(K) such 
that ab is a principal fractional ideal and vp(b) = 0 for each finite prime p satisfying 
kp # 0. Let y € K* be such that ab = yOx. For each prime p put dp = cp||7/lp- 
Then for finite p with kp = 0 


dy = |lYllp = Np)” <1 
and for finite p with ky 4 0 
dp = cpN(p)~? = cyN(p)*” < 1. 


Hence dp < 1 for all finite p and therefore 


TL 4 = [Id = [Ecl = Te > (2) Viis. 


ploo p 


By Proposition 5.31 there exists a nonzero ô € Ox such that ||ól|p < dp for all 


infinite p. Since ô € Ox we also have ||d||) < 1 = dp for all finite p. Take 
B = ôy}. Then for all primes p of K 


ô d 
Ally = Hele < = oy, a 
irls = Tal 


20.19 Theorem. The topological group Co(K) is compact. 


PROOF. The group Co(K) is the kernel of the surjective continuous homomor- 
phism 
C(K)>R*°, ae ljal (for a € J(K)). 


The subgroup Co(K) is homeomorphic to each of its cosets. So it suffices to prove 
that it has a compact coset. Cosets are the subsets 


Y, ={a@|ae€J(K) and |lal| = p} 


2\ s(K) 

of C(K), where p € R*°. Let p > (=) y |disc()|. We show that Y, is 
T 

compact. For each prime p the subset 


Xp = {ae Kp |1< |lallp < p} 


of Ký is compact. There are only finitely many finite primes p of K for which 
N(p) < p. Let S be the collection of these primes together with the infinite primes. 
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It is a finite saturated collection of primes of K. For p ¢ S we have Xp = O}. 


Hence the set 
X= |], 
p 


is a subset of J°(K). It is compact, since all factors are compact. Let & € Y,, 
where a € J(K) with ||a|| = [],|le|lp = p. By Proposition 20.18 there is a 8 € K* 
such that 

|Ellp < |lallp for all primes p of K. 


for each prime p. Hence $ € X. It follows that the closed subset Y, of C(K) is 


contained in the image of X under the canonical projection J(K) —> C(K). Since 
X is compact, this image is compact and so is Y. 


So ||Fllp 2 1 for all primes p. Since [J,||$llp = Ilall = p, we have ||$llp < p 


20.3 Idéle class groups and moduli 


In idélic class field theory the role of the idéle class group is similar to the role of 
the multiplicative group of a local field in local class field theory. 
20.20 Lemma. Let p be a prime of K. A subgroup of Ky is open if and only if it 


contains us” for some n € N*. 


ProoF. The only open subgroup of C* is C* itself. The group R* has two open 
subgroups: R* and R*°. For p finite the cosets of all uy” form a basis for the 
topology. So an open subgroup of K} must contain ui”) for some n € N*. And if 
a subgroup contains an open subgroup, then it is the union of cosets of this open 
subgroup and so it is open as well. 


20.21 Definitions and notations. Let m be a modulus of K. The subgroup 
Wm(K) of J(K) is defined as follows: 


Wa(K) = Tur 
p 


The cokernel of Wn(K) > J(K)/K* (= C(K)) is called the idéle class group modulo 
m of K and is denoted by Cm(K): 


Cal K) = I(K)/Win( K)K*. 


20.22 Lemma. The groups Wm(K) are open subgroups of J(K). 


PROOF. The subgroup Wm „ (K) of Wm(K) is open in J(K) since it is open in 
JS (K) for each finite saturated collection S of primes of K. Therefore, Wm(K) is 
open. 
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20.23 Proposition. A subgroup of J(K) is open if and only if it contains a Wm(K) 
for some modulus m of K. 


PROOF. Ifa subgroup of J(K) contains a Wm(K), then it is open because Wy (IC) 
is. Conversely, if H is an open subgroup of J(K), then H N JS~(K) is an open 
subgroup of J°*(K), which is an infinite product and by definition of the product 
topology and Lemma 20.20 it follows that it must contain a group Wm(K). 


We will show that the idéle class group modulo a modulus m, Cm(K), is in a natural 
way isomorphic to the ray class group Cém(K) defined in chapter 13 (Definitions 
and notations 13.1). 


20.24 Definition. Let m be a modulus of K. A subgroup J™(K) of J(K) is defined 
as follows 


2 (vp (m)) L TT (m) ; 
I™(K) = { a € I(K) | ap € UK” ele Mu «TK. 
plm ptm 


Restriction of the map (.): JU) > I(K) to J™(K) yields a surjective homomor- 
phism (.): J™(K) > I™(K). By the definitions of Wy (A) and J™(K) we obviously 
have 


Wa (K) = Ker(J™(K) © ™(K)). 
For any modulus m each idéle class is represented by an idéle in J™(K): 


20.25 Lemma. For any modulus m of K we have 


J(K) =JI"(K)K* and JNA K* = K}. 


PROOF. By the definitions of J™(K) and K} it is immediate that J”N K* = Kj}. 


Let a € J(K). For each p | m choose a Bp € K* such that Bp = ay (mod ug D), 
Since the system m +> K*/K} is multiplicative, there is a 8 € K* such that 


B= By (mod Kiop) for all p | m. Then 8 = ay (mod oe and so B-la € 
J"(K). 


20.26 Lemma. For any modulus m of K the inclusion map J"™(K) + J(K) induces 
isomorphisms 


J"(K)/Ki, 3 J(K)/K* and J"(K)/Wa(K) Ky, > J(K)/Wm(K)K*. 


ProoF. The first map being an isomorphism is a consequence of the previous 
lemma. The second isomorphism is in turn induced by the first. 
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The composition J"™(K) > I™(K) > I™(K)/Sm(K) is surjective and the group 
Wa(K)K} is contained in its kernel. On the other hand for a in the kernel 
one has (a) = (8) for some 6 € K}. Then (87ta) = (1), that is Bola € 
J™(K) N JS=(K) = Wm(K)K}. Hence the inclusion J"(K) — J(K) induces an 


~ 


isomorphism J®(K)/Wm(K)K} > I" (K)/Sm(). Thus we have isomorphisms 
Cm(K) = J(K)/Wa(K)K* & I*(K)/Win(K) Ky, > I™K)/Sm(K) = Cem (K). 
So all ray class groups are factor groups of the idéle class group: 


20.27 Theorem. Let m be a modulus of K. Then (.): J™(k) > I™(K) induces an 
isomorphism Cm(K) > Clm(K). 


So the map Cm(K) > Cém(K) is as follows: having an idéle class, choose a repre- 
sentative a € J™(K) of this class and take the class of the fractional ideal (a) in 
the ray class group. 


For m and n moduli of K satisfying m | n we have Wm (i) 2 Wn (K) and therefore 
the diagram 


of natural projections commutes. By the Classification Theorem of section 15.3 
(Theorem 15.29) ray class groups Clm(K) correspond to ray class fields Ky, (4K) 
and the Artin map induces an isomorphism Clm(A) 3 Gal(Ky,,(K) : K). For 
m | n the diagram 


Cy(K) —> Ce, (K) 


Cm (K) —_—> Clr (IC) 


commutes. The vertical map on the right is compatible with the restriction of 
automorphisms. We obtain a continuous map, the global reciprocity map, 


dk: C(K) — lim Cm(K) > lim Cem (K) > Gal(K*? : K). 


The last isomorphism is given by the Classification Theorem (Theorem 15.29) of 
global class field theory. Note that lim Clm (EC) is the Pontryagin dual of H(i). 
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20.28 Proposition. The map kg is surjective. 


PROOF. The maps C(K) > Cm(K) + Cm(K) + Gal( Ky, (r) : K) are surjective, 
so by Theorem 19.59 the image of C(K) is dense in Gal(K*? : K). The group Co(K) 
is the kernel of C(K) — R>? and since the maps C(K) > Cm(K) are continuous 
maps to discrete groups, the restrictions Co(K) > lim a Cm(K) are surjective. So 
the image of Co(K) in lim Cm(K) is dense as well. Since Co(K) is compact its 
image is compact and is therefore equal to the whole group lim Cm(K). 


Finite abelian extensions of K correspond to open subgroups of the profinite group 
Gal(K?> : K) and by the Classification Theorem and Theorem 20.27 also to open 
subgroups of lim Cal K). 


20.29 Theorem. Open subgroups of Gal(K® : K) correspond via g to open sub- 
groups of C(K). 


PROOF. Let D(K) be the kernel of the map 0x: C(K) > Gal(K® : K) is equal 
to the kernel of C(K) > lim Cm( K). So 


D(K) = () Wu (K)K*/K*. 


The open subgroups of lim a Cm(K) correspond to the open subgroups of C(K) 
which contain D(K). By Proposition 20.23 each open subgroup of C(K) contains 
a subgroup Wm(K)K*/K* for some modulus m of K. 


The correspondence in this theorem is obtained via the Artin isomorphism 


lim Clm(K) Š Gal(K*” : K). 
m 


Its formulation depends on the ideal-theoretic version of class field theory. In the 
next section we translate this into a pure idèlic version. 


20.4 The Classification Theorem (idèlic version) 


In this section L : K is a number field extension of degree n. For q a prime of L 
above a prime p of K, we can take Ky to be a subfield of Lg. Thus we have an 
injective homomorphism 


J(K) > J(L), 


mapping a = (Qp)p to a’ = (a4 )a, where a, = ap if q | p. The group J(K) is 
often seen as a subgroup of J(Z): an idéle (aq), € J(L) is in J(K) if and only if 
Qq = Qg € Ky for all primes p of K and all q, q’ above p. 
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An isomorphism o: L — o(L) of number fields obviously respects absolute values: 
|7(@)|lo(q) = |lel]q for all a € L and every prime p of K. So by definition of 
completion it determines an isomorphism of the completions: 


| 


aw o(L) 
a ——> Loa) 


o 
o 
This in turn determines an isomorphism of adèle rings: 
a: A(L) + A(o(L)): (aq)q > (ala)ota ola) 

and similarly for idèle groups. 
20.30 Notations. For p a prime of K we write 

L, = II La 

alp 
and for p a finite prime of K 
(L) _ 
op = 10%: 


q|p 


For S a finite saturated collection of primes of K we write 


AS(L) = [] Lp x [] Of” 


pes pgs 
and 
rosero 
pes pes 
Then 


A(L) = lim AS(L) =| JAS(L) =] Ly, 
S S p 


the restricted product consisting of all (ap)», where ay € Ly such that ap € On 
for all but finitely many finite primes p. Each Ly is via the diagonal embedding 
K, — Ly a commutative Ky-algebra and as a K’y-vector space its dimension equals 


alp La : Kp] = Xap eh) pD) = [L : K]. The diagonal embeddings Kp > Ly 
induce an embedding 


A(K) + A(L), (ap)p > (ap)p 
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and since the idèles are the units of the adele ring by restriction we obtain again 
the inclusion 


J(K) > J(L). 


If L: K is a Galois extension with Galois group G, then the Ly and of) are G- 
modules and so are A(L), J(Z) and C(L). For the adéle ring and the idéle group 
we have Galois descent: 


20.31 Proposition. Let L : K be a Galois extension with Galois group G. Then 
A(L)¢ = A(K) and J(L)° = J(K). 


PROOF. ‘The second identity follows from the first. For S a finite saturated col- 
lection of primes of K and we have 


AS(L)? = TJ LS x T[ (©7”)° = T] &> « [] O- 


pes pes pes pes 


Therefore, A(L)% = A(K). 


The behavior of idéle class groups under field extensions differs considerably from 
the behavior of the ideal class groups. 


20.32 Proposition. The embedding K > L induces an injective homomorphism 


C(K) 3C(L), a@=aKk* 4 al* =a. 


PROOF. We have to show that J(K)NL* = K*. Let M : K be the normal closure 
of L: K and G = Gal(M : K). Then 


J(K)NL* CI(K)NM* C (J(K)N M*)? = J(K)n(M*)F = J(K)n K* = K*. 


As a consequence we can view C(K) as the subgroup of C(L) consisting of all 
T = aL* witha € J(K). 


20.33 Theorem. Let L : K be a Galois extension of number fields with Galois 
group G. Then C(L) =C(K). 


Proor. The short exact sequence 


1> L* > J(L) > C(L) 5 1 


induces an exact sequence 


1 > (L*)F SIL) Seay? 
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and since (L°)* = K* and J(L)° = J(K) the theorem will follow from the surjec- 
tivity of J(L)© > C(L)°. Let a € J(L) such that œ € C(L)°. Then o(a@) = @ for 
alla € G. So 2% € L* for all o € G. Take y € K* such that 


( 


6= Moy 40. 


oO 


Then for each T € G 


T(6) = 5 d roly) = 7 5 zale Tola) = Ža, 


T(a) T(x) 


So Tr(a) = ĝa for all r € G and therefore da € J(L)°. Since 6 € L* we have 
da =a@EC(L)%. 


20.34 Definition. The norm map N%: A(L) > A(K) is the map defined on the 
components Ly by 


Ný (a)p =] [NS(aq) for a = (aq)q € Ly. 
qlp 


Its restriction to J(L) => J(K) is a group homomorphism. 


By Corollary 10.47 the norm map N%: J(L) > J(K) is compatible with the norm 
map N%: L* + K*, so we can define a norm for idéle classes: 


20.35 Definition. The norm NX: C(L) + C(K) is induced by the norm of idèles: 


Nk(@) =NE(a) for ae J(L). 


20.36 Definition. The cokernel of NẸ : C(L) + C(K) is called the idéle class group 
associated with L : K. Notation: C(L : K). So we have an exact sequence 


C(L) 8% CK) — C(L: K) 40. 


20.37 Proposition. Let L: K be abelian. The open subgroup of C(K) corresponding 
via Vg to the open subgroup Gal(K® : L) of Gal(K® : K) is the group N%(C(L)). 
PROOF. Let m be a multiple of the conductor of L : K. We have the following 


commutative diagram 
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C(L) — y lim, Cm(L) —~ + lim, Com (L) —~ > Gal(Z*” : L) 


Nk (Ni )m (Nk)m 
(i) —— lim, Cal) —~ lim, (K) ~ GaK : K) 
C(K) INE. (C(L)) —> Cth, a CLL : K) — >> Gal(L K) 


=< 
= 
= 

A 


The composition of the maps in the two top rows are the reciprocity maps J; and 
vg. The image of Gal(L*” : L) in Gal(K® : K) is Gal(K® : L). We have to show 
that C(K)/N%(C(L)) > C(L : K) is an isomorphism. By Theorem 20.29 the map 


C(K) > lim „Cm(K) is surjective. Because m is a multiple of the conductor, we 
have 


Up ™ C NI(L4) for all p € P(K) and q € P(L) above p. 
Hence 
Wm(K) = [[ Up? CNEL) 
p 
and for the images in C(K): 


Ker(C(K) > C(L : K)) = Wa (K)K*/K* C NE(C(L)). 


Therefore, C(K)/N%(C(L)) > C(L : K) is injective. 


So the full idèlic version of global class field theory becomes: 


20.38 Classification Theorem. Let K be a number field. The map 


finite abelian , open subgroups of 
extensions of K C(K) 
L:K 4 > NŁ(C(L)) 


is a bijection. For L : K a finite abelian extension the global reciprocity map 
vg: C(K) > Gal(K® : K) induces an isomorphism 


C(K)/NE(C(L)) > Gal(L : K). 
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20.5 Local and global reciprocity 


The idélic approach to class field theory clarifies the relationship between local and 
global class field theory considerably. 


For a number field K we have local reciprocity maps for primes p of K 
Ox, : Kf > Gal( K3 : Ky) 

and the global reciprocity map 
vg: C(K) > Gal(K® : K). 


Let’s fix an abelian number field extension L : K. For a prime p of K and a prime 
q of L above p the local reciprocity map yields a short exact sequence 


(Lq) 


* x K 
1> Ni(Li) — K} —> Gal(Ly: Kp) > 1 


and via the natural isomorphism Gal(L, : Kp) > ae a short exact sequence 


q * * o (L) 
1> NIL) — K >Z >l. 


For primes p of K there is a natural embedding 

Ký >J(K), amoa, 
where a? is given by 

= po ' 
af =a and qay =1 for all p Ap. 

The composition with J(K) — C(K) is injective as well; it is the map 

ky > C(K), at [a], 
where, as before, [a?] denotes the idéle class of the idéle a”. 


20.39 Theorem. The square 
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commutes. (The vertical map on the left is the map described above and op!) is the 
composition of Jj with the map Gal(K?> : K) > Gal(L : K) given by restriction 
of automorphisms.) 

PROOF. Let a € L*. We have to show that 0 ([a®]) = oy” (a). First we 
follow the definition of pf), Let n be a modulus for L : K. Put n = ptm with 
p{m. Choose a 6 € K} such that 8 = a (mod UP). Then vp(8) = vp(a) and 
I” (a) = oY (a), where a = (8)p~*() € I"(K). 

We have (8~!a?) = B-tp’e( = a-! € I"(K). Therefore, 


oD ([a°]) = oY ((B-1a*)) = pO (a-) = 0 (a). 


Final remarks 


A modern approach to class field theory is top down: start with local class field 
theory, independent of the global one, and for global class field theory use the 
approach with idéles. After that, one may translate the results into the language 
of ideals. In our bottom up approach the use of idéles clarifies the definition of 
local Artin maps (Proposition 20.39) and their relation to the global Artin map: 


Conductor. Let L : K be an abelian number field extension. The conductor f of 
L: K is the least modulus divisible by all ramifying primes such that S;(K) 
is contained in the kernel of the Artin map ob): I4(K) > Gal(L : K). By 
Theorem 15.56 the conductor f is the product of all p"», where np € N is the 
least such that 

UCN). (20.1) 
The power p”? is the local conductor at p of the extension L : K. The 
modulus f is the least one such that L is contained in its ray class field. In 
terms of idèles this means W;(K) C NX (J(L)), which by definition of W;(K) 
comes down again to condition (20.1). 


Product formula. Let L : K be an abelian number field extension and a € K. 
By Theorem 16.22 we have a product for norm residue symbols. In terms of 
local Artin maps this is the formula 


I o=. 
pEP(K) 


Using idèlic class field theory this formula is easily obtained as follows. Let S 
be a saturated collection of primes of K containing all primes p with vp (aœ) # 
0. Let af be the idèle defined by 


a ifpe S 


a, = ; 
1 otherwise. 
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Then a~ta’ € W;(K) and so 


TL 99? = T] 99? = T] 9% (le?) = 896 (a) = oK (Ca ta) = 1. 
p pes pes 


EXERCISES 


1. Let L: K be a Galois extension of number fields. Show that 
G(L: K) > Ab, K' > A(K')/K' 
is an acyclic Galois module. 


2. Let K be a number field and p a prime number. Show that we have a Qp-algebra 
isomorphism 


Q% Go K > J[5, 
plp 
where the product is over all primes of K above p. So Qp @g K + K, (Nota- 
tions 20.30). 


3. Show that 
IQ) > m x R” x [Zz xZ, 
p p 
where the direct product and the direct sum are over all prime numbers p. 


4. Show that . . 
C(Q) S R*°x Z* and Co(Q)=Ż2*. 
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Notations 


ACB 
ACB 


A is a subset of B 

A is a proper subset of B 

the number of elements of a finite set A 

H is a subgroup of G 

H is a proper subgroup of G 

the order of an element g in a group, p. ix 

the index of the subgroup H in the group G 

N is a normal subgroup of G 

N is a proper normal subgroup of G 

the subgroup of a given group generated by g1,..., gn 

the subgroup of a given group generated by all g such that P(g) 
the set {0,1,2,3,...} of natural numbers 

the set {1,2,3,...} of natural numbers 4 0 

the ring of (rational) integers 

the field of rational numbers 

the field of real numbers 

the field of complex numbers 

the primitive m-th root of unity e27'/™ of C 

the group of roots of unity of a field K 

= u(C), the group of roots of unity of C 

the real part of z € C 

the imaginary part of z € C 

a field with q elements 

the ring of integers modulo n 

the ideal of a given commutative ring generated by aj,..., an 
the ideal of a given commutative ring generated by all a such that 
P(a) 

the group of invertible elements in the ring R 

the degree of a polynomial f 


Qri 


the primitive n-th root of unity e~ in C 


553 


Notations 


nA for A a (multiplicative) abelian group and n € N*: the subgroup 
of alla € A with a” = 1 

Ch the cyclic group of order n 

Va the Klein four group 

Dy the n-th dihedral group 

Sn the n-th symmetric group: permutations of the set {1,...,n} 

An the n-th alternating group: even permutations of the set {1,...,n} 

Ne(A) the normalizer of H in G, p. ix 

[L: K] the degree of a field extension L: K 

Gal(L : K) the Galois group of a Galois extension L : K 

s"(X1,...,Xn) the n-th elementary symmetric polynomial, p. ix 

r,s for a number field K a standard notation: r is the number of real 
embeddings of K and s the number of pairs of complex embed- 
dings, p. 4 

O the integral domain of integral algebraic numbers, p. 6 

Wm for m a squarefree integer # 1: ym if m = 2,3 (mod 4), $+4./m 
if m = 1 (mod 4), p. 8 

OK the ring of integers of a number field K, p. 9 

Ar(X) characteristic polynomial of a linear transformation T, p. 9 

AEROS) the characteristic polynomial of a € L over K, where L: K isa 
finite field extension, p. 9 

Tr% (a) the trace of a € L over K, where L : K is a finite field extension, 
p. 9 

NZ (a) the norm of a € L over K, where L : K is a finite field extension, 
p. 9 

N the norm R” x C* > R, p. 12 

discg (&1,...,@n) the discriminant of a K-base of an extension field L, p. 15 

ajb the ideal a is a divisor of the ideal b, p. 34 

Max(R) the set of the maximal ideals of a ring R, p. 35 

Spec(R) the set of prime ideals of a ring R, p. 35 

I*(R) the monoid of nonzero ideals of an integral domain R, p. 36 

Up (a) the p-valuation of a (fractional) ideal a, p. 37 

a~b the nonzero ideals a and 6 of a Dedekind domain are equivalent, 
p. 40 

Ce(R) the ideal class group of a Dedekind domain R, p. 41 

[a] the ideal class of a nonzero ideal a of a Dedekind domain, p. 41 

I(R) the group of fractional ideals of a Dedekind domain R, p. 42 

P(R) the group of principal fractional ideals of a Dedekind domain R, 
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e(p) the ramification index of p (over Q), p. 50 

f) the residue class degree of p (over Q), p. 50 

eg) the ramification index of the prime number p in the number field 
K, p. 56 

Ff? the residue class degree of the prime number p in the number 
field K, p. 56 

N(a) the norm of a nonzero ideal a of a ring of integers of a number 
field, p. 57 

Cl(K) the ideal class group of the number field K, p. 59 

I(K) the group of fractional ideals of the number field K, p. 59 

P(K) the group of principal fractional ideal of the number field K, p. 59 

I+(K) the monoid of nonzero ideals of the ring of integers of the number 
field K, p. 59 

(2) the Legendre symbol (a € Z and p an odd prime), p. 66 

n* for odd n € Z, n* = (als; p. 67 

(;) the Jacobi symbol (a,b € Z and odd), p. 69 

disc(y) the discriminant of the quadratic number y, p. 71 

Az action of A € GL2(Z) on z € C\Q, p. 72 

Z1 & 2 equivalence of 21, z2 E€ C \ Q, p. 72 

A Diy deeply) continued fraction of length n, p. 79 

Pn(@1,---;%n) numerator of continued fraction of length n, p. 80 

Qn(@1,---,%n) denominator of continued fraction of length n, p. 80 

(a1, 42,@3,...) infinite continued fraction, p. 82 

T ~y Y tail equivalence of irrational numbers x and y, p. 87 

O(F’) the volume of a mesh of a lattice F in R”, p. 106 

Ak the image of Og under the embedding of a number field K in 
R” x C5, p. 108 


L: R* x C** — R+S the ‘logarithmic’ map, p. 115 
l: K*— Rt’ the embedding : composed with the ‘logarithmic’ map L, p. 115 
p: OF => Rts the map L restricted to O%, p. 115 


Hm the subspace of R™ of vectors with coordinate sum 0, p. 116 
Q(L) Hasse index of a CM-field L, p. 125 

Reg(£1,...,Er+s—1) the regulator of a group of units, p. 128 

Reg(K) the regulator of a number field K, p. 128 

Reg(X) the regulator of a group of units X in a number field, p. 128 
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the ring of fractions of an integral domain R with denominators 
in a multiplicative system S of R, p. 134 


the localization of an integral domain R at a prime ideal p of R, 
p. 134 


the localization of a Dedekind domain R at a set P of maximal 
ideals of R, p. 137 


for a number field K the localization of Ox at a set P C Max(Ox), 
p. 141 


for a number field K the subgroup of I(K) generated by P C 
Max(Ox), p. 141 


for a number field K the group CŒ(K) modulo all [p] € Cé(K) with 
p in P C Max(Ox), p. 141 

the subroup of totally positive elements of a number field K, 
p. 143 


the narrow ideal class group of a number field K, p. 143 
the ramification index of q over K, p. 146 

the residue class degree of q over K, p. 146 

the ramification index of p in L, p. 151 


the residue class degree of p in L, p. 151 


the R-discriminant of the extension field L of the field of fractions 
of the Dedekind domain R, p. 155 


the discriminant of the number field L over the number field K, 
p. 159 


the decomposition group of q over K, p. 160 

the inertia group of q over K, p. 161 

the decomposition group of p in L, p. 162 

the inertia group of p in L, p. 162 

the i-th ramification group of q over K, p. 169 

the norm of a € I(S) in I(R), p. 174 

transfer of a C € Cé(S') in CR), p. 175 

the fractional ideal aOz, p. 176 

the norm of the fractional ideal a in I(K), p. 176 

the ideal class [a0z], p. 176 

the ideal class [N4 (a)], p. 176 

the Frobenius automorphism of q over K, p. 177 

the Frobenius automorphism of p in Gal(L : K), p. 178 
= #(u(K), the number of roots of unity in the field K, p. 188 
the Riemann zeta function, p. 192 


Notations 


the completed zeta function, p. 196 
Dedekind zeta function of a number field K, p. 198 


the partial Dedekind zeta function of an ideal class of a number 
field, p. 198 


Dirichlet density of a collection P of prime ideals of a number 
field, p. 202 


division represented by ø, p. 207 

the conductor of an abelian number field K, p. 214 

the character group of a group G, p. 215 

the dual of a group homomorphism f, p. 215 

the group of Dirichlet characters modulo N, p. 218 

inverse of a Dirichlet character x, p. 218 

Dirichlet character modulo N induced by x € Dy, p. 219 

the conductor of a Dirichlet character x, p. 221 

the conductor of a finite group X of Dirichlet characters, p. 222 


the group of Dirichlet characters associated to an abelian number 
field K, p. 223 


the number field associated to a finite group X of Dirichlet char- 
acters, p. 223 


the L series of a Dirichlet character, p. 226 

the standard Gauf sum of a Dirichlet character x, p. 232 

a Gauf sum of a Dirichlet character x, p. 232 

the group of cyclotomic units in Q(Gm), p. 246 

the group of cyclotomic units in Q(¢m + Ġn!), p. 246 

the absolute value given by the complex embedding a, p. 256 
the absolute value determined by a discrete valuation, p. 256 
the collection of primes of a number field K, p. 266 

the collection of finite primes of a number field K, p. 266 

the collection of infinite primes of a number field K, p. 266 
the valuation ring of a complete discretely valued field F, p. 271 
the valuation of a complete discretely valued field F, p. 271 


the maximal ideal of the valuation ring of a complete discretely 
valued field F, p. 271 


the residue class field of a complete discretely valued field F, 
p. 271 


the completion of a discretely valued field K at a maximal ideal 
p, p. 272 
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the valuation ring of the completion of a discretely valued field 
K at a maximal ideal p, p. 272 


the valuation ring of the completion of a number field K at a 
maximal ideal p, p. 272 


the maximal ideal of O,, p. 272 
the field of p-adic numbers, p. 272 
the ring of p-adic integers, p. 272 


the ramification index of an extension of complete discretely val- 
ued fields, p. 274 


the residue class degree 


of an extension of complete discretely valued fields, p. 274 
exponential function on a local field, p. 285 
logarithm on a local field, p. 287 
the group ring of a group G, p. 294 
the group algebra over a commutative ring R of a group G, p. 294 
the norm element in the group ring of a finite group G, p. 294 
the subgroup of invariants of a module A over a group G, p. 294 
the factor group of invariants of a module A over a group G, 
p. 295 
the m-th homology group of G with coefficients in A, p. 296 
the m-th cohomology group of G with coefficients in A, p. 296 


m-th Tate cohomology group of a finite group G with coefficients 
in a G-module A, p. 296 


multiplication by Ng of elements of a G-module A, the group G 
being understood, p. 296 


multiplication by A = 1 — ø of elements of a cyclic G-module, 
the group G and its generator o being understood, p. 296 


the 0-th cohomology group of a module A over a cyclic group, 
p. 297 


the 1-st cohomology group of a module A over a cyclic group, 
p. 297 


the Herbrand quotient of a module A over a cyclic group, p. 299 


the category of all intermediate fields of a Galois extension L : K 
and their K-embeddings, p. 305 


the ordered monoid of moduli of a number field K, p. 320 

the group of fractional ideals of a number field K ‘away’ from mo, 
p. 320 

the localization of a number field K at the finite primes of a 
modulus m, p. 320 


Notations 


the subgroup of the multiplicative group of a number field K 
consisting of elements congruent to 1 modulo a modulus m, p. 320 


the ray modulo a modulus m of a number field K, p. 321 


the ray class group modulo a modulus m of a number field K, 
p. 321 


Dirichlet character modulo n, induced by a character modulo m | 
n, p. 330 


the conductor of a Dirichlet character x of a number field, p. 331 


the group of Dirichlet characters of a number field K with con- 
ductor a divisor of m, p. 331 


the conductor of a finite group X of Dirichlet characters, p. 331 
transfer of a C € Clm(L) to Cm(K), p. 333 


for L : K a number field extension and m a modulus of K: the 
cokernel of the transfer from Clm(L) to Cm(K), p. 333 


the conorm map of Dirichlet characters of number fields, p. 333 


the group of Dirichlet characters of a number field extension L : 
K, p. 333 


for L : K a number field extension and a modulus m of K: the 
Dirichlet characters of L : K with conductor dividing m, p. 333 


the partial zeta function of a ray class C of a number field, p. 334 
the norm of a modulus m, p. 335 

the regulator of a modulus m, p. 335 

the L-series of a Dirichlet character of a number field, p. 337 


the conductor of an abelian extension L : K of number fields, 
p. 339 

for L : K an abelian number field extension the subgroup of I(K) 
generated by the nonramifying prime ideals of K, p. 340 

the Artin map of an abelian number field extension L : K, p. 340 
the class field for a finite group of Dirichlet characters of a number 
field K, p. 348 

the dual Artin isomorphism of an abelian number field extension 
L: K, p. 362 

the group of S-units of a number field K, p. 376 


the S-ideal class group of a number field K of a saturated collec- 
tion S of primes, p. 376 


the class field for a finite group X of Dirichlet characters of a 
number field K, p. 379 


global description of the local Artin map, p. 388 
the local Artin map at p, p. 389 
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a subgroup of K¥, see Notation 15.54, p. 393 


the local conductor of an abelian extension L : K of number fields 
at a prime p of K, p. 393 


the canonical map H(K’) —> H(K) for a number field extension 
K' : K, p. 394 

the generalized Artin map of a Galois extension L : K, p. 394 
the generalized dual Artin map of a Galois extension L : K, p. 395 
the transfer from a Group G to a subgroup H of finite index, 
p. 397 

the Artin map of an extension EF’: F of local fields, p. 409 

the class field for a subgroup of finite index of F* for a local field 
F, p. 411 

for F a local field a subgroup of F* as described in 16.16, p. 413 
the conductor of an extension EF’: F of local fields, p. 413 


the value in a of the norm residue symbol of an abelian number 


field extension L: K at a prime p, p. 415 
the n-th Hilbert symbol for a, 8 in a given local field, p. 417 


the n-the Hilbert symbol at a prime p of a given number field, 


p. 417 
the tame symbol on a given discretely valued field, p. 421 


the n-th power residue symbol, p. 423 


generalizations of the Jacobi symbol, p. 424 


for o an automorphism of a local field, the least exponent i such 
that ø does not induce the identity modulo the prime ideal to the 
power 72, p. 438 


continuous piecewise linear function determined by the orders of 
the ramification groups, p. 441 


the inverse map of ya(zx), p. 442 

the dual of the fractional ideal a, p. 448 

the complementary fractional ideal of L over R, p. 449 
the different of L over R, p. 449 


for a number field extension L : K the different of L over K, 
p. 449 


the different of a € L over K, p. 453 
the different of an extension E : F of local fields, p. 455 


Notations 


the i-th ramification group of a Galois extension E : F of local 
fields, p. 455 


the image of U G) in the Galois group of a Galois extension of 
local fields under the local Artin map, p. 458 
the collection of cyclic subgroups of a finite group G, p. 472 


the collection of nontrivial cyclic subgroups of a finite group G, 
p. 472 


the collection of noncyclic subgroups of a finite group G, p. 472 
the collection of subgroups of a finite group G, p. 472 
the collection of nontrivial subgroups of a finite group G, p. 472 


the collection of normal subgroups H of G such that G/H is a 
finite cyclic group, p. 472 


the collection of H 4 G in T(G), p. 472 

the free abelian group on a set X, p. 472 

the group of norm relations of a finite group G, p. 472 

the norm coefficient of a subgroup H of a finite group G, p. 473 


idempotent related to y € GY in the group algebra over Z[+, ¢n] 
of an abelian group G, p. 477 


the collection of subgroups H of an abelian group G with G/H 
cyclic, p. 478 


for V a subgroup of the dual of a given abelian group G: the 
subgroup of G on which all x € V vanish, p. 478 


for U a subgroup of a given abelian group G: the group of all 
x € GY vanishing on U, p. 478 

idempotent in the group ring of an abelian group G related to a 
subgroup H with G/H cyclic, p. 479 

trivial character of a group G, p. 493 

Artin L-function of a Galois extension of number fields, p. 494 


the intersection of all maximal cyclic subgroups of a group G, 
p. 500 


the base of a topology generated by a subbase S, p. 506 

the inductive limit of an inductive system (X;)ier, p. 511 

the projective limit of a projective system (X;)ier, p. 514 

the abelianization of a profinite group G, p. 524 

the separable closure of a field K, p. 527 

the absolute Galois group of a field K, p. 527 

the inductive system of finite Galois extensions of a field K, p. 527 
the maximal abelian extension of a field K, p. 528 
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the inductive system of finite abelian extensions of a field K, 
p. 528 
the local reciprocity map for F a local field, p. 528 


the set of continuous homomorphisms from a topological group 
G to a topological group H, p. 529 


the category of abelian discrete torsion groups, p. 529 
the category of abelian profinite groups, p. 529 
the circle group, p. 529 


the ring of S-adèles of a number field K for a saturated collection 
S of primes, p. 533 


the adèle ring of a number field K, p. 534 

the restricted product of the completions of a number field K (= 
adèle ring of K), p. 534 

the S-idèle group of a number field K, p. 536 

the idèle class group of a number field K, p. 537 


the S-idéle class group of a number field K for a saturated col- 
lection S of primes, p. 537 


the p-value of an idèle a, p. 538 
the content of an idle a, p. 538 
the group of idèles with content 1 of a number field K, p. 538 
the group of idèles with content 1 of a number field K, p. 538 


the group of idéle classes of a number field K represented by 
idèles of content 1, p. 538 


the group of idéles of a number field K which are 1 modulo a 
modulus m, p. 540 


the idèles class group modulo a modulus m of a number field K, 
p. 540 


for L : K anumberfield extension and p a prime of K: the product 
of all Lq, where q above p, p. 544 


the norm of the adéle a € A(L), p. 546 
the norm of the class of the idéle a € J(L), p. 546 


idéle class group associated with a number field extension L: K, 
p. 546 


Index 


abelian number field 
associated to a group of Dirichlet 
characters, 223 
abelianization 
of a profinite group, 524 
abscissa of convergence, 193 
absolute extension 
of number fields, 145 
absolute value, 255 
archimedean, 259 
equivalence, 257 
nonarchimedean, 259 
place, 257 
action of GL2(Z) on C \ Q, 72 
adéle 
of a number field, 533 
adle ring 
of a number field, 534 
Alexander’s Subbase Theorem, 507 
algebraic integer, 6 
algebraic K-theory, 419, 422 
arithmetic function, 196 
completely multiplicative, 196 
multiplicative, 196 
arithmetic projective system, 323 
multiplicative, 323 
quasi-multiplicative, 323 
Artin L-function, 494 
Artin kernel 
of an abelian extension of num- 
ber fields, 340 
Artin map, 340 
for local fields, 409 
local, 389 


Artin symbol, 340 
Artin’s Reciprocity Law, 358 


base 
generated by a subbase, 506 
of a topology, 506 
bicartesian, 217 


cancellation law, 34 
cartesian square, 217 
Cauchy sequence, 262 
central function 
on a group, 493 
character 
induced, 495 
of a group, 215 
of a representation, 493 
principal, 215, 493 
trivial, 215, 493 
character group, 215 
characteristic polynomial, 9 
Chebotarev’s Density Theorem, 382 
class field 
for a finite group of Dirichlet char- 
acters, 343, 363 
class number 
of a number field, 191 
class number formula, 201 
Classification Theorem 
for abelian number fields, 223 
global 
idélic version, 547 
ideal-theoretic version, 379 
local, 412 
CM-field, 124 
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Index 


cocartesian square, 217 
cofinal subset, 517 
cohomology group, 297 
cohomology groups 
of a group action, 296 
comaximal ideals, 38 
complementary fractional ideal, 449 
complete field, 262 
Complete Splitting Theorem, 386 
completed zeta function, 196 
completely multiplicative arithmetic 
function, 196 
completion of a valued field, 262 
construction, 262 
complex embedding, 5 
complex infinite prime 
of a number field, 266 
conductor 
of a Dirichlet character, 221, 222 
of a Dirichlet character of a num- 
ber field, 331 
of a finite group of Dirichlet char- 
acters, 222 
of a finite group of Dirichlet char- 
acters of a number field, 331 
of an abelian number field, 214 
of an extension of abelian num- 
ber fields, 339 
of an extension of local fields, 413 
conductor of a quadratic number field, 
214 
Conductor-Discriminant Formula, 250 
local, 467 
Conductor-Discriminant Formula (global), 
468 
conorm map 
for Dirichlet characters, 333 
consistency property 
for Artin maps, 342 
for local Artin maps, 390 
content 
of an idéle, 538 
continued fraction, 79 
continued fraction expansion, 83 
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period of repeating, 83 
purely repeating, 83 
repeating, 83 
convergent sequence, 262 
limit, 262 
converging infinite product, 196 
convex subset of R”, 107 
cyclotomic unit, 246 


decomposition field, 160 
decomposition group, 160, 162 

of an infinite prime, 268 
Dedekind domain, 34 
Dedekind zeta function, 198 

partial, 198 
degree 

of a rational function, 142 

of number field, 3 
different, 449 

of an element, 453 

of an extension of local fields, 455 
directed ordered set, 510 
Dirichlet character, 218 

associated to an abelian number 

field, 223 

conductor, 221 

even, 223 

inverse, 218 

modulus, 218 

odd, 223 

of a number field, 329 

primitive, 219, 330 

principal, 219 

product, 218, 219 

quadratic, 218 

trivial, 219 
Dirichlet characters 

product, 221 
Dirichlet density, 202 
Dirichlet pre-character, 221, 331 
Dirichlet series, 192 
Dirichlet’s Unit Theorem, 119 
discrete subgroup 

of R”, 105 


discrete valuation, 131 
discrete valuation ring, 132 
discriminant, 155, 159 

of a basis, 15 

of a number field, 20 

of a quadratic number, 71 
divisible abelian group, 215 
division 

of a group, 207 

of ideals, 34 
dual 

of a fractional ideal, 448 

of a group, 215 

of a group homomorphism, 215 
dual Artin isomorphism, 362 
dual basis, 17 
dual group, 215 


Eisenstein p-polynomial, 153 
Eisenstein’s Reciprocity Theorem, 434 
embedding 
of valued fields, 255 
equivalence 
of ideals of a Dedekind domain, 
40 
of irrational numbers, 72 
of lattices, 73 
Euler product, 196 
of a Dirichlet series, 196 
Euler’s criterion, 66 
exact hexagon, 297 


exceptional collection of subgroups, 499 


exceptional group, 498 
Existence Theorem 
local, 412 
exponent of a group, 295 
exponential function 
on a local field, 285 


finite prime 

of a number field, 266 
First Fundamental Inequality, 339 
fractional ideal 

invertible, 43 


Index 


of a Dedekind domain, 42 
of a number field, 59 
principal, 42 
Frobenius automorphism, 178 
of a prime ideal, 177 
Frobenius Density Theorem, 207 
for abelian extensions, 206 
functor, 215 
contravariant, 215 
left exact, 215 
fundamental parallelotope, 106 
fundamental unit, 14 


Galois cohomology, 293 
Galois extension 
infinite, 524 
Galois group 
absolute, 527 
Galois module, 305, 306 
acyclic, 309 
with descent, 306 
with transfers, 308 
Gauß Lemma, 7 
Gau8 sum 
of a Dirichlet character, 232 
generalized Artin map, 394 
generalized dual Artin map, 395 
generalized Frobenius automorphism, 
394 
genus 
of a number field, 199 
group action 
co-invariants, 295 
invariants, 294 
group algebra, 294 
group invariants, 95 
group ring, 294 


Hasse index, 125 

Hasse’s Principle, 355 
Hausdorff topological space, 507 
herbrand quotient, 299 

Hilbert class field, 344, 399 
Hilbert symbol, 417 
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Index 


tame, 422 
wild, 422 
Hilbert’s Reciprocity, 425 
Hilbert’s Reciprocity Theorem, 425 
First supplement, 426 
Second supplement, 426 
Hilbert’s Theorem 90, 302 
homology groups 
of a group action, 296 


idéle 
of a number field, 536 
idéle class group 
modulo a modulus of a number 
field, 540 
of a number field, 537 


idéle class group associated with a num- 


ber field extension, 546 

ideal class 

of a Dedekind domain, 41 
ideal class group 

of a Dedekind domain, 41 

of a number field, 59 
imaginary quadratic number field, 3 
induced Dirichlet character, 219, 330 
inductive limit, 511 
inductive system 

in a category, 510 
inertia group, 161, 162 

of an infinite prime, 268 
infinite continued fraction, 82 
infinite prime 

of a number field, 266 
injective module, 215 
integer, 6 
integers 

of a quadratic number field, 7 
integral basis, 20 
integral closure, 6 
integrally closed, 6 
irreducible 

character, 493 

representation, 493 
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Jacobi symbol, 69 


Krasner 

lemma, 279 
Kronecker- Weber 

Theorem, 214 
Kronecker-Weber Theorem, 364 
Krull dimension 

of a commutative ring, 35 
Kummer extension, 371 
Kummer-Dedekind Theorem, 51, 149 


L-series 

of a Dirichlet character, 226, 337 
lattice 

in a Q or R-vector space, 4 
leading coefficient 

of a rational function, 142 
Legendre symbol, 66, 218 
Lipschitz map, 185 
local Artin map, 389 
Local Classification Theorem, 412 
local conductor, 393 
Local Existence Theorem, 412 
local field, 279 
local norm, 415 
localization 
at a prime ideal, 134 
of a Dedekind domain, 137 
logarithm 

on a local field, 287 


maximal abelian extension 
of a field, 528 
mesh 
of a lattice in R”, 106 
Minkowski bound, 111 
Minkowski’s Lattice Point Theorem, 
107, 108 
module 
over a group, 293 
modulus 
for an abelian number field ex- 
tension, 341 


of a number field, 320 
Moore’s Reciprocity Uniqueness The- 
orem, 423 
Mordell equation, 32 
morphism of arithmetic projective sys- 
tems, 327 
multiplicative arithmetic function, 196 
multiplicative function 
of ideals, 200 
multiplicative system, 133 


narrow ideal class group, 143 
Noetherian ring, 35 


norm 
global, 276 
local, 276 


of a finite field extension, 9 

of a modulus, 335 

of an ideal, 57 

of fractional ideal, 174 

on R” x C*, 12 
norm coefficient 

of a subgroup of a finite group, 

473 

norm element, 294 
norm map 

for adéles, 546 

for idéle classes, 546 
norm relation 

of a finite group, 472 
norm residue symbol, 415 
norm-Euclidean, 27 
normalizer of a subgroup, 168 
null sequence, 262 
number field, 3 

degree, 3 

quadratic, 3 

imaginary, 3 
real, 3 

ring of integers, 9 

number ring, 4 


Ostrowski 
theorem, 261, 264 


Index 


p-adic expansion, 272 
p-adic numbers, 272 
p-adic valuation 

of a fractional ideal, 43 

on a field of fractions of a Dedekind 

domain, 43 

p-polynomial, 153 
p-valuation 

of a ring element, 37 

of an ideal, 37 
p-value 

of an idéle, 538 
partial zeta function 

of a ray class, 334 
Pell equation, 95 
place 

of a field, 257 
primary element 

in Z|&], | an odd prime, 433 
prime 

of a number field, 266 
principal character, 219, 493 
principal fractional ideal, 42 
principal norm relation 

of a finite group, 474 
product 

of characters, 215 

of Dirichlet characters, 219 

of fractional ideals, 42 

of ideals, 33 

of topological spaces, 506 
product formula 

for absolute values of a number 

field, 266 

for norm residue symbols, 415 
profinite group, 521 

abelianization, 524 
projective limit, 514 
projective system 

in a category, 514 
pure cubic number field, 31 
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Number Fields is a textbook for algebraic number theory. It grew out of lecture notes 
of master courses taught by the author at Radboud University, the Netherlands, 
over a period of more than four decades. It is self-contained in the sense that it uses 
only mathematics of a bachelor level, including some Galois theory. 


Part | of the book contains topics in basic algebraic number theory as they may be 
presented in a beginning master course on algebraic number theory. It includes 
the classification of abelian number fields by groups of Dirichlet characters. Class 
field theory is treated in Part Il: the more advanced theory of abelian extensions 
of number fields in general. Full proofs of its main theorems are given using a 
‘classical’ approach to class field theory, which is in a sense a natural continuation 
of the basic theory as presented in Part I. The classification is formulated in terms 
of generalized Dirichlet characters. This ‘ideal-theoretic’ version of class field theory 
dates from the first half of the twentieth century. In this book, it is described in 
modern mathematical language. Another approach, the ‘idélic version’, uses topo- 
logical algebra and group cohomology and originated halfway the last century. The 
last two chapters provide the connection to this more advanced idélic version of 
class field theory. 


The book focuses on the abstract theory and contains many examples and exer- 
cises. For quadratic number fields algorithms are given for their class groups and, 
in the real case, for the fundamental unit. New concepts are introduced at the 
moment it makes a real difference to have them available. 
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